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1. Introduction and Summary

In the economics, marketing, and operations man-
agement literature, among others, oligopolistic price
competition models are used to characterize and study
various industries and interactions therein (see, e.g.,
Federgruen and Hu 2017). The development of such
price competition models has a long history, starting
with the seminal paper by Bertrand (1883). However,
progress has been slow in developing a tractable
model that represents many of the realities that are
pertinent in most industries. The following is a list
of desiderata for a general competition model:

i. the model should accommodate an arbitrary
number of competing firms each offering an arbitrary
potential assortment of products;

ii. the demand for any given product may depend
on the prices charged for some or all of the products
sold on the market, in accordance with general asym-
metric customer preferences, allowing for general com-
binations of direct- and cross-price elasticities;

iii. the model should be parsimonious;

iv. the model specifies a product assortment sold
on the market as a subset of the full collection of potential
products, along with associated demand volumes;

164

v. the model has a guaranteed pure Nash equi-
librium; in the presence of multiple equilibria, one
should stand out in terms of predictability;

vi. under this special equilibrium, we should be
able to attain a set of indirect equilibrium demand
functions for upper-echelon competition models that
are equally tractable and inherit properties (i)—(v) ina
sequential oligopoly model.

In this paper, we address a general oligopolistic
competition model. Each of I independent retailers,
indexed by i, operating under linear cost structures
potentially offers a distinct set of products N(i). The
consumer demand for all products in V' =N (1) UN(2)---U
N(I), with N = [N, is specified by a set of (piecewise)
affine demand functions. These demand functions are
anchored ona set of purely affine functions. However,
outside of a restricted polyhedron P in the complete
price space RY (i.e., the nonnegative orthant of the
Euclidean space), these affine functions predict neg-
ative demand volumes for at least some of the products
and must, therefore, be replaced by a suitable extension.

Shubik and Levitan (1980) stipulate that the ex-
tension of the affine demand functions, beyond the
polyhedron P, must satisfy an intuitive regularity condition:
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under any given price vector, when some product
experiences zero demand (i.e., is priced out of the
market), any increase of its own price keeps the product
out of the market and has no impact on any of the
demand volumes. This regularity condition specifies
a unique set of demand functions, which are piecewise
affine. The potential price space RY is partitioned into
2N polyhedra, each corresponding with a given subset
of the full product line for which there is positive
demand. Federgruen and Hu (2015) in this general
model prove that a pure Nash equilibrium always
exists, but depending on the choice of the cost rate
vector, only part of the N products may “survive” the
competition and be part of the equilibrium product
assortment. The authors provide a sufficient condition
for the equilibrium to be unique. However, multiple,
even infinitely many equilibria may exist. (Federgruen
and Hu (2015) report that, in the presence of multiple
equilibria, all such equilibria are equivalent in the
sense that all generate identical sales volumes for all
products and identical profit levels for all competing
firms. However, the result in Theorem 2(a) is incorrect.
This is explained in detail in Section 3.)

Thus, Federgruen and Hu (2015) establish that the
price competition model with extended affine de-
mand functions satisfies the first four of the list of
desiderata (i.e., (i)—(iv)). The objective of this paper
is to show that the remaining two desiderata (v) and
(vi) are satisfied as well. In particular, we identify a
unique special equilibrium, with far stronger prop-
erties than merely being a Nash equilibrium. Spe-
cifically, we show that it is the unique equilibrium that
has global robust stability. This means that, from any
starting point, the market converges to this equilib-
rium when firms use a particular response mapping
to dynamically adjust their own prices in response to
their competitors’ prices. The mapping involves each
firm optimizing its own prices over a limited subset
of possible prices; it requires each firm to only know
the demand function and cost structure for its own
products (but not for other firms” products).

Moreover, there is a simple representation for this special
equilibrium—and to our knowledge, for no other: in an
industry with N potential products, it can be computed
with a limited number of multiplications and inversions
of N X N matrices only, possibly in combination with
the solution of a single linear program in N variables
and constraints. Finally, under this special equilibrium, we
obtain a set of indirect equilibrium demand functions
for an upper-echelon competition model among sup-
pliers. The supplier competition is equally tractable as the
retailer competition model and the indirect equilibrium
demand functions inherit all of the properties (i)—(v)
(i.e., the last desideratum (vi) is also satisfied).

Establishing the existence of a pure Nash equilib-
rium in a noncooperative competition model greatly

advances our understanding of the competitive dy-
namics in industry. Identification of Nash equilib-
ria serves two potential objectives; see Holt and Roth
(2004) for a more in-depth discussion. The first is
prescriptive: any of the competing firms may be ad-
vised to adopt the strategy that is her part of the
overall Nash equilibrium. Any other advice to the
firm would, per definition, have the unappealing feature
that it is dominated by a unilateral change toward a
different strategy. The second objective associated with
the identification of a Nash equilibrium is predictive: the
equilibrium is used to predict the (steady-state) be-
havior in the market.

However, to support the predictive use of a Nash
equilibrium, it is highly desirable to show that the
market converges to the equilibrium from an arbitrary
starting position as a result of a plausible iterative
adjustment process. The most commonly investigated
such adjustment process is the so-called tatonnement
process, first introduced by Cournot (1838) in ana-
lyzing a duopoly where firms set sales quantities. In
each iteration of the tatbnnement process, each firm
selects a best response to the current choices of its
competitors. Vives (2001) calls a Nash equilibrium
globally stable if this convergence property prevails
regardless of the starting point of the process.'

Furthermore, an adjustment process is all the more
plausible if the firms’ (iterative) adjustments can be
made with limited private information only (i.e.,
when each firm only needs to know the demand
functions for its own products and its own cost
structure). We specify such a best response, referred
to as the robust best response, and say that an equi-
librium has global robust stability if it arises as the limit
of such an adjustment process with robust best re-
sponses, regardless of the market’s starting point.
This additional robustness property further supports
the notion that the Nash equilibrium requires no more
than limited private information or bounded rational-
ity, even in the presence of full information. (We use
the term “robust” analogously to its use in “dis-
tributionally robust stochastic optimization,” an ap-
proach that requires only limited information about
the full distributions of the random input factors.)

In this paper, we show that the special equilib-
rium has, in fact, global robust stability. The equilib-
rium arises as the limit of this simplest possible of
tatonnement schemes where each firm acts on its own
private information only. In particular, no firm needs
to know the cost structure or demand functions of any
of its competitors, often private information.

Global stability has, typically, only been demon-
strated in supermodular games in which the uniqueness
of the equilibrium can be demonstrated. In a general
supermodular game, the set of equilibria is a bounded
lattice with more than a single element; if so, none of



Federgruen and Hu: Global Robust Stability in a Price and Assortment Competition

166

Operations Research, 2021, vol. 69, no. 1, pp. 164-174, © 2020 INFORMS

the equilibria are globally stable, even though the
component-wise smallest and largest equilibria enjoy a
restricted stability region (i.e., the equilibrium arises
as the limit of a tatdbnnement process that starts
with an initial strategy tuple in this restricted stabil-
ity region).

However, our competition model fails to be super-
modular, as demonstrated in Section 3. As mentioned,
it often has multiple equilibria. Interestingly, we
obtain global robust stability of the special equilib-
rium, even in the presence of many alternative Nash
equilibria. Thus, beyond the desiderata (i), (ii), (iii),
and (iv), already highlighted, the global stability re-
sult establishes (v).

Finally, as to (vi), the equilibrium sales volumes
associated with the special equilibrium, when viewed as
functions of the products’ variable cost rate vector, are
(the unique) regular extension of a new set of affine
functions. These have an easily computable intercept
vector and price sensitivity matrix, similar to the
structure of the retailers’ consumer demand functions
(see (6)). This characterization allows us to extend our
equilibrium analysis to a sequential oligopoly in a
multiechelon market: at each echelon of the supply
process, an arbitrary number of firms compete, each
offering one or multiple products to some or all of the
firms in the next echelon, with firms at the most
downstream echelon selling to the end consumer; see
Federgruen and Hu (2016). We are not aware of any
other oligopoly model that satisfies desideratum (vi).
For example, even in the basic multinomial logit
(MNL) model, the equilibrium demand functions re-
sultin an intractable upper-echelon competition game.

For any vector x € RN and product set U C N, xy
(x-y) denotes the subvector of x whose components
belong to U (U =N \ U). Similarly, for any N x N
matrix X and sets U,V C N, Xy v denotes the sub-
block of the matrix whose row (column) indices
constitute the set U (V).

The remainder of this paper is organized as follows.
Section 2 gives a review of the literature. The model,
notation, and preliminary results are part of Section 3.
This section also characterizes the set of Nash equi-
libria. The global robust stability of the special price
equilibrium is shown in Section 4. Section 5 ends the
paper with concluding comments.

2. Literature Review

There is a vast literature on oligopolistic price com-
petition models. See Topkis (1998) and Vives (2001)
for surveys of the literature until the start of the
current millennium. In the past 15 years, attention has
focused on a few workhorse models that can be and have
been used in empirical studies. This applies mostly to
the MNL model and various of its generalizations, in
particular the mixed multinomial logit (MMNL) model

and the nested MNL model. However, in both the
MMNL and nested MNL models, the existence of a
pure Nash equilibrium can only be guaranteed under
specific settings (see Aksoy-Pierson et al. 2013, Gallego
and Wang 2014). Perhaps most importantly, under the
MNL model or any of its variants, the full set of po-
tential products arises as the product assortment in
the market, regardless of how the product prices are
selected. Such models are, therefore, intrinsically
incapable of analyzing how various model primitives
impact on the assortment that arises in equilibrium;
see desideratum (iv). We refer to Federgruen and Hu
(2015, 2017) for a survey of price competition models
based on the MNL model or various generaliza-
tions thereof.

Several authors have analyzed price competition
games based on the (extended) affine demand model
of this paper or special cases thereof. Farahat and
Perakis (2010) establish the existence of a unique
Nash equilibrium in the special case where the price
sensitivity matrix is symmetric and the cost rate
vector is in the interior of the price polyhedron P. This
is equivalent to assuming that there is positive de-
mand for all potential products when the firms offer
all of their products at cost. This assumption is rather
restrictive: in many industries, one can expect that
when even the most brand/feature attractive prod-
ucts in the market are offered at marginal cost, this
is likely to push less attractive substitutes out of
the market. The latter may only preserve a share
in the market when offered at a low price advan-
tage, thus appealing to the most price-sensitive cus-
tomers. Moreover, under this assumption, all retailers
in equilibrium always select a maximally available
product assortment, which defies what we observe
in practice.

Several papers in the economics literature have
addressed a very special case of the competition
model with (extended) affine demand functions. Al-
though allowing for a general cost rate vector, these
papers assume that (i) each firm has a unique product
to offer rather than an arbitrary collection of such
items and (ii) the price sensitivity matrix has identical
diagonal and identical off-diagonal elements. (The
recent paper by Thomassen et al. (2017) is an ex-
ception. Its estimated price sensitivity matrix has
nonidentical diagonal and off-diagonal elements; how-
ever, these authors do not characterize the set of
Nash equilibria.) See Ledvina and Sircar (2012) and
Cumbul and Virag (2018a) and the references therein.
Federgruen and Hu (2015) provide a characterization
of the set of Nash equilibria in the general model, with
an arbitrary vector of cost rates and a fully general,
possibly asymmetric, price sensitivity matrix. In this
general model, multiple, in fact infinitely many, pure
Nash equilibria are common.
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Several papers, starting with Singh and Vives (1984),
analyze price competition models with a purely affine
set of demand functions. As mentioned in Section 1, a
purely affine set of demand functions can only prevail
on a limited polyhedron P, rather than the full price
space. An alternative approach to the problem is to
confine the set of feasible price choices to the poly-
hedron P. A recent example is Gao et al. (2017)
addressing a multiperiod model in which each firm
offers a single product, with a limited supply for
the full horizon. They show that the unique Nash
equilibrium—under a diagonally dominant price sen-
sitivity matrix—is globally stable among all price
vectors in (the equivalent of) the polyhedron P.

Recently, several papers have emphasized the fact
that retailers compete in terms of their product as-
sortments and not just in terms of their retail prices.
To our knowledge, Besbes and Sauré (2016) is the
first paper to address a joint price and assortment
competition model. However, in their model, firms
start by each making its own price and assortment
decisions. The specific sales volumes for all selected
products are then determined by an underlying pure
or MMNL model. In other words, each firm is assumed
to control its own product assortment, irrespective of
the price-assortment decisions made by its competi-
tors. The authors show that a unique equilibrium al-
ways exists, with the property that every firm selects
an identical profit margin for all of its products. In
our model, assortment choices are implied by price
selections allowing for general firm- and product-
dependent price sensitivities and explaining general
profit margins.

The identification of globally stable equilibria has a
long history as well. It seems to start with the seminal
paper by Theocharis (1960) in the context of the
classical Cournot competition model with homoge-
neous goods. al-Nowaihi and Levine (1985) derive a
set of sufficient conditions for global stability of the
Nash—Cournot equilibrium; these conditions imply
that all firms’ best-response functions are downward
sloping. The authors show that these conditions are
satisfied when the number of firms is less than or
equal to five and point out difficulties in the ear-
lier global stability results for the Cournot game in
Hahn (1962) and Okuguchi (1964). For a more recent
contribution, see Okuguchi and Yamazaki (2008) and
the references therein.

3. Model and Equilibrium Characterization

Consider an oligopolistic market with I retailers, each
having the option to bring one or several products to
the market. For alli =1,...,I, let N'(i) denote the set
of (potential) products offered by retailer i, with (i, k)

representing the kth product in this set. We use the
following notation:

wj = the procurement (purchase and/or
manufacturing) cost rate for product (i, k),
which we refer to as the “wholesale price,”

pix = the retail price charged by retaileri
for productk,

dix = the consumer demand for product (i, k).

We thus assume that the retailers’ suppliers em-
ploy simple wholesale price contracts. Such contracts
continue to be most popular, both in the theoretical
literature and in practical supply chains (see, e.g.,
Hwang et al. 2015). The wholesale prices are exoge-
nous inputs to the model.” The consumer demand for
each product depends, in general, on the prices of all
products (potentially) sold in the market. As in many
theoretical and empirical studies, we assume that the
foundation for the demand functions is provided by
a set of affine functions, with the following vector
specification:

q(p) =a - Rp. (1)

Here, R is an N x N matrix, and a2 > 0, indicating that
all products are relevant choices, with nonnegative
demand, at least when they are offered for free.

Although the affine functions provide the foun-
dation for the demand functions, they cannot be used
per se. After all, for price vectors outside the poly-
hedron P={p>0|a—Rp >0}, the affine functions
g(-) in (1) predict negative demand volumes, for at
least some of the products. Shubik and Levitan (1980)
suggest that any extension of the demand functions
beyond P should satisfy the following highly intuitive
regularity property.

Definition 1 (Regularity). A demand function D(p):
RY — RY is said to be regular if for any product / and
any price vector p, Di(p) = 0 implies that D(p + A - ¢)) =
D(p) for any A > 0, where ¢; denotes the /th unit vector.

In other words, when under a given price vectorp, a
particular product I = (i, k) attracts zero demand, any
increase of the product’s price has no impact on any
of the demand volumes. Although seemingly innocu-
ous, this intuitive regularity condition completely
specifies the extension of the demand functions on RY:
Soon et al. (2009) show that for any p € RY, a set of
price corrections f needs to be applied such that

d(p)=q(p-t)=a-R(p-1) 20, )
t"[a-R(p—1)] =0, and t>0, 3)
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where T is the symbol for transpose. The problem of
finding a vector t that satisfies (2) and (3) is a linear
complementarity problem (LCP) (see, e.g., Cottle et al.
1992). The solution to the LCP is well defined and
unique, under the following common assumption
about the price sensitivity matrix R (see Cottle et al.
1992, theorem 3.1.6).

Assumption (P). The matrix R is positive definite.

In particular, the function d(-), defined via the LCP
(2) and (3), is a true extension of the affine functions
g(): when p € P, it is immediate that f = 0 solves the
LCP, so thatd(p) = q(p); conversely, whenp ¢ P, a true
set of positive price corrections 0 # f > 0 is required.
Thus, any price vector p € RY generates a unique
vector of sales volumes d(p).

Werefer to the adjusted price vectorp’ =p —t < pas
the projection of the vector p onto the polyhedron P.

Definition 2 (Projection onto P). For any p € RY, the
projection Q(p) of p onto P along the coordinate axes is
defined as the vector p’ = p —t with ¢ the unique so-
lution to the LCP (2) and (3).

Beyond property (P), we assume that the prod-
ucts are substitutes (i.e., all cross-price elasticities are
nonnegative). This is equivalent to assuming that the
matrix R has nonpositive off-diagonal elements (i.e.,
satisfies property (Z2)).

Assumption (Z). The matrix R is a Z matrix (i.e., has
nonpositive off-diagonal elements).’

(Because R is positive definite, all diagonal ele-
ments are positive.) When the matrix R satisfies both
properties (P) and (Z), the solution to LCP (2) and (3)
may be determined by solving a linear program with
N variables and constraints, more specifically by opti-
mizing a linear objective over the polyhedron described
by the inequalities (2).

Federgruen and Hu (2015) characterize the equi-
librium behavior in the price competition game un-
der a general asymmetric price sensitivity matrix R.* A
minor regularity condition is, however, required,
which the authors refer to as the NPW assumption.
In this paper, we adopt a strong sufficient condition
for the latter, imposing a limited type of symmetry
on the matrix R (Federgruen and Hu 2015, proposi-
tion 3).

Assumption (IS). The matrix R is intrafirm symmetric (IS;
ie., Rijw = Ry forall i =1,...,1 and k, k' € N(i)).

Assumption (IS) holds, of course, trivially in the
important special case where each firm sells a single
product. (Existing economics papers have confined
themselves to this case.)

Under strictly affine demand functions without the
extension of (2) and (3), it is well known and easily

verified that the competition game is supermodular
(as long as the matrix R is a Z matrix). However, the
extended demand functions fail to be supermodular,
in general. The following simple duopoly example
in the classical paper by McGuire and Staelin (2008)
provides a counterexample.

Example 1. Two retailers i = 1,2 each offer a single
product; the raw affine demand functions ¢(-) have an
intercept vector a = (1,1)" and R= (iy:yll) with y1,772 €
(0,1). See Online Appendix A for details.

We now characterize the equilibrium behavior in the
price competition model, where each firm i’s profit
function m;(p) is given by 11i(p) = Xren o) (Pix— win)dix(p).-

Let

Rymway =+ 0

T(R)= : . : and

)
0 Rypwo

W(R)=T(R)[R+T(R)]™".

Define the following polyhedron in the space of
possible wholesale price vectors:

W ={w>0]|¥(R)—-¥(R)Rw > 0}° and
int(W) = {w> 0| ¥(R)a — Y(R)Rw > 0}. 4)

Federgruen and Hu (2015, theorem 2(a)) show that if
w € W, a pure Nash equilibrium exists. Moreover, in
case w € RY, \ W (where R, = {x|x>0}), a Nash
equilibrium is obtained by replacing w by w’ = ©(w),
where ©O(:) denotes the projection of w onto the
polyhedron W along the coordinate axes. Federgruen
and Hu (2015) show that under Assumptions (P), (Z),
and (IS), the projection operator ©(:) is uniquely
defined (again as the unique solution of an LCP,
analogous to (2) and (3)). Moreover, for any w € RY,,
w’ = O(w) > 0 because W(R)R is positive definite by
Federgruen and Hu (2015, proposition 2(d)) and
W(R)a >0 by Federgruen and Hu (2015, proposi-
tion 3).

Proposition 1. The price competition model has a pure
Nash equilibrium (p*|w) with the following expression:

p*(w) = w+ [R + T(R)]"q(w)
ifweW, ®)
pr@’) =w' +[R+T(R)] 'q(w’),
with w' = Ow) if we RN, \ W.

(plew) =

With some algebra, the associated equilibrium sales
volumes are given by (see (4))

W(R)a — W(R)Rw, ifweWw,
(@ |w) = {\P(R)a - VY(R)Rw’, with w’ = O(w) (6)
if we RN, \ W.
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IfweW,w =0(w) = w; the second expressions in (5)
and (6) are therefore valid for all w > 0. Depending
on the position of the cost rate vector w, the equi-
librium (p*lw) may be the unique price equilibrium,
or there may be alternative equilibria, possibly in-
finitely many equilibria. The main result of this paper
is to show that (p*lw) is, however, the unigue equi-
librium that has global robust stability. This result
is obtained in the next section. We complete this section
with a characterization of the complete set of equilibria.

3.1. Characterization of the Set of Equilibria
Our characterization of the set of equilibria differs
somewhat from the one provided in Federgruen and
Hu (2015). The latter asserted that (p*|w) is the unique
equilibrium in P (Federgruen and Hu 2015, theorem
1(a)). This implied that all equilibria are equivalent in
the sense that they generate the same product assortment,
the same sales volumes for all products, and the same
profit levels for all firms. However, the proof for the
uniqueness result for (p*|w) within P contains a subtle
error. Indeed, multiple equilibria within P may arise even
in the simplest of instances, as in the symmetric case of
Example 1, where y; = y» = y (see Online Appendix A).
Theorem 1 characterizes the set of Nash equilibria.

Theorem 1.

a. There exists at most one equilibrium in int(P). If an
equilibrium exists in int(P), it is unique in RY.

b. When p° ¢ P is an equilibrium, so is Q(p°) € P.
Moreover, Q(p°) and p° are equivalent equilibria.

c. Ifw e int(W), (p*lw) = p*(w) € int(P) is the unique
equilibrium, and in equilibrium, all products are sold.

d. Ifw € RY, \ int(W), the set of all equilibria is outside
int(P), and (p*|w) = p*(w’) € P is one such equilibrium.

e. (p*lw), = w for any product | with positive equilib-
rium demand, under (p*|w).

It follows from part (b) that if (p*|w) is the unique
equilibrium in P, it is the component-wise smallest
equilibrium; whether unique in P or not, if (p*|w) is
the component-wise smallest equilibrium, it has the
lowest associated profit levels: if p® <p! are two
equilibria, 71;(p°) = 7:(p?, p°,) < mi(pl, pL,) = m(ph). The
inequality follows from Federgruen and Hu (2016,
theorem 4(g)). Cumbul and Virag (2018a) make the
same observation in their special model (see Cumbul
and Virag 2018a, footnote 4).

Part (e) shows that under the special equilibrium
(p”|lw), all products sold in the market have a non-
negative variable profit margin. However, in many
industries, we find that some of the products are
sold below cost, a practice often referred to as “loss
leading.” In the United Kingdom’s retail industry, for
example, the Competition Commission UK (2007, pp.
131-132) reports that “nearly all the main parties
sold a small number of products at prices below the

cost of purchase.”® The phenomenon of “loss leading”
can be explained by models that incorporate search
costs or advertising strategies adopted to attract
customers who are imperfectly informed of prices; see
Chen and Rey (2012) and its references for recent
examples of such models. Our model does not explain
the phenomenon of “loss leading.”

4. Global Robust Stability

In this section, we show that the special equilib-
rium (p*|lw) has global robust stability. To this end,
define for each firmi =1, ..., a robust best-response
mapping as

arg max{(PNm ~ W) (@) = Ravo,-vaP-n)
Pa20

~ RyanoPae] * (@xe = Ry, -voP-~e)
—RynaNoPNG) 2 0} . (7)

To simplify the notation, note that the dependence
of firm i’s robust best response on the competitors’
prices is fully determined by the |N(i)|-dimensional
vector: a = aprg) — Ryp),-niP-ni) = 0. (Nonnegativity
of a follows froma > 0, p > 0, and the fact that Risa Z
matrix.) Thus, define the best-response mapping as

RBj(w (i) Eafgmax{(if’/vm—wmo)T' (a=RyonoPNG)
PN ()2

sa—=Rpro) NP G) 20}-

In other words, the RB;(-) operator selects for any
vector of prices p_y(; of the products offered by firm
i’'s competitors, the price vector that maximizes firm
i’s profits among all vectors p,r; such that

P € Pilp-n)
= {pnw = 0| a — Rypnopae = 0} 8)

We shall demonstrate that, for any P-ni) 20, the
optimization problem (7) has a unique optimizer indeed.
The robust best-response mapping RB;(-) restricts
firm i’s choices to vectors py() such that py; €
Pi(p_p:))- Firm i, of course, has the option to select a
price vector py; that falls outside of Pi(p_y;), and
such a fully best selection may result in additional
proﬁt enhancements. However, as shown in Section 3,
to assess the resulting sales volumes requires the solu-
tion of an LCP, defined by (2) and (3), which requires
knowledge of the structure of all affine demand
functions q_y; for all of the competitors” products.
Such information may not be available to firm i.

In contrast, application of the robust best-response
mapping RB;(:) merely requires robust information
of the foundational affine functions gy ;(-) per-
taining to firm i’s own products, as well as its own cost
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vector w(;). In this section, we show that even if firms
restrict possible price adjustments to price vectors in
Pi(p_n)), the adjustment process converges, in fact
geometrically fast, to the overall equilibrium (p*|w);
thus, (p*|lw) is globally stable under the robust best-
response operator. In contrast, the convergence prop-
erties under fully best responses are more complex; see
Federgruen and Hu (2019).

Our analysis uses various matrix norms. A matrix
norm ||| on R™" assigns to any m X n matrix A a
number [|A]| with the following properties: (i) [|[AA|| =
[ALIA]l, for all A € R; (ii) ||A + Bl < ||A|| +1|B]|, for any
m X nmatrix B; and (iii) ||A|| > 0and ||A]| = 0if and only
if A = 0y,,. A matrix norm is induced by a vector norm
II-l, on R™ if |Al| = sup{l|Ax]l, /l|x]l, : x € R" withx #0}. A
vector norm ||-|| on R" is absolute if ||x|| = |||x]||, where
Ix| = (|x1], |x2|, ..., |xa]). It is well known (see, e.g.,
Johnson and Nylen 1991) that any absolute vector
norm is monotone (i.e., ||x|| < |yl if x| <|y|. In fact,
monotonicity and absoluteness are equivalent prop-
erties for vector norms; see Johnson and Nylen (1991).

We first verify that the “robust best-response”
optimization problem (7) has a unique optimizer.

Lemma . Fixi=1,..., I and p° ., € Rf‘w(i)'. The ro-
bust best-response mapping RBi(a; wpr;)) is well defined
because the optimization problem (7) has a unique maximizer.

Proof of Lemma 1. Because R is positive definite,
Rpiy () is positive definite. Then, the optimization
problem (7) is a concave program with linear con-
straints, which has a unique solution. ®

Let RB : RN — RY denote the complete robust best-
response mapping (i.e., RB(p°) € RN is the price vec-
tor that arises when each firm i =1,...,I selects its
robust best-response price vector RB;(p? ., ): RB(p) =

(RBy(p-n1), RB2(p-pr2); - - - » RBi(p_pr(n)))- Let RB™()
be its n-fold application. We first prove that (p*|w) is a
fixed point of the robust best-response mapping RB(-).
We then show that it is the unique such fixed point.

Theorem 2. Fix w € RY, . The equilibrium (p*|w) is a fixed
point of the robust best-response mapping RB(:).

Proof of Theorem 2. Recall that

(710 prw) ifweWw,
w) =
P prw’) ifweRY, \W,

and for any i,
* T
Pap(@) = arg maX{(PN(i) — W)
N (i)

: [(aj\/(i) - RN(zu,—N(i)PfN(i)(w))

- RN(i),J\/(i)pN(i)]} )

because p”*(w) is the unique solution to the set of first-
order conditions when each retailer solves an uncon-
strained maximization problem of a strictly concave
profit function (Federgruen and Hu 2015, proposi-
tion 2(a)).

Now, we verify that (p*|w) is indeed a fixed point
of p = RB(p).

Case 1. we W. First, becausew € W, w’ =w and (p*|w) =
p*(w)eP (see Federgruen and Hu (2015, proposition
2(b)?. Hence, ppr) = pj\,(i)(w) for any i satisfies the con-
straint set:

(‘ZN (i)~ Ry, -w (i)P:\/(i)(w)) = Ry vy 2 0. (10)

Because pjv i)(w) is an unconstrained maximizer
of problem (9) and it satisfies the constraint set (10),
it must be a maximizer of the following con-
strained problem:

max

.
nax - (pao = W) [(M(i)‘RN(z‘»—N(i)PfN@)(w))

- RN(z’),N(z’)PN(i)]
st (av = Rvo-voP xio(®@)) = Rvivopain = 0,

Pnay 20,
(11)

which is exactly the robust best-response problem,
given the competitors’ price choices p . (w). This
shows that (p*|w) = p*(w) is a fixed point of p = RB(p),
ifweW.

Case 2. weRY, \ W.

Note that w’ = O(w) is the projection of w, along the
coordinate axes, onto the polyhedron W, described

by (4):

w <w, (12)
Q@) (w-w')=0, (13)
Q') = W(R)a — W(R)Rw' > 0. (14)

The LCP (12)—(14) has a unique solution (see Federgruen
and Hu 2015, (8)) because the matrix W(R)R is posi-
tive definite by Federgruen and Hu (2015, proposi-
tion 2(d)). Moreover, in view of Assumption (IS),
property (NPW)is satisfied (Federgruen and Hu 2015,
proposition 3). The property (NPW) guarantees that
w’ = O(w) > 0. Combined with (14), this implies that

wew (15)
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(i.e., p*(w’) € Pby the definition of W). Now, consider
a setting where the cost rate vector w is replaced by
w’ € W. By Case 1, pN l)(w) is a maximizer of the
following constrained problem (see (11)):

-
ax (p/\/(i)_wj\/(i)) [(a/\f(i)_RN(i),—N(i)p—N(i)(w ))
- RN(z‘)N(z’)PN(z‘)]
s.t. (”N(i) _RN(i)ﬁN(i)PfN(i)(w,)) ~RyavioPaa 20,
Py 20
For any firm i,
.
[P @) = wx | | (ane = Ry -vopar @)
~ Ry naPia (w’)]
* ’ T /
= [PN(i)(w )= wN(i)] Qupy(@)
* ’ / T 4
= [PN(i)(w ) = War) + (wN(i) -w N(i))] Qi (@’)
T
= [Pj\/(i)(w )— w./\/(i)] [(ﬂ/\/(i) ~ Ry, -nP avgsy (@ ))
- RN(i)N(i)PM)(w')]- (16)
The first equality follows from Federgruen and Hu
(2015, proposition 2(b)), showing that if w’" € W,
g(p*(w’)) = Q(w’). The second equality follows from

(Wr) = w}\/(i))TQN(,') (w’) =0 (see (13)). The last equality
again uses Q(w’) = g(p*(w’)). For any retailer i,

* ’ T * /
[Pro @) = wxia] | (a0 = Rnor vy @)

— Ry (i)Pj\/(i)(wl)]

IA

max

T
W/ (i
q(pN(,) bl v(1)(20 )Z0,ppr=0 (l)]

[PN(z) -
: [(M(i) = Ry, -noPnry (w’))

- RuixPo)

< max
PPy @ D)Z0ppr =0

.
[PN O w.//\f(i)]

' [(“N(z‘) - RN(”)ﬁN(i)ptN(i)(w’))

- RN(i),N(z’)PN(i)]
= [Pho @) = wio || (an0= R -wiop aro @)

- RN(i),N(i)pj\f(i)(w,)} (17)

The first inequality is because of the fact that p,.; =
p N(z)(w ) satisfies the constraints q(pr, p* @) =20
and pyr; = O because p™(w’) € Pby Theorem 1(d) The
second inequality is because of 0 < w’ < w (see (12)),
so that the objective function of the maximization

problem to the left of the inequality is dominated
by the objective function to its right. The last equality
is because of the fact that py; =p N(Z)(w ) is the un-
constrained optimizer of the optimization problem
to its left. Moreover, it indeed satisfies the con-
straints q(pp), p* No@)) 20 and py) >0 because
w’ € W (see (15)). By Equation (16), all inequalities
in (17) hold as equalities, and in particular, p N(l)(w )is
the maximizer of the following constrained problem:

max- (pv - W) [ (”N(i) - RN(z‘»—N(z’)PfN@(w'))

—Ry (i)N(i)pN(i)]
s.t. (ﬂN(f) =Ry -NPnh (w')) ~Ryvonopno 20,
PA () >0.

This is exactly the robust best—response problem, given
the competitors’ price choices p* ,;, (w’). It shows that
p*(w’) is a fixed point of p = RB(p), ifw e RY, \W. m

We now show that the robust best-response map-
ping is a contraction mapping. Together with Theorem 2,
this implies that (p*|w) is its (unique) fixed point. A
further implication is that, regardless of the market’s
initial price vector p’, it converges to (p*|w) through
a series of dynamic adjustments as prescribed by
the robust best-response mapping RB(-). Moreover,
convergence is geometrically fast, implying that the
number of iterations required to approach (p*lw)
within an arbitrary e ball is a logarithmic function of
the original distance ||p° — (p*|w)]| (i.e., the number of
iterations is O(log(|[p° — (p*[w)||)))-

Thus, consider an arbitrary pair of price vec-
tors ';5,’;56 RY, and let p = min{p,p}. Let a@ = anG) =
Rt noP-n @ = ani = Ry, -wvoP-v, and d=
min{a,a}= AN (i) _RN(z) —N(L)P—/\/(z) because RN(z) NS 0.
We first need the following lemma, the proof of which
isrelegated to Online Appendix D. Letp* = RB;(p_n;)),
’f)* = RBi@—N(i))/ and ﬁ* = RBl(fJ_N(Z))

Lemma 2. Fixp,pe RY. Fixi=1,...,],

0<p" =P < Ryyne(@—a),
0<P* ~p" < Ryynp(@—a). (18)

Now, we are ready to present our main result.

Theorem 3.
a. RB(-) is a contraction mapping: that is, there exists a
norm ||| on RN and a constant 0 <y <1 such that

IRB(p) - RB(p)ll < yllp =PIl forallp,p e RY. (19)

b. IRB®(p) — (p*l)ll < "llp — (o)l and lim,
RB™(p) = (p*|w) for all p € RY. In other words, (p*|w) is
globally stable under RB(-).
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Proof of Theorem 3. It suffices to prove part (a). By
Theorem 2, (p*|w) is a fixed point of the RB(-) operator.
Part (b) then follows by setting p = (p*|w) in (19) and
iterating inequality (19) n times.

For part (a), fix p,p € RY. Then, fix i=1,...,L
By (18),
_RXfl(z‘),J\f(i)(~ - &) < (ﬁ* - lvg*) - (ﬁ* - ﬁ*)
< R (@ — ). (20)
Let U={leN(i)|a; <a;}. Because & = min{a, a},
dy = ay and ag = ag. Recall that |x| = (Jx]) for any

vector x. Then, because R.X/l(i),./\/(i) > 0 (by Online Ap-
pendix B, Lemma B.1(a)):

-1 ~ .\ _ p-1 ~ 51 «
Ry v (@ — &) = Ry win@ = R wp®

_ g au| (du
vovo| | g | 7 \ag

_ p-1 0
=Rvonvo|z —a

_ [y — ayl
< Ry ( G - G )
= Ryl = @
= R onv Rwo,-vo (P-nvp = P-wo)|
< =R R [P-xo = P-xo]

- _R-1 > >
= —Ryn o R, -~ [P-w = P-wo| -

(21)
By symmetry,
,1 —~ v
Rivipnp(@— &)
_1 |~ —
< —Rmiw(i)RN(z‘),—N(i)|P—N<f) ~P-wol
-1 —~ ~
= _RN(i),N(i)RN (8),~N (i)|P—N (i) ~P-~ (i)|’ (22)

Combining (20), (21), and (22),
p* =" = [RBi(p_n) = RBi(p-ns)|
< =Rypno RN P-wo = P-no|-

Combining each individual retailer’s best response
to get the best-response mapping, we have for any ab-
solute vector norm (and its associated matrix norm) ||-||,

IRB(p) = RB(p)Il < IAR) - [p = llI
< AR - lip = pll, (23)

where
AR) =
-1 -1
0 _RN(l)Nu )R-‘V MNQ@) _R/\m )J\/(URN(UN(T)
=1 -1
7RN(2),N(2)RN 2N (1) 0 7RN(2),N(2) Ry

-1 -1
_RN(I)J\/'(I) Ry _RN(I),N(I) Rywwey 0

> 0.

Note that A(R)=I-[T(R)]"'R. Because R < T(R) due
to that T(R) is symmetric (see Assumption (IS)),
[T(R)]'R = I - A(R) is a ZP matrix, by Online Ap-
pendix B, Lemma B.1(c). Because A(R) > 0, it follows
from Online Appendix B, Lemma B.1(g) that
p(A(R)) < 1, with p(-) denoting the spectral radius.

By Horn and Johnson (1985, lemma 5.6.10), for any
€ > 0, there is a matrix norm ||| induced by an ab-
solute vector norm such that p(A(R)) < |[AR)]| <
P(A(R)) + €. The absoluteness of the norm is because
the constructed norm in the proof of Horn and Johnson
(1985, lemma 5.6.10) is based on the ||-||;-matrix norm,
which is absolute. Because p(A(R)) < 1, there exists
an absolute norm |[||||| and a constant y such that
IIAR)|Il = ¥ < 1. Therefore, by (23), which holds for
any absolute norm, we have [[|RB(p) — RB(p)|| <
AR - 1IF - 7l = ¥1IF - 7, proving (19) and hence,
part (a) of the theorem. H

5. Conclusion

We have analyzed a general but parsimonious price
competition model for an oligopoly in which each
firm offers any number of products. The demand
volumes are general piecewise affine functions of the
full price vector, generated as the “regular” extension
of a base set of affine functions. The model specifies a
product assortment, along with their prices and de-
mand volumes, in contrast to most commonly used
demand models. Depending on the choice of the cost
rate vector, the model may have a unique Nash equi-
librium or multiple such equilibria. Our first objective
was to provide a full characterization of the set of
Nash equilibria.

Regardless of whether there is a unique equilibrium
or not, there exists an equilibrium (p*|w) that can be
computed with a limited number of matrix multi-
plications and inversions of N X N matrices, some-
times combined with the solution of a single linear
program with N variables and constraints. Moreover,
the induced equilibrium sales functions have the
same structure as the original retail demand functions,
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thus enabling a similar analysis of the competition
among suppliers at higher echelons.

As our main result, we have shown that the special
equilibrium (p*|w) has global robust stability (i.e., re-
gardless of its starting point, the market converges
geometrically fast to this equilibrium, if firms itera-
tively adjust their prices as robust best responses to the
competitors” prices). To determine a robust best re-
sponse, a firm only needs to know its own demand
functions and cost structure and selects a best response
among a limited choice set. These stability results show
that the special Nash equilibrium (p*|w) satisfies a strong
equilibrium property, adding to its predictive power.

We have introduced the concept of robust stability
and hope that this concept will be pursued in future
work for other competition games, in which the de-
termination of a fully best response for any given firm
requires more than just its own private information.
Nevertheless, its remains of great interest to study the
market dynamics, when firms adjust prices repeat-
edly based on fully best responses, rather than the ro-
bustly best responses. This topic has been addressed in
Federgruen and Hu (2019).
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Endnotes

"He adds: “Although [the tatdnnement process] can (and has) been
criticized for being ad hoc, it can also be interpreted as a crude way of
expressing the bounded rationality of agents. Indeed, several learning
mechanisms for agents to play a Nash equilibrium can be understood
as refinements of the basic tatonnement” (Vives 2001, p. 49).

2Gee, however, Federgruen and Hu (2016), where these prices are
endogenized in a sequential oligopoly model.

3 However, in Federgruen and Hu (2017, section 6.7), we have relaxed
Assumption (Z), allowing for certain types of complementarity
among the products.

*Ledvina and Sircar (2012) and Cumbul and Virag (2018a, b) and the
references therein had confined themselves to the special case
where R™! has diagonal elements A and off-diagonal elements A0,
0€(0,1) (ie, R;' = A for all i and R;' = A0 for all i # j). This cor-

responds with the matrix R where R;; = % for all i and

sz_mbraﬂi#]z

®This definition of W is slightly different from that in Federgruen and
Hu (2015), confining the set to positive cost rate vectors w > 0 only.

® Different European countries and different states within the United
States have opposite views on whether loss leading should be pro-
hibited as a predatory practice; some of them have general sales-below-
cost laws on the books. At the same time, the Organization for Economic
Co-operation and Development (2007) argued that “rules against loss
leading are likely to protect inefficient competitors and harm consumers.”

References

Aksoy-Pierson M, Allon G, Federgruen A (2013) Price competition
under mixed multinomial logit demand functions. Management
Sci. 59(8):1817-1835.

al-Nowaihi A, Levine PL (1985) The stability of the Cournot oligopoly
model: A reassessment. J. Econom. Theory 35(2):307-321.

Bertrand ] (1883) Review of “Théorie mathématique de la richesse
sociale” and “Recherches sur les principes mathématiques de la
théorie des richesses.” |. de Savants 67:499-508.

Besbes O, Sauré D (2016) Product assortment and price competition under
multinomial logit demand. Production Oper. Management 25(1):114-127.

Chen Z, Rey P (2012) Loss leading as an exploitative practice. Amer.
Econom. Rev. 102(7):3462-3482.

Competition Commission UK (2008) Market investigation into the supply
of groceries in the UK. Accessed September 26, 2020, https://
catalogue.nla.gov.au/Record /4536588.

Cottle RW, Pang JS, Stone RE (1992) The Linear Complementarity
Problem (Academic Press, Boston).

Cournot AA (1838) Recherches sur les principes mathématiques de la
théorie des richesses par Augustin Cournot. chez L. (Hachette, Paris).

Cumbul E, Virdg G (2018a) Multilateral limit pricing in price-setting
games. Games Econom. Behav. 111(2018):250-273.

Cumbul E, Virag G (2018b) Multi-product assortment and compe-
tition: Comment. Working paper, TOBB University of Economics
and Technology, Ankara, Turkey.

Farahat A, Perakis G (2010) A nonnegative extension of the affine
demand function and equilibrium analysis for multiproduct
price competition. Oper. Res. Lett. 38(4):280-286.

Federgruen A, Hu M (2015) Multi-product price and assortment
competition. Oper. Res. 63(3):572-584.

Federgruen A, Hu M (2016) Sequential multiproduct price compe-
tition in supply chain networks. Oper. Res. 64(1):135-149.

Federgruen A, Hu M (2017) Competition in multi-echelon systems.
INFORMS Tutorials Oper. Res. 2017: 178-211.

Federgruen A, Hu M (2019) Stability in a general oligopoly model.
Nawal Res. Logist. 66(1):90-102.

Gallego G, Wang R (2014) Multi-product price optimization and com-
petition under the nested logit model with product-differentiated
price sensitivities. Oper. Res. 62(2):450-461.

Gao ], lyer K, Topaloglu H (2017) Price competition under linear
demand and finite inventories: Contraction and approximate
equilibria. Oper. Res. Lett. 45(4):382-387.

Hahn FH (1962) The stability of the Cournot oligopoly solution. Rev.
Econom. Stud. 29(4):329-331.

Holt CA, Roth AE (2004) The Nash equilibrium: A perspective. Proc.
Natl. Acad. Sci. USA 101(12):3999-4002.

Horn RA, Johnson CR (1985) Matrix Analysis (Cambridge University
Press, Cambridge, UK).

Hwang W, Bakshi N, DeMiguel V (2015) Simple contracts for reli-
able supply. Accessed September 26, 2020, http: //faculty.london
.edu/avmiguel/HBD-2015-09-02.pdf.

Johnson CR, Nylen P (1991) Monotonicity properties of norms. Linear
Algebra Appl. 148(1991):43-58.

Ledvina A, Sircar R (2012) Oligopoly games under asymmetric costs
and an application to energy production. Math. Financial Econom.
6(4):261-293.

McGuire TW, Staelin R (2008) An industry equilibrium analysis of
downstream vertical integration. Marketing Sci. 27(1): 115-130.
[Reprint of Marketing Sci. 2(2): 161-191, 1983.]

Okuguchi K (1964) The stability of the Cournot oligopoly solution: A
further generalization. Rev. Econom. Stud. 31(2):143-146.

Okuguchi K, Yamazaki T (2008) Global stability of unique Nash
equilibrium in Cournot oligopoly and rent-seeking game. J.
Econom. Dynamics Control 32(4):1204-1211.

Organization for Economic Co-operation and Development (2007)
Resale below cost laws and regulations. OECD ]. Competition Law
Policy 9(1):169-255.

Shubik M, Levitan R (1980) Market Structure and Behavior (Harvard
University Press, Cambridge, MA).

Singh N, Vives X (1984) Price and quantity competition in a differ-
entiated duopoly. RAND |. Econom. 15(4):546-554.


https://catalogue.nla.gov.au/Record/4536588
https://catalogue.nla.gov.au/Record/4536588
http://faculty.london.edu/avmiguel/HBD-2015-09-02.pdf
http://faculty.london.edu/avmiguel/HBD-2015-09-02.pdf

Federgruen and Hu: Global Robust Stability in a Price and Assortment Competition

174

Operations Research, 2021, vol. 69, no. 1, pp. 164-174, © 2020 INFORMS

Soon W, Zhao G, Zhang ] (2009) Complementarity demand functions
and pricing models for multi-product markets. Eur. |. Appl. Math.
20(5):399-430.

Theocharis RD (1960) On the stability of the Cournot solution on the
oligopoly problem. Rev. Econom. Stud. 27(2):133-134.

Thomassen &, Smith H, Seiler S, Schiraldi P (2017) Multi-category
competition and market power: A model of supermarket pricing.
Amer. Econom. Rev. 107(8):2308-2351.

Topkis DM (1998) Supermodularity and Complementarity (Princeton
University Press, Princeton, NJ).

Vives X (2001) Oligopoly Pricing: Old Ideas and New Tools (MIT Press,
Cambridge, MA).

Awi Federgruen is the Charles E. Exley Professor of
Management of the Decision, Risk and Operations Division
at Graduate School of Business, Columbia University.

Ming Hu is the University of Toronto Distinguished Pro-
fessor of Business Operations and Analytics and a professor of
operations management at Rotman School of Management,
University of Toronto.



	Technical Note—Global Robust Stability in a General Price and Assortment Competition Model
	Introduction and Summary
	Literature Review
	Model and Equilibrium Characterization
	Global Robust Stability
	Conclusion




