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OA.1. Proofs
Proof of Lemma 1. (i) Taking derivative of H(q) w.r.t. ¢, we have

dljéq) :9722 (; (p+c. ((11_1>>> > 0.

(ii) Assumption 1(ii) is guaranteed by the fact that the support of the distribution F'(-) is

unbounded.
(iii) We prove Assumption 1(iii) by contradiction. Taking derivative of H(aq)/H(q) w.r.t. q, we

have
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Suppose there exists a ¢ such that < (H(O‘q/)) < 0, which implies that
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the preceding inequality is that (p —c) > 2=, which contradicts with 0 < <1 and p > c. Thus,
we obtain the desired result. [

Proof of Proposition 1. Suppose that a backer arrives with time-to-go ¢ > 0 and pledges needed
n > 1. This focal backer would decide whether or not to pledge based on her expected project’s
success rate conditional on her pledging, i.e., @Q;(n —1). Consider what happens in a small time

interval §, and we have

Qi(n) = (1 =0MH(Qi(n—1))) - Qi—s(n) + 0AH (Qi(n — 1)) - Qi—5(n — 1) +0(9).

Rearranging and taking the limit as 6 — 0, we obtain Equation (2). With the boundary conditions,
the solution to Equation (2), which is an ordinary differential equation solved by induction, is
unique. [

Proof of Theorem 1. (i) We prove this by induction. First when n =1, because Q,(0) =1, it is
easy to verify that Q;(1)=1—exp (— fot AsH (1)ds) is the unique solution of Equation (2). Hence
Q:(1) increases in ¢, and Q;(1) < Q(0).

Now assume the statement is true for n —1 (n >2), then for n:

D10 1)=Qum)] = M [H(@:(n—2)) (Quln~2) —~ Quln — 1)~ H(@:(n~1)) (@0~ 1)~ Qu(m)) ]



Since Qu(n —2) — Qu(n—1)>0, 2 [Qt(n 1) - Qt(n)]} > MH(Qu(n — 1)[Qu(n — 1) — Qu(n)].
Based on Gronwall’s Inequality and the fact that Q:(n—1) — Qt(n)‘t_o =0, we have Q;(n—1) —

Q(n) > 0 for any ¢ > 0. This also implies that %t(") > 0. Therefore the statement is also true for

n.
(ii) The inequality is equivalent to Q(ténl <1 —e ™. Consider the function eQ,(n). Taking
the derivative w.r.t. ¢, we have
2(eMQy(n 0Q,(n) < _ .
) _ Qi)+ 2B <5020, () 4 36 [Qun 1)~ Qulm)] = XM Qu(n — 1),

where the inequality is due to %t(") >0 and %t(") < A[Q¢(n—1) —Q:(n)], as implied by Equation

(2). Integrating from 0 to ¢ on both sides, we have

Q:(n) < /t e N=DQ (n—1)ds < AQy(n —1) /t e N ds = (1— e M)Qy(n—1).

where the second inequality is due to the increasing monotonicity of @Q;(n — 1) in ¢ as shown in

Qt(n) At
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(iii) We will prove that Qt(")l) strictly increases in ¢ and

Consider first when n = 1. Because

Theorem 1(i). Therefore, we conclude that
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&) = @u(1) and FRaLGH = =5

anteed by part (i) and Assumption 1(i). Now assume that the monotonicity in ¢ holds for n — 1.

We next show that r,(n) = Q?(téf)l) strictly increases in t and p;(n) = %

from part (i), we observe that 0 < r,(n) <1 for ¢t > 0. Taking the derivative of r,(n) w.r.t. t, we

increases in ¢ by induction.

, the monotonicity is guar-

increases in t. First

have
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Suppose that there exists some t; such that

(0,t;) such that a”t n)

t=to
which contradicts with the fact that Q;(n) > 0. Due to the continuity of
=0. That is,

t=t3

oo (k) (i)

, there exists some

ts € [t2,t1), such that 274




Because ¢;(n — 1) strictly increases in ¢ and r;(n — 1) increases in t, and r;(n) decreases in t

between [t3,1;], we have

which implies that 6”(")

lt=¢, > 0. However, this contradicts with the preceding statement that

(')rt (n

a”(" li=t, <0. Therefore, we conclude that > 0 for any ¢ > 0.

Q¢(n))
Next we show that m increases in t. For any t’ > ¢, we have

H(Qu(n) = # (G o™ Quln =) = H (525 un - ).

where the inequality is due to the increasing monotonicity of Q?(tﬁ)l)

in ¢ and Assumption 1(i).

Due to Assumption 1(iii) and Theorem 1(i), we have

Qe H(ah50rn-1) >H(Q?té”’l>Qt<”—1>) H(Qu(n)

HQu(n-1)~  HQu(n-1)) =  H(@Mn-1)  HQ(n-1))
We hence prove the increasing monotonicity of % in ¢.
For the monotonicity in n, because we have shown that 8” ”) >0 for any t >0, ¢;(n—1) (rtzn) -
1) — (m —1)>0. Since p;(n—1) <1, we have r,(n) <r,(n—1), ie., QQ&(L")D < 8EEZ é A direct
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and part (i), we have
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(iv) For any n > 1, we have
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where the inequality is due to Qein (D)~ Qu(n=D)

Last, we prove the monotonicty in ¢ by induction. When n = 0 the statement is obvious. Suppose

consequence is that . Due to Assumption 1(iii)

Therefore, we conclude that for any t > 0.

as shown in Theorem 1(iii).

that the statement is true for n — 1, where n > 1. Then for any ¢, > ¢, > 0,

HQun—1) H (52 5Qumn—1)) >H(Q?ﬁ§2n”l)czt2+h< 1)
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Based on Assumption 1(iii), we have
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Qty (n—1) H(Q¢(n—1 . .
due to Qy1n(n—1) > Q4 1n(n—1) and m < 1. Thus % increases in t. Next we
take derivative of Qg?(?) w.r.t. t:
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Note that Qg?(?) — 1 when ¢t — oo, and Q”?g) > 1 for any finite ¢. Thus % decreases

in ¢ when ¢ is sufficiently large. Suppose that Quen(™) 45 not monotonically decreasing in ¢. Then

Qt(n)
there must exist a t3 > t, > t; such that 2 Qutn(n) =0 and gt Qg?én) >0 for any t € (tg,t3).
t=t1

H(Q¢(n—1))

9t Qi(n)
Qt4n(n—1) : .
% decreases in ¢t by the induction assumption. We also know that HQuyn(i=1))

increases in ¢, which would imply that 1 — (1 — H}(Ic(g?ji?:)f))) (1 — QQ(if")l)) increases in t over (t,t3).

8 Qurn(n) - 9 Qipn(n) _ 8 Qiyn(n
ot Qi S G |, 0 for ¢ € (t2,t3), which contradicts with 5 o) ) > 0 for

any t € (to,t3). We thus obtain the announced results. O
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Consequently

Proof of Lemma 2. (i) Taking derivative of 2 w.r.t. ¢, we have
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Because 6, < 6, and Assumption 1, we conclude that 5q (I;Obgq) > (0. Thus, we obtain the

announced results.
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Due to p, > p, and that £ increases in v, we conclude that £ (Hpb((j)) >0. U
gg = and y(n) = M We first prove that z,(n)

Hb(Qb
and ~;(n) increase in t by induction. When n =0, z,(0) = 1 and 'yt(O) =

(ii) Taking derivative of 2 w.r.t. ¢, we have

Proof of Proposition 2. Denote z;(n) =

H%(1)
Hb(1)°

and thus the
monotonicity holds trivially. Now suppose that the statement is true for n — 1. Taking the derivative

of z;(n) w.r.t. t, we have

dr(n) _ AH(Qf(n—1)[Qf(n—1) - Qf(n)] _ Qf(m)AH"(Q)(n—1))[Q;(n—1) - Qi(n)]
dt Qi (n) [Q2(n)]?
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Denote L(t) =z;(n—1) — [1 + <m 1) (1 — Q(t (n) ))} x+(n). Next we show that if there exists
some t; such that L(¢;) < 0, there must exist some ¢y € (0,¢;) such that L(t;) > 0. Consider the
following two cases.
(1) lir%%(n —1) =0. Using L’ Hopital’s rule, we have
—
Q¢ (n a a a a
CH o MEN(Qi(n = 1) Qi (n—1) ~ Q¢ (n))

limz,(n) = lim =lim

t50 t—0 aQét(") =0 A HY(Qf(n—1)) (Q)(n —1) — Q) (n))
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Suppose there exists some t; > 0 such that lt=t, < 0. Then, there must exist some ¢, €
(0,t1) such that axt(")\t t, > 0; otherwise z;(n) decreases within (0,¢;], which implies that z, <

Pnéxt(n) = 0. This contradicts with the fact that z;(n) >0 for ¢ > 0.
—

(2) lim~y,(n—1) > 0. Because of lim 9!(®) _ _ () a5 shown in Theorem 1(ii), hm L(t) =limz,(n —
t—0 t—0 Q¢ (n—1) -0 t—0
1)— ;&@1). Again using L’ Hopital’s rule, we have

HYQ (n—1)) - Qo(n—1) [1 - 2w
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Suppose there exists some ¢; > 0 such that azéiin) <0, i.e., L(t;) <0. Then, there must exist

some ty € (0,%;) such that 6“(") lt=t, > 0; otherwise, z;(n) decreases within (0,¢;]. Combined with

the results that z,(n — 1), 7:(n — 1) and Q?(tﬁl) all increase in ¢, we have that L(t¢) increases in
(0,t1], which suggests that L(t;) > 1138 L(t) = 0. This contradicts with the preceding argument that
L(t,) <O0.

Therefore, if there exists some ¢, such that L(¢;) < 0, there must exist a t; € (0,¢;) such that

L(ty) > 0. Coupling with the continuity of L(t), there exists a t3 € [ta,t;) such that L(¢3) = 0.



This implies that x;(n) strictly decreases within (¢3,¢;]. Combined with the results that x;(n — 1),

b

~v¢(n —1) and Q?(t (")1) all increase in ¢, we have that L(¢) increases in (¢3,¢;], which suggests that
t\n—

L(t,) > L(t3) = 0. This contradicts with the preceding argument that L(t;) < 0. Therefore, we

conclude that 633571(5") >0 for all £ >0.

Given that x;(n) increases in ¢, for any 6 > 0, we have

H'(Qi1s5(n)) _ H' (200s(m)@1ys(n) _ H (2:(n)Qys(n)  H' (2,(n)Qp(n)) _ H"(Qf(n))

HY(Q5(n) — HYQUs(n)) = HYQLs(n) T HUQn) HMQi(n))
where the second inequality is a result of Assumption 1(iii). Hence gz&gim increases in t. Com-
bining with the assumption that 2 qu increases in g, we conclude that I:;Egim increases in t.

Next we prove that z,(n) and ;(n) decrease in n. Because z;(n) increases in ¢, we have L(t) =
xziy(n—1) —z(n) — <m 1) (1 - Qb(n )1)> ¢+(n) >0 for any ¢ > 0. Coupling with the results

that y,(n—1) <1, z;(n) >0 and Theorem 1(i), we thus have that z,(n —1) > z,(n).

Given that gt E”) decreases in n, we have
t

@) _ T (FEem) _me (Feeim) m (FEee-1)  me@im-1)
F@Q) ~  HQ) S HQm) S H@-D) | EAQn-1)

HYQ)(n)) . H*(Q)(n=1))
T HN Q) — HP(Q)(n—1)

where the second inequality is a result of Assumption 1(iii). Moreover

“(q) ;
Hb(q)

H(Qi(n) _ H*(Q¢(n) H*(Qi(n) _ H*(Q¢(n—1)) H*(Qi(n—1)) _ H*(Qi(n—1))
HY(Q(n))  H*(Qt(n)) H*(Qi(n)) — HY(Qi(n—1)) H*(Q(n—1)) H"(Q(n—1))

We thus complete the proof. [

because of the assumption that Z increases in ¢. Therefore, we have

For notational convenience, we denote H;(n) = H(Q;(n—1)) in the following proofs.
Proof of Theorem 2. Denote J7(n) as the optimal expected profit at state (¢,n) assuming that

the seeding stimulus has not been activated. We prove that 7°(n) is given by
7 (n) = sup { H,((n — 1)) - Qu{(n — o 1)) = [H((n—n0)*) — H(n)] - Qu((n — 1p)")
> Hf(n)w}

G+B—-R
(OA.1)
Expected profit JF(n) at state (t,n) is given by
e when n>1and t<7°(n), J7(n)=(G+B—R)-Q,((n—mn0)");
e when ¢t > 7%(n), J#(n) is given by
07 gin) = \H,(n) [T (n— 1) — J(n)], (0A2)

with boundary conditions J%,,\(n) = (G + B — R) - Q-s(n)((n —n9)*) and J7(0) =G + B.



= _ Jitn)
T Qil(n—no) )"

induction. When n < ng, the optimal expected profit is given by J#(n) = (G+ B)-Q:(n)+(G+ B —

Denote 1,(n) We add to the statement that [,(n) increases in t, and prove by
R)-(1—Q¢(n)). That is, the creator’s optimal policy is to hold off until right before the deadline,
and to activate “seeding” if no backer pledges by then. It is not hard to verify that it is the unique
solution to the differential equation characterized by Equation (OA.2). We thus conclude that
l;(n) = J7(n) increases in ¢ for n < ny.

Assume that the statement is true for n — 1, where n > ny + 1. Next, we seek to derive J;7(n)
by showing that the creator’s optimal policy is to “seed” immediately when ¢t <77(n) and to hold
off when ¢ > 77(n). We can rewrite the inequality within the curly brackets in Equation (OA.1) as

follows.

[Ht(n—no)

O [T TSN Ji(n—1)

 Qin—no—1)] " (G+B—R)-Q/(n—ng—1)"

RHS of the inequality increases in ¢ because [;(n — 1) increases in ¢, while LHS decreases in ¢
due to Theorem 1(iii). Therefore, for any ¢ < 7°(n), the inequality within the curly brackets in
Equation (OA.1) holds; whereas the direction of the inequality is flipped for any ¢ > 7°(n).

Suppose there exists some t; > 75(n) such that the creator’s optimal policy is to activate the
seeding stimulus immediately, i.e., J; (n) = (G+ B — R) - Q;, (n —no). Comparing the case without

activating the stimulus at time ¢;, we have
Ji () = Ay Hyy ()6 - J; 5(n—1)+ (1= Xy, Hyy (n)6) - Jj, _s5(n) + 0(0)
2 Ay Hiy (n)6-Jf s(n—1)+ (1= X Hyy (n)0) - (G+ B = R) - Q1,—5(n—no) +0(6).

Plugging Q, (n—mng) = (1~ )\tlHtl(n —ny)0) - Qtlﬂs(n —ng) + Ay Hy, (n —mng)6 - Qtl,g(n —No —

1) +o0(9) into J; (n) in the inequality above, rearranging and taking the limit as 6 — 0, we have
(G+B—R)|Hy, (n—no)Q (n—mno —1) = (Hy, (n—no) — Hyy (n)) Qs (n — no)] > Hy, (n)J; (n—1).

This contradicts with the fact that ¢; > 7%(n). Therefore, the creator’s optimal policy is to hold
off when t > 7%(n), i.e., Ji(n) > (G+ B — R) - Q,(n —ng). Consider what happens in a small time

interval §, we have
Ji(n) =1 =0 \Hi(n)) - J: s(n)+5NHi(n)-J  s(n—1)+0(d).

Rearranging and taking the limit as § — 0, we obtain Equation (OA.2).
We next show that the creator’s optimal policy is to “seed” immediately when t < 7°(n). Suppose

that there exists some t5 < 7°(n), such that J(n) = (G + B — R) - Q:(n — nyg) for any t <t,, and
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Ji(n) > (G+ B —R)-Qi(n—ng) when t € (t2,t2 + h|. (Because J5(n) =0 for any n > ng, we can
always find some ty such that J’(n) = (G + B — R) - Q:(n — ng) for any ¢t <t,.) Then, for any
t € (ty,ty+h)

trs(n) = (1= A5 Hiyy5(n)6) - I (n) + Aeys Hyps(n)0 - J7 (n — 1) +0(9).

Let 0 — 0, we obtain % = NH;(n)[J7(n—1)—J?(n)] over interval (tq,ts + h|. According to

Equation (OA.1), Ji(n—1) < G;ﬁ;)R [Hi(n—n0)Qi(n—mng—1) — (Hy(n—ng) — Hy(n)) Qr(n —nyg)].

Also because J7(n) > (G+ B — R) - Q;(n—ng) when t € (t2,t2 + h|, we have

9J; (n)
ot
< MG+ B—-R)[Hi(n—ng)Qi(n—ng—1)— (Hi(n—ng) — H(n)) Qe(n —ng) — Hy(n)Q(n —ng)]

= M(G+B—R)-Hi(n—np)[Qi(n—no—1) — Qi(n—np)].

However, we know from Equation (2) that 2 [(G+ B — R)-Qi(n—ng)] =M(G+B—R)-H,(n—

no) [Q:(n—no —1) — Q¢(n —ng)]. Therefore, & [J:(n)—(G+B—R)-Qi(n—ng)] <0 for any ¢ €

(ta,t2 + h]. Since [J7(n) — (G+ B — R) - Qi(n —ny)] =0, we obtain that J’(n) < (G+B—R)-
t=to
Q:(n —ng) when t € (ta,t2 + h]. This contradicts with the assumption we made earlier. Hence, the

creator’s optimal policy is to “seed” immediately for any ¢ < 77(n), i.e., J7(n)=(G+ B — R) -
Qi(n —ny) for any t < 7°(n).

Lastly, we show that [;(n) is an increasing function of ¢. This is obvious when ¢ < 75(n), as
QtJ(i(:LT)LO)
Oli(n) _ AHi(n) [Ji(n=1) = J}(n)] _ AeHi(n—n0)J;(n) [Qi(n =10 —1) = Qe(n—10)]
ot Q:i(n—no) [Qi(n —no)]?
B Jin—1) Qi(n—ng—1) B Ji(n) B B
= | L G~ Gt ey =)
Qi(n—mno—1) { N Qin—no) H(n—ng) [ _ Qi(n—ny) H
Qln—no) "G e T T T m Gy N Gl D)

Notice that J7(n) > (G+ B — R) - Qi(n —ng) when ¢t > 7%(n), and thus l;(n) > G+ B — R when

=G+ B — R. When t > 7°(n), taking the derivative of ;(n) w.r.t. ¢, we have

Qt{fj(f)nw [Qg@ ﬁon;;) - 1} }

= A\ Hi(n)

t > 7°(n). Suppose that there exists some t3 > 7°(n) such that mé—(t") < 0. Then, there must be
t=t3
some t4 € (7%(n),t3), such that dlg(t") lt=t, > 0; otherwise, mg(t”) <0 for any 75(n) <t <tj, leading

to ly, < lrs(my(n) = G+ B — R, which contradicts with the result that [,(n) > (G + B — R) when
t>7%(n).



9

azt dly(n)

— 9l (n)
ot ‘t:t5 =0, and tat <0

Due to the continuity of , there exists some t5 € [t4,13) such that

on (ts,t3). That is,

liy (n = 1) = Ly (n) - (Hts(”_”‘)) —1) <1— 1y (.~ 7o) )> Ly (n) = 0.

Ht5 (n) Qt5 (’I’L —no—1
According to Theorem 1(iii), H;I('z U decreases in t and % increases in ¢. Coupling with

the result that /,(n) strictly decreases within (¢5,13], we have

liy(n—1)—l;,(n) — (M — 1) (1 — Q1 (n — o) >lt3 (n)

Hi(n) Qtz(n—no—1)
H, (n—1) Q:. (n—ng)
> 1y (0= 1) = by () = (= = 1) (1= = )lus (m) = 0.
R A Qusn—mp 1))
This implies that alt ") > 0 and contradicts with our assumption that alt(") ‘ < 0. We thus

t=t3 t=t3

complete the proof. [

Proof of Corollary 1. (i) We prove by induction. When n =ng + 1, it is straightforward that
T°(no+1) > 7%(ng) =--- =7°(1) =0. Now assume the statement is true for n —1, i.e., 7°(1) <--- <
7%(n — 1) for some n > ny. We prove 7°(n — 1) < 7%(n) by showing that for any ¢t < 75(n — 1), the
creator’s optimal action is not to activate the seeding stimulus at state (¢,n). Suppose this is not
true, then t > 7°(n). From Equation (OA.1), we have

Ji(n—1)
G+B—-R
Because t < 7°(n—1), JF(n—1)=(G+B—R)-Q;(n—no—1). Plugging J#(n—1) into the inequality

Hi(n—no)Qi(n—no—1) — (Hi(n—no) — Hi(n)) Qu(n —no) < H(n)

above, we have

Hi(n—n¢)Qi(n—ng—1)— (Hi(n—ng) — Hi(n)) Qi(n—ng) < Hy(n)Qr(n —mng — 1)
= (Hy(n—no) — Hy(n)) (Qi(n—ng—1) — Qi(n—ng)) <O0.

However, it contradicts with Theorem 1(i) and Assumption 1(i). We thus obtain the announced
results.

(ii) Denote Y;(n; B, R) = JQTBB };). Here, we use the notation J7(n; B, R) = J7(n) to emphasize
the dependence of J#(n) on B and R. Similarly, we denote 75(n; B, R) = 7%(n). We add to the state-

ment that Y;(n; B, R) decreases in B and increases in R, and prove by induction. For any n < ny, the

statement is obviously true since 7°(n; B, R) =0 and Y;(n; B,R) = (G+B)'Qt(”)Jgf;r_B}gR)'(l_Qt(")) =

1+ &QT@ decreases in B and increases in R. Now suppose 7%(n; B, R) > 7°(n; By, R) and

Yi(n; By, R) < Y;(n; By, R), for any n <ny and B; > By > 0. From Equation (OA.1), for any ¢ >
Ts(n‘i‘ 1;B1,R),
Hy(n+1-ng) 1} [ . Qi(nt+1-—mny) < Yi(n; B, R) < Yi(n; By, R)

Hi (n+1) Qin+1—ny—1) Qi(n+1-—mny) ~ Qun+1—ng)

1+
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Therefore, 7%(n + 1; B, R) increases in B. Similarly we can show that 7°(n + 1; B, R) decreases
in R.

Now we show the monotonicity of Y;(n+ 1; B,R) w.r.t B and R. For any t <7°(n+ 1; By, R),
Yi(n+1;B1,R)=Y;(n+1: By, R) = Qu(n+1—no).

When t € (7°(n+1; B2, R), 7*(n+1; By, R)], Yi(n+1; B1, R) = Q:(n+ 1 —ng) whereas the Y;(n+
1; By, R) > Qi(n+1—ng) because of the definition of J3(n).

When t > 7%(n+1; By, R), Yi(n+1; B;, R) is the solution of

0

;t/ A H,(n+1)[Yy(n; B;, R) — ],
with the boundary condition y;sn+1.8,,7) = Yrs(nt1;8,,8) (n+1; B;, R) where i = 1,2. Note that RHS
of the equation decreases in B based on the induction hypothesis of n. Coupling with the fact
that Yisui1,8,,7)(n + 1,81, R) < Yis(ugn;,,m)(n+ 1; Ba, R), Yi(n + 1; B, R) decreases in B when
t>7%(n+1;By, R). In a similar fashion, we can show that Y;(n+1; B, R) increases in R. We thus

obtain the announced results. [

Proof of Theorem 3. (i) Since J} y = (G+ B)-Qr(N) and J; y = J5(N), it is sufficient to show

that ?;gzs increases in t.
t

When n =0, the statement is obvious as Q;(0) =1 and J;(0) = G + B. Now assume that ?;EZ B

weakly increases in t. In that case:

When t < 7%(n), J¢(n) = (G+B—R)-Q,((n—mng)"). Therefore ?§En§ (G+B_R$g:‘()(n_no)+) . Accord-

ing to Theorem 1, it increases in t.
When t > 7°(n),
9 Qun) _ AHi(n)[Qi(n—1) —Qu(n)]  Qi(n) AHy(n) [Ji(n—1) = J;(n)]
ot Ji(n) Ji(n) Ji (n) Ji(n)
Q) [Qn=1) _F(n=1)] =1 [Qn=1)_ Qi
Jin) L Qi(n)  Ji(n) IO PACES VA ()
When ¢t =7°(n), because Ji(n) =(G+ B—R)-Qi(n—1),

Qin—=1)  Qun) _ Qi(n—-1) Q:(n)
Ji(n=1)  Ji(n)  Ji(n—1) (G+B-R)-Qi(n—1)
(

= MHy(n)

Also, according to Equation (OA.1), at t =7°(n),
Jin =)= (G+ B~ R an—z) - (I Dot a-).
Hence,
Qin—=1) Q) 1 Qi(n—1) Q:(n)

Ji(n—1) Ji(n) G+B-R Hin—1) ) () — (Hm 1) _1> Q.(n—1) " (G+B—-R)-Q(n—-1)

Hy(n) Hy(n)
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1 Q:(n) .
G+B—R%Qt(n—2) - (% - 1) Qi(n—1)

t(n)
Ht n—1
G+B-—R ‘i Qn—2)- <7Hﬁn>) )Qt( 1)

Q:(n) Qi(n—1)

1 Qu(n) [(Qdn=n_ ) thine) (Qn2) )]
G+B—-R H;I(ZET—L)I)Qt(n 2) — (Hilﬁn)l) — 1) Qi(n—1) Q:(n) Hy(n) Qi(n—1)
Recall that in the proof of Theorem 1, we have shown that for any ¢ > 0, 27 (n )1) (Qgg;;) — 1) —
Qt(n—2) Qt(n 1) _ Qun)

<Qt(n ) 1) > (. Therefore e R ] > 0.

Qe(n=1) _ Q¢(n)
JZ(n—1) JZ(n)

there must exists a 7°(n) < t; <t’ such that ?EEZ B ?EEZ; =0 and ?iéz 3 ?igzg <0Owhente

(tl, ). This also means that 2" decreases in t over the mterval However, since Qt(" b

t(
Ji(n ) Jg(n—1)
nt Qt(n—=1)  Qi(n) Qt(n—=1) _ Q¢(n)
7 JP(n—1) JZ(n)

Ji(n—1) Jg(n)

Suppose that there exists a ¢’ > 7%(n) such that

< 0, then because of continuity,

increases

must be increasing in ¢ within (¢,¢"). This indicates

which leads to contradiction. Therefore ?ﬁ((g increases in ¢ for any ¢ > 0.
t

(ii) Note that J? y < J5 v < (G + B)-Qr((N —ng)*). Consequently, we have

>0,
t=t’

0< T3y — Jo y < (G+ B) - [Qr((N —no)™) — Qr(N)] -

Letting T'— oo or T'— 0, we thus obtain the announced results. [

Proof of Theorem 4. We show that 7%(n) is given by

) =sup {05 F)@uln 1) = (Fil) = H(m) Qo) > ) S5 | (0A)

where J(n) is the expected profit at state (¢,n). It is given by
e when t < 7%(n), J#(n) = (G + B — K)Q:(n);

e when ¢t > 7%(n),

oJ}
L) H ) 0= 1) = T )], (0
with boundary conditions J}., (n) = (G + B — K)Q,(n), and J*(0) =G + B.
Jt (n o

First we show that if increases in t, then the creator would activate the stimulus if and

-1)
only if t <7%(n). To see that, we can rewrite the inequality in the bracket in Equation (OA.3) as

ﬁt(n)_ B Qt(n) JH(n—1)
”(Hxn) 1) <1 @t<n—1>>Z<G+B—K>@t<n—1>'

According to Theorem 1(iii), LHS of the above inequality strictly decreases in ¢; while RHS

follows.

increases in ¢ due to our induction hypothesis. Therefore, for any ¢ < 7%(n), the inequality holds;

whereas the direction of the inequality is flipped for any t > 7%(n).
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Suppose that there exists some ¢; > 7%(n), such that the creator’s optimal policy is to upgrade

immediately, i.e., J* (n) = (G + B — K)Q, (n). Then, we have

(G+B _K)Qtl (Tl) > (1 _5)‘751Ht1 (77,)) tulfé(n) +6}‘t1Ht1 (77,) tu176<n_ 1) +O(5)

> (1= 0A Hyy (n))(G + B — K)Quy—5(n) + 6, Hy, (n) I} _(n — 1) + 0(9).

Plugging Qy, (n) = (1 — 0\, Hy, (n))Q¢,—s(n) + 0, Hy, (n)Qy,—s(n — 1) + 0(J) into the inequality
above, rearranging and taking the limit as § — 0, we have

Hy, (n)Jt‘i (n—1)
G+B-K

(1) Qe (n = 1) = (g (n) = Hiy () ) @ () >

This contradicts with our assumption that t; > 7%(n). Therefore, the creator would not upgrade
when t > 7%(n), i.e., J*(n) > (G 4+ B — K)Q,(n) for any t > 7%(n). Consider what happens in a

small time interval §, we have
Ji(n)=(1—=0 Hi(n))J! s(n)+ 0 H(n)J" 5(n—1)+0(9).

Rearranging and taking the limit as 0 — 0, we thus obtain Equation (OA.4).

We next show that the creator’s optimal policy is to upgrade immediately when ¢ < 7%(n).
Suppose that there exists some t, < 7%(n), such that J¥*(n) = (G4 B — K)Q,(n) for all t <t,, and
J#(n) > (G+ B — K)Q,(n) for t € (t,t, + d]. Then, we have

(G4 B K)Quyas(n) < Ty 5(n) = (1= 6hysHypys(n) T2 () + sy s Hog 15 (n) s (. — 1) + 0(6)

= (1= 0, 15Hi,15(n) (G + B = K)Quy (1) + As, y5Hiy 5(n) J (n = 1) + 0(8).

Plugging Qt2+5 (n)=(1- 6At2+5ﬁt2+5 (n))@t2 (n)+ 5)\t2+5ﬁt2+5(n)c~2t2 (n—1)4o0(d) into the inequal-

ity above, rearranging and taking the limit as § — 0, we have
(G+B = K) [Hy,(n)Quy(n = 1) = (M, (n) = Hiy(n)) Quy (0)] < Hey (m) T3y (n = 1),

This contradicts with the assumption that ¢, < 7%(n). Therefore, the creator would upgrade

immediately when t < 7%(n), i.e., J*(n) = (G + B — K)Q,(n) for any t < 7%(n).

Therefore, to prove Theorem 4, it is sufficient to show that g:g:i increases in t. We do this by

induction. For n =0, the statement is obvious since Z){Eg; =G+ B.

Now assume that the statement is true for n — 1, and consider the case n. It is trivial when

t < 71"(n) because —ZiEZ; = G + B — K. Consider next when ¢ > 7%(n). Suppose that there exists

some ¢3 > 7"(n) such that 2 gzéni
) Jt=tg

< 0. Then, there must exist some t4 € (7“(n),t3) such that
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J% (n) Jgu(n)(")

2 Jim) J .
7 Qig(n) T Qru(py(n)

9t Qt(n) {t=t4

> 0; otherwise =G + B — K, which contradicts with the result that

J#(n) > (G+ B —K)-Qy(n) for any t > 7*(n). Due to the continuity of 2 gzg:;, there exists some
. 8 Ji'(n) _ :
ts5 € [ts,t3), such that 5 th(n) . 0. That is,

D) AuHi(n) [Ji(n—1) = Jr ()] AsHis ()i (0) [Qt5 (n—1) = Qs (n)}
8t Qt (n) t=t5 QtS <n) [Qtf) (n ]2
Q=D [ T (A ) (G ) ],
T QtS (n) Qt5 (TL - 1) Qts (n) Ht5 (n) Qts (n - 1) Qt5 (TL)
Because Q?(tﬁ)m increases in ¢, gigg decreases in ¢ as shown in Theorem 1(iii), and the induction
hypothesis that S =1 §creases in t, we have 2 Ji' (n) > 0, which contradicts with the assump-
Qt(n—1) 0t Qi (n) t=t3
tion that % é{g"; < 0. Therefore, g:g"; increases in t for any ¢t > 7%(n), and we thus complete
n t=ts n
the proof. [

Proof of Corollary 2. (i) Suppose that there exists an n, such that 7(n) < 7%(n —1). For any
te(r(n),7(n—1)), J*(n—1)=(G+ B — K)Q,(n—1). Using the definition of 7%(n), we have

(G+ B~ K) [H.(n)@u(n — 1) = (F(n) — H(n)Qu(m)| < Hy(n)J¥(n 1)

= (Hy(n) — H;(n))(Q:(n—1) — Qs(n)) < 0.

This contradicts with Theorem 1(i) and Assumption 1(i). We thus obtain the announced results.
(ii) Denote Z;(n; B,K) = %. Here, we use the notation J(n; B, R) = J;*(n) to emphasize
the dependence of J*(n) on B and K. Similarly, we denote 7%(n; B, K) = 7%(n). Note that Equation

(OA.3) can be rewritten as:
7%(n; B, K) =sup {t3 ﬁt(”)@t(n -1)- (ﬁt(n) - Ht(”))@t(n) > Hy(n)Z(n— 1§B,K)} .

Only the RHS of the above inequality depends on B and K. Thus, 7%(n; B, K) increases in B
and decreases in K if and only if Z,(n — 1; B, K') decreases in B and increases in K. We prove the

monotonicity of Z;(n; B, K) w.r.t. B and K for any n > 0 by induction.

First when n =0, Z,(0; B,K) = Gfgf - The statement is obvious. Now suppose it is true for
any m <mn — 1. This implies that 7%(m; B, K) increases in B and decreases in K for any m < n.
Thus, we have 7%(n; By, K) > 7%(n; By, K) for any B; > By > 0. Consider the following cases w.r.t.
t:

When ¢ < 7%(n; By, K), creators of both projects would upgrade project features immediately.

Hence Z,(n; By, K) = Z,(n; By, K) = Q,(n).
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When 7%(n; By, K) <t < 7%(n; By, K), only the project with a long-term profit of B; would use
the stimulus. Therefore, Z,(n; B, K) = Q,(n) whereas Z,(n; By, K) > Q.(n) = Z,(n; B,, K).
When ¢ > 7%(n; By, K), neither projects activates the stimulus policy. For i = 1,2, Z;(n; B;, K)
is the solution of
dz

E = Ath(n) (Zt(n — 1,B“K) — Z),

with boundary condition z(7%(n;Bi,K)) = Zrum;p,,x)(n, B;, K). RHS of the above equation
decreases in B;. Coupling with the inequality Z-u .5, i) (1, B1, K) < Zu(n;p,,x)(n, B2, K), we have
Zi(n; By, K) < Zy(n; By, K).

In a similar fashion, we can show that Z;(n; B, K) increases in K. This completes the proof. [

Proof of Theorem 5. (i) Since JP(n) = (G + B) - Q¢(n). It is equivalent to show that ?jgﬁ;

increases in ¢.
When n =0, the statement is obvious as Q;(n) =1 and J}*(n) = G + B. Now assume that it’s
true for n — 1. Then for n:

When t < 7%(n), J*(n) = (G+ B — K)Q(n). Hence %EZ; = e % CQQ:EZ; According to Proposi-
Qt(n)

I (n)

When t > 7%(n),

Q Qi(n) _ AeH(n) [Qi(n —1) — Qu(n)] . Qi(n) A Hy(n) [Ji'(n—1) — Ji*(n)]

ot Ji'(n) Ji(n) Ji(n) Ji(n)

Qun) [Qn—=1) J(n=1)] _ =1 [Qi(n—1)  Qun)
ol RO I R

Jin)  LJ(n=1)  Ji(n)
At t=7%(n), because J¥(n) = (G+ B — K)Q,(n),

Qin—1) Qu(n) _Qu(n—1) Q:(n)
JE(n—1

Jin—1)  Ji(n) ) (G+B—-K)Q,(n)

Also according to Equation (OA.3), J¥(n—1) = SEE=K[H,(n)Q,(n — 1) — (Hy(n) — Hy(n))Q:(n)]

Ht(n)

tion 2 increases in t.

= N Hi(n)

at t =71%(n). Hence,

Qi(n—1)  Qi(n) _ Hy(n) Qi(n—1) B Qi(n)
Jin=1) J'(n) (G+B-K) I:It(n)()t(n—l)—(ﬁt(n)—Ht(n))Qt(n)} (G+B—K)Qi(n)
T . 7Y

G+B-K [H(n)Qi(n—1)— (Hy(n) — H(n))Q:(n)  Qu(n)

_ 1 Qt(n) n Qt(n— 1) _ —H.(n thn— 1) _
TG+ B—K H(n)Oi(n—1)— (Hy(n) — Hi(n)Oy(n) [Ht( )< Q:(n) 1) Hed )< Q:(n) 1)]

In the proof of Proposition 2, we have shown that for any ¢ > 0, H;(n) (Qé(tvz;)l) _1) B
H,(n) <M - 1) > 0. Therefore, 2 %)

00 9% 75 (m) > 0. Suppose there exists some ¢’ > 7%(n) such

t=71%(n)
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that ?jgz 3 ?ﬁgzg < 0, then according to the continuity of the functions, there must exist
t

some 7"(n) < t, <t', such that 2 ?ﬁ%ni =0 and 2 ?jgz) < 0 in the interval (¢y,t']. However,
t=tg
since ?’322:3 increases in t, ?ﬁ(z B ?ﬁgg must strictly increase in the interval (y,t'], implying
t t

% ?jEZ; > 0. This leads to contradiction. Therefore, 8at ?j >0 for any ¢t > 0.
t t=t’

(ii) Following a similar approach as the proof for Theorem 3(ii), we can show that Tlim JE N —
—00 ’
Jby=lmJ%y —Jby=0forany N>1. O
NS ’
Proof of Theorem 6. Denote A;(n) the optimal expected profit at state (¢,n) assuming that the
creator has not ended LTO yet. The optimal expected profit over the course of the entire pledging
process is denoted by J!(n). We show that 7!(n) is given by

7(n) = sup {t . A,(n) > [G+ B — (N —n)k] -Qt(n)}, (OA.5)

where A;(n) is the solution of

8A,(n)
at

= N () [T —1) = A(n)] (0A.6)

with boundary conditions Ag(n) =0 for any n>1, and A;(0) =G+ B — Nk.
Expected profit J}(n) at state (¢,n) is given by

o A, e <rn)
= {[G+B (N =n)k]- Qu(n), ift=7'(n)’

Denote d;(n) = At(” . We add to the statement that d;(n) decreases in ¢ and prove by induction.

At(O

It’s trivial when n = 0 because d;(0) = 3:00) = G+ B — Nk. Suppose that the statement is true for

n — 1. Taking the derivative of d;(n) w.r.t. ¢, we have

dy(n) _ AHi(n) [Jl(n—l)—At(n)] _ AH(n)Ai(n) [Qi(n — 1) — Qu(n)]
ot Sn) [Qe(n)]?

(0 o) Gl MH 2w )

L r th(n—) Jin—=1) |, n i
ML 2 [th_l) [1 ( n) l))]dx >].

Taking the limit as ¢t — 0 and using L’Hopital’s rule, we have

Atﬁt(”) [Ji(n—1) — Ay(n)]

limd,(n) =1lim =lim .
) =N ) @n— D - Qulm)] B H () Quln— )
By the induction hypothesis, we know that /i ((Z ) decreases in t since J!(n—1) is equal to either
Ai(n—1) or [G+B— (N —n)k|-Qi(n—1). From Theorem 1(iii), g
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lim di(n) = lim gzgz; étt((z 11)) exists. Next we show that, if there exists some ¢, such that 2% .

0, there must be some ¢, € (0,¢;) such that adgi")

>

< 0. Consider the following two cases.

(1) %im di(n) = co. If there exists a t; such that adt%") lt=¢, > 0, then there must exist a t5 € (0,t;)
—0

such that adt ”) S 0; Otherwise d;, > lim dt(n) = 0o, which is impossible.
(2) 1i£%dt( n) < oo. This implies that hm ét((n 11)) < o0 and lim Htg") > 0. Let S(t) = éé((zfll)) —
(1= H _ Qi) (1= H _ Qi)

1-(1 Ht(n)) (1 Qt{n_nﬂ 4,(n). Because lim 1~ (1 ﬁ:(n)) (1 G245 ) = lim #1422 > 0 and

: _ Hi(n) Ji(n—1) ; _
11_1()1&dt( n)= h_r:% Hiom 0.0 < 09, we have hI?%S(t) =0.

Recall that 3%&") =\H,(n )Qé(”(n)l) -S(t). Suppose there exists a t; such that adgin)

there must exist a t € (0,¢;) such that

> 0, then

t=t1

8d4(n) < 0; Otherwise, d;(n) increases within [0,;].

ot

Coupling with the results that ( ) and Q(ténl

t=to
both increase in ¢, we conclude that S(¢) decreases

in t. A direct consequence is that S(¢;) < S(0) =0, which contradicts with the assumption that
2di(n) ),
8dt(n)
t=tq
, there exists some t3 € [t2,t;) such that S(¢3) =0,

Q¢(n) Jt(n—1)
Qt(n—1) Qi(n—1)

decreases in t for any t € (t3,t1), S(t) should decrease in ¢, which contradicts with the preceding

Qt(n)
Qt(n—1)

in ¢, S(t) # 0 for any t. Therefore, for any ¢ >0, S(t) <0 and d;(n) strictly decreases in t. As a

Consequently, if there exists a t; such that > 0, there must exist a ¢, € [0,%;) such that

9dy(n)
ot li=t,

and S(t) >0 for any t € (t3,¢;]. However, because d;(n)

< 0. Due to the continuity of 8dt(”

Hy(n)
’ Hy(n)

increase in t, and

and

result. Therefore, d;(n) must decrease in ¢ for any ¢ > 0. Moreover, because strictly increases

result, A;(n) > [G+ B — (N —n)k]-Q.(n) for any ¢t < 7'(n), and the direction of the inequality is
flipped for any ¢ > 7'(n).

Next we show that the creator’s optimal policy is to end the limited-time offer if and only if
t > 7!(n). Suppose that there exists some ¢, < 7/(n), such that the creator’s optimal decision is to

end the limited-time offer immediately, i.e., J;, (n) =[G + B — (N —n)k] - Q¢,(n). Then, we have

G+ B~ (N =n)k]-Qy,(n)
> ey oy ()0}, _5(n = 1)+ (1= D, Ho, (n)0) J},_s(n) + 0(5)
> Dy, ()3T, (n = 1)+ (1= Moy T2, ()8) Auy 5(n) +0(8) = Ay, (1) + 0(8),

which contradicts with ¢, < 7/(n). Therefore, the creator would not end the limited-time offer for

any t < 7'(n). Consider what happens in a small time interval ¢, we have
JH(n) = (1= 6M\H,(n))J!_s(n) + ONH, (n)J'_s(n— 1)+ 0(6).

Rearranging, taking the limit as 6 — 0, and replacing J}(n) with A;(n), we thus have

6At <n)
ot

=\ H,(n) [JH(n—1)— Ay(n)] .
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Suppose that there exists some t5 > 7'(n) such that J}(n) =[G+ B — (N —n)k] - Q(n) for any
t <ts but Jl(n) >[G+ B — (N —n)k]-Q(n) for any t € (t5,t5 + J]. (Because JTl(n) = ALy (n) =
[G+ B — (N —n)k]-Q,i(,(n), we can always find such t5 > 7'(n).) Thus, we have

G+ B = (N =n)k]- Quy5(n)
< NigioHuys(n)ST (n—1)+ (1 - )\t5+5ﬁt5+5(n)5> JL (n) 4 0(8)
= Mgt Hig 50T (0 =1) + (1= Ay s Hiy1(n)8) [G+ B = (N =m)k] - Qg (n) +0(0).

Plugging Qi 15(n) = Ayp5He,15(n)0Qs,(n — 1) + (1 — Ay ysHyy15(n)0) Q4 (n) + 0(6) into the

inequality above, rearranging, and taking the limit as 6 — 0, we have

G+ B = (N =)k (Hoy(n)Quy (n = 1) + (Fiy (0) = Hiy () Qs (1) ) < Hiy ()T (n = 1).

l
Because that S(t) = éi((z:ll)) — [1 - (1 - gZEZ;) (1 — Q?(tﬁ)n)} di(n) <0 for any ¢, we have

A,y ()4, (0 = 1) < [Hiy(0)Quy (= 1) (Hyy (1) = Hoy (1) Qe ()] iy ().

Combining the preceding two inequalities, we have that d; (n) = gzz EZ; >G+ B— (N —n)k,
which contradicts with t5 > 7!(n). Therefore, the creator’s optimal policy is to end the limited-time
offer for any t > 7'(n), i.e., J/(n) =[G+ B — (N —n)k] - Q;(n) for any t > 7'(n). We thus obtain the
announced results. [

Proof of Corollary 3. Denote W,(n;B,k) = #%. We prove by induction that

W,(n; B, k) increases in B and decreases in k. When n = 0, this statement is trivial as W;(0; B, k) =

1. Now suppose it is true for n — 1 and consider the case n:

OWy(n; B, k)
ot

Ji(n—1) G+B—(N-n+1)k
G+B—-(N-n+1)k G+B—(N-n)k

:)\tﬁt(n) _Wt(n7B7k) ’

with boundary condition Wy(n; B, k) =0 for any n > 0. Since J!(n —1) =max{A;(n—1),[G+ B —

1
(N —n+1)klQi(n—1)}, % increases in B and decreases in k based on the induction

G+B—(N—n+1)k

1B (N_mi ncreases in B and decreases in k.

hypothesis for n — 1. It is also obvious that
Therefore, the RHS of the equation above increases in B and decreases in k, which implies that
Wi(n; B, k) increases in B and decreases in k. We thus proved the statement for n.

Denote 7!(n;B,k) = 7'(n) to emphasize the dependence of 7!(n) on B and k. From Equa-
tion (OA.5), we have 7'(n; B, k) = sup{t : Wi(n; B,k) > Q;(n)}. Consider any B; > B,. For any
t < 7!(n; By, k), we have W,(n; By, k) > W,(n; By, k) > Q.(n). Therefore, 7(n; By, k) > 7'(n; By, k).

Similarly we can show that 7!(n; B, k) decreases in k. We thus obtain the announced result. O
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Jt (n)
Qt(n)

Proof of Theorem 7. (i) follows directly from the proof of Theorem 6, where we show that
decreases in ¢.

Next we prove (ii). When T'— 0, both Ji. y and J% y — 0. On the other hand, when T' > 7'(N),
the creator ends the LTO immediately, so we have JZT7 N= J% ~- Thus, :Ill_rgo JlT, N— J% N= :lpi_% JlT, N—

J? x =0, and thus we obtain the announced results. [J

OA.2. Extension: Multiple Rounds of Stimulus

For analytical tractability, we restrict our attention to the circumstance where a creator can apply
the stimulus only once in the main text. However, as we can see from Table 2, creators typically
update their projects rather frequently in practice, especially for those successful projects. In this
section, we extend the model in Section 4 to consider multiple rounds of stimulus offerings for the
two reactive stimulus policies: seeding and feature upgrade. We show that the optimal strategies
still follow the threshold structure in the sense that the creator should adopt the stimuli if and
only the time-to-go is shorter than a cutoff, and that the cutoff increases in pledge-to-go n. For
limited-time offers, when there are multiple LTOs in effect, the decision to end one of them would
depend on the total funds collected at a given time, which makes the problem significantly more
complicated. While we hypothesize that the optimal strategy is a threshold policy, the proof is

beyond the scope of this paper, which we leave for future research.

OA.2.1. Seeding

Suppose that the creator is able to offer up to ng > 1 seeds, potentially in multiple rounds. Denote
0 <m <mng as the number of seeds left at a given point during the crowdfunding campaign. At the
state of time-to-go t, pledges needed n and seeds left m, the expected profit is denoted as JF(n,m).
The cost of the ith seed is assumed to be R; >0 for any 1 <i < ny.

PROPOSITION OA.1. For any (n,m), there exists a 0 < 75(n,m) < oo, such that:

o When t < 1%(n,m), the creator will activate seeding stimulus right away. That is, Ji(n,m) =
Ji(n—1,m—1) for any t <7°(n,m);

e When t > 71°(n,m), the creator is better-off withholding seeding stimulus. The expected profit
Ji(n,m) in this case is given by:

0J7 (n,m)

o =AH(n) (Jf(n—1,m) — J; (n,m)),

with boundary condition J, . (n,m)=J% (n—1,m—1), J¢(n,0)=(G+B - S0 R)Qi(n),
J5(0,m)=G+B-3" . R, and Jj(n,m)=0 for all n>0.

Moreover, T°(n,m) increases in n.
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Proof of Proposition OA.1. First for any (n,m) and t > 0,
Jis(n,m) > (1= NHy(n)d)J; (n,m) + A\ Hi(n)dJ; (n —1,m) +o(0).

Let § — 0, we get the following inequality:

0J7 (n,m)

S 2\ H () 17 (0= 1,m) = T3 (n,m)] (0A.7)

We add the following statements to the proposition and prove by induction.

. JZ (n,

(1) For any 1<j <m, gz
_Ji(nm)

(2) Ji(n—1,m)

increases in t.
increases in t when t > 7%(n,m).
First when m =1, we already prove the threshold structure and the monotonicity of the thresh-

olds in Theorem 2. We also show that statement (1) holds for m =1 in the proof of Theorem 2.

J£ (n,0)
Ji (n,1)

In addition, in the proof of Theorem 3, we show that increases in t for any n. Therefore

Ji(n,1) _ Ji(n,1) J(n—1,0)
TE(n—1,1) — J(n—1,0) J§(n—1,1)

increases in t. Thus the statements are true for m =1.

Now consider m > 1. Suppose the statements are true for any n and m — ¢ where ¢ > 1. When
n =1, it is obvious that the optimal strategy is to wait to use the seeding stimulus right before
time expires, i.e., 75(1,m) =0. So the statements are true for n=1.

Assume that the statements are true for some n— 1, where n > 1. We prove the threshold structure
for n by contradiction. Suppose it is not true, then there exists an time interval (,£+ h) over which
the stimulus will not be used. Because of the continuity of J7(n,m), J:(n,m)=J(n —1,m —1)
and J},,(n,m) = J?,,(n —1,m — 1). For any t € (t,t + h), J7(n,m) > J7(n —1,m —1). Now for
every t € [t,t+ h], we find j =min{i > 1:75(n —i,m —i) <t}. We collect all those unique j’s, and
denote them as jo > j; > -+ > j., where jo=min{i > 1:7°(n —i,m — i) <t} and j, = min{i >
1:7°(n—i,m—1i) <t+ h}. For any 7°(n — j;,,m — j;) <t < 7°(n — jiz1,m — Jiz1), Ji(n,m) =
Jin—1,m—1)=--=J(n—ji,m—j;).

Since the optimal strategy is not to use the stimulus at ¢t 40 and J;(n,m) = J3(n — jo,m — jo),

Jis(n,m) = (1= ANH(n)d)J; (n,m) + A\ H(n)dJ; (n—1,m)+o0()

)77
— (1= AH,(n)8)J; (n — joym — o) + A Hy ()3 T3 (n — 1,m) +o(6)

> (L= AHy(n —jo)d)J (n— jo,m — jo) + AcHi(n — 50)0J; (n— jo — 1,m — jo) + 0(0)
Let § — 0, we have

Hy(n — jo) [J; (n—jo — 1L,m —jo) — J; (n— jo,m — jo)| < Hy(n) [J; (n—1,m) — J (n — jo,m — jo)] ,
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at t =t. Rearrange the terms:

H(n) Ji(n—jo—1,m—jo) Ji(n—jo—1,m—jo)’
at t =t. According to our induction assumptions, the LHS decreases in t for any ¢ > 75(n— jo, m— jo)
and RHS increases in t. Thus the inequality holds for any ¢ > t. Also for any t <t < 7°(n—j;,m—7j),
Ji(n—ji,m—71)=J:(n—jo,m— jo). According to Inequality (OA.7), we have
8Jf(n, m — jl) _ 8J§(n, m —]0)
ot ot
= Hy(n—jo) [J; (n—jo— 1,m —jo) — J; (n — jo,m — jo)]

> Hy(n—j1) [J;(n—ji—1,m—j1) = Jy (n—ji,m —j1)]
Thus, the following inequality holds for any t <t < 7%(n — j;,m — j;).
Hi(n—j1) [Jf (n—j1 — L,m—j1) = Jy (n— ji,m — j1)| < He(n) [J7 (n — 1,m) — J¢ (n— jo,m — jo)].
Note that J:(n — jo,m —jo) = Ji(n—j1,m —j1) at t =7°(n — j;,m — j1). Thus,
Hi(n—j0) [J;(n—jr = 1Lm—j1) = Jf(n—ji,m —j1)] < Hy(n) [J7 (n = 1,m) = J¢ (n — ji,m — j1)],
at t =7°(n— j;,m —j;). In a similar manner, we can show that for any ¢ > 7%(n — j.,m — j.),
Hy(n—je) [J7 (n = juo = L,m — jio) = J7 (n = ju m — jio)] < Hi(n) [T (n = 1,m) = J7 (0 — i, m — )]

On the other hand, at t =t + h, the optimal strategy is to activate the stimulus, which means

that

J;—i—h(n’ m) = J;—h(n 7jm7 m 7]&)
= (1= AernHern(n—35)0) Jip_s(n = Juym = Ji) + ApenHepn (0 — §i) 0 s (n — ji — 1,m — ) + 0(6)
> (L= ApenHen(n)6) JEy_s(n,m) + AppnHyn(n)8J7 s (n—1,m) +0(6)

> (L= AepnHin(n)0) T p_s(n = Gy m = Jio) + Aegn Hyin(n)0 7y, _s(n — 1,m) +0(9).
This would imply that
Ht(n_jm) I:‘]:(n_jﬁ - ]-7m _jli) - Jf(n_jﬁ7m_jﬁ):| > Ht(n) [Jts(n - 17m) - Jts(n _jnvm _]n)} )

and therefore leads to contradiction.
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Next we show that 7°(n,m) < 7°(n — 1,m). Suppose this is not true. Then for any 7%(n,m) <
t<7(n—1,m), Ji(n,m)>J(n—1,m—1) and Ji(n—1,m)=J(n—2,m—1). Thus,

dJ;(n,m)

5 =MNHi(n)[J;(n—1,m)—J (n,m)] < NHi(n—1)[J (n—2,m—1)—J(n,m)].

On the other hand, M >MNHin—1)[Ji(n—2,m—1)—J’(n—1,m—1)] according to
Inequality (OA.7). Since J2, . (n,m) = J7(, . (R —1,m—1), J7(n,m) < J7(n—1,m—1) for any

te (t5(n,m),7°(n—1,m)), which leads to contradiction.

) Ji (n,m) _
?JP (n—j,m—j)

increases in t from the induction assumption. Thus all we need to show is that for a

Finally we prove statements (1) and (2) for n and m. For (1), if ¢t < 75(n,m

J{ (n—1,m—1)
Ji (n—j,m—j)

given t > 7°(n,m), %% >0 for any j <min{j >1:7°(n—j,m —j) <t}. This derivative is
given by
o Jinm)

_AH()[J(n=1,m) = J(n,m)]  AMHi(n —5) 7 (n,m) [Ji(n—j —1,m —j) = J;(n— j,m — j)]

_ st(n_lam) Jts(n_j_lam_j)_ Jts(n,m) .
_M{Hm”Lﬁmijﬁ i jom—3) T jom—j)
Ji (n,m) Ji(n—j—1,m—j)
H,(n— t t 1
f(n )Jt(n_]7m_j)|: Jts(n_]7m_j)
:)\H(n)JtS(n_J_lvm_J) Jf(n—l,m) Jf(n,m) Jts(n_.]?m_j) _
S Jrn—jom =) P(n—j,m—j) Ji(n—j—1,m—j)

Tin—j—1m—j)  Ji(
Ji(n,m)  Hy(n—j) Ji(n—j,m—j)
[1 Ji(n—j—1,m- J)]}

Jt (n ]7m .]) (TL)

Jin—2,m—1

=AHi(n )JS( “1,m—1

Ji(n—j—1,m—j)

)
)
[H (Ht R ) <1 Jsj;nji’?mj)ﬁﬂ Jf(ff?;zz)—j)}'

Ji (n,m)
Note that TS n—gm=7)

{ Ji(n—1,m)

Ji (n,m s J§ (n,m)
ot =1 and 4JS($ jm) = > 1 for any ¢t > 7%(n,m). Thus 7J§(ri£j,m—j)
Ji (n,m)

increases in ¢ initially. Now suppose there exists a t; such that 2 Bt T (n—g.m—7)

< 0. We can then

t=t1

=0 and at% <0 for any t € (t2,t]. However,

find a t; < t; such that at%

t=to

% increases in t for any t > 7°%(n—1,m), % increases in t for any ¢ > 7°(n —
t ? )
j,m—7j), and %(7()]) decreases in t. This means that 8”5({1(% > 0 over (ti,t5], which leads to

Jt (nvm)

contradiction. Thus —t——"—
JZ (n—j,m—j)

increases in t when t > 7%(n,m).
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Finally we prove statement (ii). Since 7%(n,m) > 7%(n — 1,m), for any t > 7°(n,m), we have

9 Ji(n,m) _ N _ Ji(n,m) B . Ji(n,m) Ji(n—2,m)

ot Ji(n—1,m) )\th()<1 Jf(n—l,m)) A l)Jf(n—l,m) (Jf(n—l,m) 1>
B Ji(n,m) [Ji(n—1,m) H(n—1) (J(n—2,m)
=t s st - R Groen 1)

Jinm) | This means that —2-m)

Note that M <1 for any finite ¢ and hmt_)oo m . T5(n—L,m)
fi )

Ji(n—=1,m)
approaches 1 from below. Thus, if it does not increase in ¢ for any ¢ > 7°(n+1,m), there must exist

Ji (n m)

ty > t; > 7(n,m) such that 2 7

Hy(n—1) (Jts(n—2,m)

L =0 and at% <0 for any t € (t1,t2]. However

— 1) strictly decreases in ¢t from our induction assumption about n — 1. This

Hyi(n) J(n—1,m)
means that 7 J;IZ,E%W) > 0 over (t1,t5], which leads to contradiction. We thus prove the announced

results. 0O

OA.2.2. Feature Upgrade

Suppose the creator can make at most n, updates according to a predefined sequence (, which
is possibly determined by the potential benefit of each update). We use m(< n,) to denote the
number of feature upgrades that remains to be implemented. With m upgrades left, the corre-
sponding pledge likelihood is denoted as H (m)(g). More upgrades make the project more attractive
in the sense that H®(¢q) > HW(g) > --- > H™)(q) = H(q). Similarly, the corresponding success

probability Q™ (n) satisfies the condition Q\” (n) > @%1)(71) > o> Q" (n) = Qy(n). As a direct

V(g

extension of Assumption 1(iii), we assume that 2 HTM)

decreases in g for any m.
Cost of ith update is assumed to be K;, i =1,...,n,. At the state of time-to-go ¢, pledges needed

n and upgrades remaining m, the expected profit is denoted as J*(n,m).

PROPOSITION OA.2. For any (n,m), there exists a 0 < 7% (n,m) < oo, such that:

e When t < 7%(n,m), the optimal strategy is to upgrade project features right away. That is,
JE(n,m) = J*(n,m—1) for any t <71“(n,m);

o When t > 1%(n,m), the creator is better-off withholding feature upgrades. The expected profit

J{(n,m) in this case is given by:

aJ (n,m ~ " u
t(at) =MHi(n,m)(J'(n—1,m)— J'(n,m)),
with boundary conditions J', . (n,m) = J¥, . (n,m—1), J*(n,0) = (G+B -3 K)QY (n),

Jg(0,m)=G+B -3 K, and J§(n,m)=0 for all n>0.

Moreover, 7%(n,m) increases in n.
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Proof of Proposition OA.2.  First, for any (n,m) and t > 0, we have

i s(n,m) > [1 — MH, (n,m)8| J*(n,m) + \H,(n,m)5J"(n—1,m) + o(6).

Let § — 0, we obtain the following inequality:

aJ ~
tg;’m) > A Hy(n,m) [T (n—1,m) — J(n,m)]. (OA.8)
For proof convenience, let J*(—1,m) = J;*(0,m) and 7*(—1,m) = 0. It’s easy to see that J;*(0,m)
is indeed the unique solution of the differential equation where n = 0.
We add the following statements to the Proposition and prove by induction
(i) For any 0<j <m, % increases in t.
+ )

(ii) Ji* (n,m)

: : "
TF(n—i increases in ¢ for t > 7%(n,m).

First when m =0, the threshold structure and the monotonicity of the thresholds follow imme-
diately from our earlier denotation. Statement (i) is trivial as j can only be 0, and Statement (ii)
holds according to Proposition 2.

Now suppose that the statements are true for any n >0 and m — 1 where m > 1. We next show
that they must also hold for n and m. First it is obvious that the statements hold for n =0. Now
assume that they hold for n — 1 where n > 1. We first show that the optimal stimulus strategy is a
threshold policy. If this is not true, then we can find a time interval (¢,£+h), over which the optimal
strategy is not to upgrade the project features, i.e., J*(n,m) > J*(n,m —1) over (t,t+ h). Because
of the continuity of Ji(n,m), we have Ji'(n,m) = J*(n,m — 1) and J ,(n,m) = J,,(n,m — 1).
For each t € [t,t + h], there exists a j =min{i > 1:7%(n,m —i) <t}. We collect all those unique j’s
and denote them as jo > j; >+ > j., where jo=min{i > 1:7%(n,m —1i) <t} and j, =min{i >1:
T%(n,m—1i)<t+h}. When t =t + J, the optimal strategy is not to upgrade project features, but
Ji(n,m) = J{*(n,m — jo). Thus,

Ties(mm) = (1= Ay(n,m)d ) J;(nym) 4+ A Hy(n,m)3J(n = 1,m) + 0(3)

> (1 — AH,(n,m —jo)é) T (n,m — Go) + AHy(n,m — Go)3J(n — 1,m — jo) + 0(d).

Let § — 0, we have

H,(n,m)[J}(n—1,m)—J(n,m— jo)] > Hi(n,m— jo) [J;'(n —1,m — jo) — J;*(n,m — jo)],

at t =t. Rearrange the terms, at t =%, we have

(ﬁxn,m—jo)_l) [1 Jrnm—jo) ] _ _Ji(n—1m)

H,(n,m) CJHn—1m—jo)| T Jt(n—1,m—jo)
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According to our induction assumptions, LHS decreases in ¢ for ¢t >t > 7%(n,m — j,) and RHS
increases in ¢t. Thus the above inequality holds for any ¢ > ¢. In addition, J*(n,m —j;) = J*(n,m —

Jo) for any 7%(n,m — jo) <t <7“(n,m — j;), which leads to

0T (n,m —ji)  OJF(n,m—jo) - . o |
t (na’;n ]1) — t (naT ]O) :Ht(n,’le—jo) [Jt (n— 1,m—jo) —Jt (n,m—jo)].

According to Inequality (OA.8),

Hy(n,m— jo) [J} (n—1,m — jo) — Jj(n,m— jo)] = Hy(n,m — j1) [Ty (n — Lm — j1) = Ji*(n,m — ju)]..

Coupling with the fact that J*(n,m—jo) = Ji*(n,m—j1) for any t € [7*(n,m— jo), 7"(n,m — j1)],

we thus have

Hy(nym) [Ji'(n=1,m) = Ji'(n,m = 51)] > Hy(n,m — i) [T (n = 1,m = ju) = J(n,m = ji)] -

Similarly, we can show that for any t > 7%(n,m — j,.),

Ht(nﬂm) [Jt“(n— 17m) - Jtu(nvm_]fﬁ)] > Ht(nam_jﬁ) [Jt“(n_ 17m_jn) - Jtu(n7m_.7n)] :
However for any ¢t >t + h,

Ji(n,m) = J(n,m—j,)
= (1 — )\t,(;gt,(;(n, m— jn)(;) Jtu_(s(n, m— ]/-:) + )\t—égtfé(nv m— jn)(SJtu—é(n —1,m— ]N)

> (1 — N_sH,_s5(n, m)5) T s(nym = ) + M_sHy_s(n,m)8J" s(n —1,m) + o(6).

Let 6 — 0,

H(n,m) [J}(n—1,m) = J(n,m — )] < Hy(n,m — i) [Ty (n = Lom = i) = Ty (n,m = ji)]
which leads to contradiction. Thus a unique threshold 7%(n, m) exists, such that the optimal policy
is to upgrade the features when t < 7%(n,m), and not to upgrade when t > 7%(n, m).

Next we show 7%(n,m) > 7%(n —1,m) by contradiction. Suppose this is not true. Then for any
TU(n,m)<t<t"(n—1,m), J*(n,m)> J*(n,m—1) and J*(n—1,m)=J(n—1,m —1). Thus,

aJ(n,m)

or = MHi(nm) [T} (n = 1,m) = Jj'(n,m)]

= N H (n,m) [J*(n—1,m—1) — J*(n,m)]

< )\tﬁIt(n,m— D[ (n—=1,m—1)—J"(n,m)].
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On the other hand, % > NH,(n,m — )[J*(n — 1,m — 1) — J¥*(n,m — 1)] according

to Inequality (OA.8). Since Ju(, . (n,m) = J, ., (n,m — 1), Ji(n,m) < Ji*(n,m — 1) for any

T

TU(n,m) <t <71"(n—1,m), which leads to contradiction.

Now we show that statements (i) and (ii) are true for n. For any ¢t < 7%(n,m), % =
% increases in ¢ based on the induction assumptions. Thus in order to prove statement (i),
we only need to focus on ¢t > 7%(n,m). Without loss of generality, we assume that 7%(n,m — j) <

T%(n,m) (Otherwise J*(n,m — j) = J(n,m — j’), where j’ =min{i < j:7%(n,m —1i) < 7%(n,m)}

for any ¢t > 7"(n,m)).

o  J*(n,m) _)\tﬁt(n,m)[Jt“(n —1,m)—J"(n,m)]

&‘]tu(nvm_])_ ~ ‘]tu(nvm_.])
AcHi(n,m —7)J (n,m) [Ji(n—1,m — j) — Jy*(n,m — j)]
[Ji(n,m = j)?

B T (. Jin—1m) Jt(n—1m—j)  J'nm) |
_)\t{Ht(v )[Jt“(n—l,M—j) J¢(n,m — j) Jt“(n,m—j)]

Hi(n,m ”Jf(n,m—j)[ Tem—g)

N Ji(n—1,m—j) Ji(n—1,m) JH(n,m) J(n,m — j)
D\ t t . t t .
M) = ) {Jtu(n—l,m—j) T (nom =) Tn—Lm )

Ji(n,m) Hy(n,m - j) [1_ Ji (n,m — ) ]
Jtu(n7m_]) E[t(nam) Jf(n—l,m—j)

Jt"(nl,mj){ Ji(n—1,m)

:)\tﬁt(n, m)

I:It(nam_j)_ o Jtu(nvm_]) Jtu(n7m)

When t= Tu(n7m)7 % = 1’ Whereas %
t (1 (n,

Ji (n,m)

> 1 for any t > 7%(n,m). Thus, T =)
t )

increases in ¢t at t = 7%(n,m). Suppose there exists a t; > 7%(n,m) such that %% < 0.
t ’

Because of the continuity of M, there must exist a ty < t; such that @M =0
Ji(n,m—j) ot Jit(n,m—j) t=toy

and %% <0 for any t € (t,t;]. However, % strictly increases in ¢ according to our

induction assumption, and % decreases in t according to our assumption. This means that
t\n,

%% >0 over (tg,t;], which leads to contradiction.

Finally we prove statement (ii) by contradiction. Suppose it is not true. Then there must exist

to >t; > 7"(n,m), such that %% - 0 and %% < 0 for any t € (t,1]. Because

T"(n,m)>7%(n—1,m), we have
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9 Jp(nm)
ot Jf(n—1,m)

— N\ H,(n,m) <1 - M) — MH,(n—1,m) J#ii(ﬁ7?73n) <§§EZ:?Z; - 1)

~ JE(m,m) | JH(n—1,m) H,(n—1,m) [ J*(n—2,m)
_Ath(n’m)Jg‘(n—l,m)[ T nom) —-1- (o) (Jt“(n—l,m)_1>]'

However, Z("=2™) {ecreases in t as ¢ > T “(n,m) > 71"%(n —1,m), and Hin=lm) qocreases in ¢
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according to Theorem 1(iii). Consequently, if M decreases in ¢, then

(t1,t2], which leads to contradiction. We thus obtamed the announced results. [

OA.2.3. Numerical Experiments

In this section, we complement our analytical results with a numerical analysis illustrating the
benefit of multiple rounds of stimuli. Parameters of the numerical experiments are specified as
follows. For seeding, we consider the case where each seeding stimulus allows the creator to acquire
1 pledge at a cost of $120. For feature upgrade, we consider the case where each upgrade in project

features costs the creator K = $120, and improves the project quality by 0.1.

Figure OA.1 Benefits of Mutiple Rounds of Stimulus Policies
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Note: V ~ exp( p=9%120, 6 =1, c=$30, G = $1,800 (i.e., N =15), B=$500, T =30 and A\, =2. The

100)

benchmark is the base model with no stimulus.

Figure OA.1 illustrates the change in the expected profit w.r.t. the number of stimuli and the
deadline. While access to additional rounds of stimuli always improve the expected profit, the
absolute benefit is non-monotonic w.r.t. the deadline T. When the deadline T is small, having more
rounds of the stimuli helps little because the project has little chance to succeed even if multiple

stimuli are applied. At the other end of the spectrum, when the deadline T is sufficiently large,
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again multiple rounds of stimuli render little benefit as the project is likely to reach the target
without help of any stimulus policies. Similar to our observation from the numerical analysis in
Section 4.4, we also observe that the stimulus policy with multiple rounds of updates is the most

effective when the remaining time is neither too long or too short.



