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We analyze how a seller can adjust the sales intensity to maximize her profit under an all-or-
nothing constraint. This online appendix contains all proofs. The techniques we used to characterize
the optimal policy, analyze the asymptotic bounds, and construct static and dynamic heuristics
with provable performance bounds can be readily applied to the general stochastic point process
control problem when the objective function is discontinuous. In particular:

1. We obtain rich structural properties of the optimal policies in Theorem 1 and Lemma Al in
this online appendix. We show the precise monotonicity of the optimal sales intensity. That
is, when b < p the optimal sales intensity increases in ¢, whereas when b > p the optimal sales
intensity first increases then decreases in t. To the best of our knowledge, we are the first
to show this “watershed” structure of the optimal sales intensity in the context of revenue
management /sales effort management. The proof of Theorem 1 relies on constructing tight
bounds of A;(n) (for instance, when b > p we prove that when ¢ is sufficiently large, A;(n) >
p + exp (— f(f A*(s,n) ds) F®=(¢), where F("1(t) is a polynomial function of order n — 1
and the leading coefficient is positive), which, we believe, is novel and readily reusable in other
settings.

2. We show that asymptotically optimal static heuristics require a markup on top of the optimal
deterministic sales intensity, which is also unique due to the existence of the all-or-nothing
constraint. The asymptotic analysis requires the bounding of the tail distribution of a Poisson
variable. We use a tight bound in the proof of Proposition 5, which again can be applied in
many other contexts.

3. Regarding resolving heuristics, we show that the standard resolving heuristic in revenue man-
agement that updates the sales intensity by periodically resolving the static problems is not
asymptotically optimal. We propose a modified resolving heuristic with a carefully chosen
switching time that can strike a balance between the loss in the probability of reaching the
target and the cost of extra effort from the higher sales intensity. To the best of our knowledge,
this two-stage resolving heuristic is novel in the literature, and the same technique can be
used in many other settings when the objective function is discontinuous.

Proof of Proposition 1. When n > 1, for any ¢ > 0, let us consider a small time period d. We

have

rs(n) = max (L=X6)-J (n)+A6-J (n—1)—c(N)d+ 0(d).



Rearranging the terms and letting 6 — 0, we get Equation (2). The boundary conditions are derived
from the following. At time 0, the optimal expected profit is just O if the threshold is not reached,
ie., Ji(n)=0, Vn>1. When n =0, the seller already reaches the threshold. As a result, at any

time ¢, the optimal A\*(¢,0) shall maximize the profit rate Ap — c¢(A). Thus, the profit rate when

n =0 is given by ant(O) = mfmx{)\p— ¢(A\)}. Given that J;(0) = b, we thus obtain the announced
result. [

Proof of Theorem 1. The monotonicity of J;(n) is obvious, and thus we omit the proof here.
To prove parts (ii) and (iii) of the theorem, we prove the following lemma first.

LEMMA Al. (i) Yn>2 and 0 < z < 400, if%zo for any t € [0, z], then %t(") >0 for

any t €0, z;
(ii) Vn>1, if %E”) . <0, then %t(") <0 for any t > z;
(iii) ¥Yn >0, tlim A*(t,n) = A%
—00
Proof of Lemma A1. (i) For notational convenience, we let J;(—1) = J*(0) + p. First we show

that

A*(t,n) [At(n —1)— At(n)] < 0A(n)

<= g)\*(t,n—l)[At(n—1)—At(n)]. (OA.1)

For any time ¢ and a small time interval §, we have

Ss(n) = max (L1=X0)-Ji(n)+A0-J (n—1)—c(N)d+0(d)
> (1=X(t,n=1)0)-J ' (n)+ X (t,n—1)5-J (n—1)—c(\(t,n—1))5 4+ 0(9).

Rearranging the terms and letting 6 — 0, we have % > N (t,n — 1)Ay(n) — e(A*(t,n — 1)).

Therefore,
0Ai(n) _ 0J7(n—1) 8J;(n)

ot ot ot
< [N (t,n—1DA(n—1)—c A (t,n—1))] = [N (t,n—1)A¢(n) — c(N*(t,n —1))]

= AN(t,n—1)[A¢(n—1)— Ay(n)].

Similarly, we can also show that %t(") >N (t,n) [An—1) — Ay(n)].
Define
t
Li(n) :/ A*(s,n)ds.
0

Since Ag(n) =0 for n > 2, applying Gronwall’s inequality to Inequality (OA.1), we have:

Ai(n) <exp(—Li(n— 1))/0 exp(Ls(n—1))Ag(n—1)A\"(s,n —1)ds,



for any ¢ < z. Since A;(n — 1) increases in ¢ from the stipulation of Lemma A1(i), we have

Ay(n)<exp(—Lin—1))Ay(n— 1)/ exp(Ls(n—1))A\"(s,n—1)ds < Ay(n—1).

0
Based on Inequality (OA.1), we have %t(") > \*(t,n) [At(n —1)—=Ay(n)| >0.

(ii) We show this by induction. Consider first when n = 1. Suppose the statement is not true, then

d 8Ai

there exists t, > #; > 2z such that 228:d) =0 and 22t > 0 for all ¢ € (t1,t2]. From Inequality

o oy,

(OA.1), we have A, (0) — Ay, (1) =0, and A;(0) — Ay(1) > 0 for all t € (¢1,t,]. Because A;(0) =p, Vs

by construction, we have A (1) =p and A;(1) < p for all ¢ € (1,t,]. Because A,(1) strictly increases
between [t1,ts], we have A,(1) > p for any t € (t1,t2], which leads to contradiction. Thus, the
statement is true for n = 1.

Now assume the statement is true for n — 1 and let us consider n. Suppose the statement is not

true for n, then there exists t, > t; > z such that 8A§t(") =0 and 8At ) >0 for all t € (t1,ta].
t=t1
From Inequality (OA.1), we have Ay (n —1) — Ay (n) =0, and Ay(n — 1) — Ay(n) > 0 for all
t € (t1,1ts]. First we know that, if aAtg:_l) >0, aAt(n Y > 0 for any ¢ < z. (Otherwise, there
’ t=z

exists a t; < z such that %

< 0. Using the assumption for n — 1, we have % <0
t=t1

for any t > t;, which leads to contradiction.) According to Lemma A1(i),

0A¢(n)
ot

aAt(”)

> 0 for any t < z,

which in turn means

> 0. This contradicts with our assumption that aAtt( n) < 0. Thus
t=z t=z

< 0. Using our assumption for n — 1, this implies that % <0 for
t==z

any t > z. Because A;(n — 1) decreases in ¢ and A,(n) strictly increases in ¢ for any t € [ty, 2],

A (n—1)
ot

we must have

Ay(n—1)—A(n) also strictly decreases in t for any t € [t1,t5]. Thus A,(n—1) — A;(n) <0 for any
t € (t1,ts], which leads to contradiction. We thus complete the proof.

(iii) In order to prove tan;O A*(t,n) = A*, it is sufficient to show that tlingo Ai(n) =p as X (t,n) =
argmax ey ] {AA¢(n) —c(A)}. We prove this by induction. For n =0, A,(0) = p by construction.
Now suppose tli;?o Ay(n — 1) =p. Then for any € > 0, there exists a z such that for any t > z,
p—e<Ay(n—1)<p+e From Inequality (OA.1),

Ad(n) = A.(n)-exp (L.(n) — Li(n)) + exp (~ Ly(n)) / exp (Ly(n)) Ay(n — D)X (s,n) ds

> D) exp(La ()~ L)+ (=) exp (~Lu(n) [ exp (Lu(m) X" (5,m) s
= AL(n) - exp(La(n) = Lo(n)) + (p— €)[1 — exp (L.(n) — Lo(n))]
—p— e [p— e~ Au(m)]exp (Lo(n) — Ly(n)).
Since tliglo Li(n) = 400, we can find a z; such that A;(n) > p — 2¢ for any ¢ > z;. Similarly, we

can find a z such that A;(n) < p+ 2¢e for any ¢t > z,. Thus the statement is true for n, and we

obtain the announced result. O



Now, we are ready to prove Theorem 1 parts (ii) and (iii). Recall that A\*(t,n) =
argmaxycpy 5 {AA(n) — c(A)} =sup{A < A: A, (n) > /(A)} V. Since ¢(]) is convex, ¢/(A) increases
in \. Therefore the weak monotonicity in ¢t and n of A;(n) implies the weak monotonicity of \*(¢,n).
We thus only need to show the monotonicity of Ay(n) in ¢ and n. Furthermore, from Inequality
(OA.1), we know that A,(n) weakly increases (decreases) in ¢ if and only if A,(n —1) > Ay(n)
(Ay(n—1) <Ay(n)). Therefore, it suffices to show the monotonicity of A;(n) in ¢.

First, we prove Theorem 1(iii) when b < p. Based on \*(¢,0) = A* and Inequality (OA.1), we have

t t

A1) <e Mt [AO(O) —i—/o AN AL(0) ds} —e Mt [b—l—p/o Ater's ds} =p—(p—ble Nt <p.
This further implies that A;(1) increases in ¢ based on Inequality (OA.1). From Lemma Al, we
thus have A,(n) strictly increases in ¢ for any n > 2.

Now we prove Theorem 1(ii) when b > p. To that end, we prove a stronger statement that
there exists an 7, such that for any ¢t >n,, A(n) > p+exp(—Li(n)) F™V(t), where F"~Y(t) =
gr=Dgn=1 4 gn=2¢n=2 1 ... 4 (O with §*~Y > 0. If this inequality holds, then we have F("~1(t) >
0 when ¢ is sufficiently large, which further implies that A;(n) > p when ¢t is sufficiently large.
Note that tIH?O A;(n) =p. This means A;(n) must be approaching p from above. Combining with
Ag(n) =0 <p for any n > 2 and Lemma A1(ii), we can then conclude that A,(n) must first increase
and then decrease in ¢.

We prove the inequality A,(n) > p+ exp (—L¢(n)) F™~D(t) by induction. For n =1,
Jr(1) = exp(—Ly(1)) /Ot exp(Ls(1)) [N (5,1) (b 4+ (X*p—c(X*))s) — c(\*(5,1))] ds
— exp(—Ly(1)) /Ot exp(Ls(1)) - [N (5,1) (b+ (A — e(A*))s — p) + (s, )p — ¢(A*(s,1))] ds.
Because A* maximizes Ap — ¢(X), A*(s,1)p — ¢(A*(s,1)) < A*p — ¢(A*) for any s € [0, T]. Thus,
Ji(1) < exp(—Lt(l))/Ot exp (Ly(1)) - [A"(s,1) (b+ (A"p— ¢(A"))s —p) + A"p — c(A")] ds
= exp (—L(1)) [/Ot (b+(A"p—c(A"))s —p) dexp (Ls(1)) Jr/()lt exp (Ls(1)) (A"p— ¢(A7)) ds

t

(b+ (A"p— c(A"))t — p)exp(Le(1)) — (b—p) — / exp (L(1)) (\'p— e(A")) ds +

0

= exp(—L4(1))

/0 exp(L.(1)) (A — ¢(A%)) ds]

= b+ (AN'p—c(A\)t—p—(b—p)exp(—L(1)).

Consequently, we have A, (1) = J;(0) — J; (1) > p+ (b—p) exp(—L,(1)).



Now suppose the statement is true for n — 1. There exists an 7 > 0 such that A;(n—1) (and thus
also A*(t,n — 1)) decreases in t when ¢t > 7. We first show that L;(n) — L;(n — 1) is bounded from
below, i.e., Li(n) — Ly(n—1) > &, where € is a constant independent of ¢.

Applying Gronwall’s Inequality on Inequality (OA.1) over [n,t], we have

Ay(n) > A, exp <— /nt X*(s,n) ds) +/nt exp <_ /: X (s,n) ds) A,(n—1)ds

= An(n)-eXp(Ln(n)—Lt(n))+exp(—Lt(n))/ exp (Ls(n)) Ag(n —1)A"(s, 1) ds

v

A, (n)-exp (L,(n) —Li(n)) +Ay(n—1)-exp(— / exp (Ls(n)) A*(s,n)ds
Ay(n) -exp (Ly(n) = Li(n)) + Ar(n = 1) - [1 = exp(Ly(n) — Le(n))]
Ar(n=1) +[Ay(n) = Ay(n — )] exp(Ly(n)) - exp(—Li(n)),

where the second inequality is due to the stipulation that A;(n — 1) decreases in ¢ for any ¢ > 1.
Note that A;(n —1) is bounded from above. Also 7 is a constant independent of ¢. We can thus
find a constant € such that [A,(n)—A¢(n—1)]exp(L,(n)) > ¢, for any ¢t > n, which implies
Ai(n) — Ay(n—1) > % exp(—Li(n)).

Let A(t,n) be the unique solution of equation A,(n) = ¢()\). Then for t’s such that A(t,n) <
Mt,n—1), Ay(n) — Ay(n —1) = (A t,n) — ¢(At,n — 1)) < a(A(t,n) — A(t,n — 1)), where a =
Arer&%] ¢"(\) > 0. Hence for any ¢ >n, A(t,n) — \(t,n — 1) > D exp(—L,(n)) if A(t,n) < A\(t,n — 1).
This further implies that A(t,n) — A(t,n —1) > — |Cg1‘ exp(—L(n)) for any t >n.

Note that A*(¢,n) = argmaxyepy 5 {AA (1) — c(A)} =sup{A < A: Ay(n) > (N} VA= (A(t,n) A
M)V A. We show that there exists some constant w > 7 such that for any ¢ > w, A\*(t,n) — \*(t,n —
1) > A(t,n) — Mt,n — 1) if A\*(t,n) < \*(t,n — 1). From Assumption 1(iii), A* € [\, A]. Consider the
following three cases:

(a) If \* =), tlij?o A (t,n) = A* < A from Lemma A1(iii). Thus there exists some constant w >
n such that A*(¢,n) = A(¢t,n) VA and X\*(t,n — 1) = A(t,n — 1) V A for any t > w. If \*(t,n) <
N (t,n—1), A(t,n—1) > X (otherwise \*(t,n) < A*(t,n—1) = A(t,n — 1) VA = A, which contradicts
with A*(¢,n) > \). This implies that A\*(t,n — 1) = A(t,n — 1) VA = A(t,n — 1). Also note that
A*(t,n) > X(t,n). Therefore, for any ¢t > w, if \*(t,n) < \*(t,n—1), A*(t,n) = \*(t,n—1) = X\*(t,n) —
At,n—1) > A(t,n) — A(t,n—1).

(b) If A* = ), tliglo A*(t,n) = A* > A from Lemma A1(iii). Thus there exists some constant w > 7
such that A*(¢,n) = A(¢t,n) AN and A*(t,n—1) = A(t,n—1) A\ for any t > w. If \*(¢,n) < A\*(t,n—1),
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A(t,n) < X (otherwise \*(t,n — 1) > \*(t,n) = A(t,n) A X = \, which contradicts with \*(t,n —
1) < A). This implies that A*(t,n) = A(t,n) A X = A(t,n). Also note that \*(t,n — 1) < X(t,n — 1).
Therefore, for any t > w, if \*(t,n) < X\*(t,n — 1), X*(t,n) — A*(t,n — 1) = A(t,n) — \*(t,n — 1) >
At,n) = A(t,n—1).

(c) If A* € (\, ), tlifgo A*(t,n) = A* € (A, A) from Lemma A1(iii). Therefore \*(t,n) = A(t,n) and

A*(t,n —1) = A(t,n — 1) when t is sufficiently large. We can find some constant w > n such that

N (t,n) = A(t,n) and A*(t,n—1) = X(t,n — 1) for any t > w, which implies that A*(¢,n) — \*(t,n —
1) =X\t,n) = A(t,n—1).

Recall our earlier result that A(t,n) — A(t,n —1) > —@ exp(—L(n)) for any t > 7. Therefore
there exists some constant w > 7, such that for any t > w, if \*(t,n) < \*(t,n — 1), \*(t,n) —

N (t,n—1) > X(t,n) = A(t,n — 1) > =Dl exp(—L,(n)). Thus,
Li(n)— Li(n—1) :/0 (A"(s,n) — N (s,n—1)) ds

2/Ow()\*(s,n)—)\*(s,n—l))ds—i—/ A (5,1) = \*(s,m— 1] ds

w
t

—/Ow()\*(s,n)—)\*(s,n—l))d3+/ (A (s,n) = A" (s,n—1))1{\"(s,n) < A*(s,n—1)} ds

w
t

‘i” exp(—Ly(n))1{N (s,1) < M (s,n — 1)} ds

w

>/Ow()\*(s,n)—)\*(s,n—l))ds—
> /Ow (A*(S,n)—)\*(s,n—l))ds—/ot ‘Cil’e_mds,

where 1{A} is an indicator function that equals one if condition A holds and zero otherwise.
Because w is a constant independent of ¢, [* (A*(s,n) — A*(s,n—1)) ds is also a constant. Since

Ot Fi—l‘efﬁs ds is bounded from above, L;(n) — L;(n — 1) is bounded from below, i.e., we can find a
constant ¢ such that L;(n) — Li(n—1) > € for any t.

Our stipulation for n—1 says A;(n—1) > p+exp(—L(n—1))F"~=2)(¢) for any ¢t >n,_,. Because
the leading coefficient of F("~2)(¢) is positive and tlg& A*(t,n) = A*, we can find some z >, such
that F™=2(¢) >0 and \*(¢t,n) > ’\Q—J“A for any t > z. Thus, by applying Gronwall’s Inequality to
Inequality (OA.1) over [z,t], we have

A(n) > A.exp (- /:)\*(s,n) ds) +/: exp <— /: A*(s,n)ds) Au(n—1)ds
= 2.(0) DU )~ L) +exp (~ L) [ exp (m) N (5:m) (n 1) s
= exp(—Li(n) [A.mexp(Lm) + [ exp (L)X (5018 n 1)

> exp(—Li(n)) [Az(n) exp(L.(n)) +/ exp (Ls(n)) [p—l—exp(fLs(n -1)) F(”_z)(s)] A*(s,n)ds



— exp (—Lo(n)) | A(n) exp(L.(n)) + / p-exp (La(n)) X' (s,m) ds +

/ exp (Lo(n) — La(n — 1)) F" ()M (s, n) ds]

= exp (—Li(n)) | Az(n) exp(L:(n)) +p-exp(Le(n)) —p-exp(L.(n)) +

/ exp (Ly(n) — Ly(n—1)) F™=2(s)\*(s,n) ds]

— p+exp(—Li(n)) {(Am —p)exp(L.(n)) + / exp (Ly(n) — Ly(n— 1)) F*2(s)X* (s,n) ds} .

Note that for any s € [z,t], A*(s,n) > ’\*;A, L.(n)—Ly(n—1)>%, and F"=?(s) > 0. Therefore

Ay(n) > p+exp(—Li(n)) [(Az(n) —p)exp(L.(n)) +/ exp(€) - F™2)(s)- # ds]

= p+exp(—Li(n)) {mz(n) ~p)exp(L(n)) +exp(®) - 22 / F=2(s) ds}

2
= p+exp(=Ly(n)) F"V(2),

where we denote F("~1)(¢) = (A, (n) —p)exp(L.(n)) +exp(¥)- % : fzt F=2)(s)ds. Since F("=2)(¢t)
is a polynomial function of ¢ of order n — 2 and the leading coefficient is positive, f; F=2(s)ds
is a polynomial function of ¢ of order n — 1 and its leading coefficient is also positive. Because
(A.(n) —p)exp(L.(n)) is a constant independent of ¢, F("~V(¢) is a polynomial function of ¢ of
order n — 1 and its leading coefficient is also positive. Therefore, the statement is also true for n.

The strict monotonicity of 7(n) is a direct result of Lemma A1(i), and thus we complete the
proof of Theorem 1(ii).

tlirglo A*(t,n) = A*, Yn >0 in Theorem 1(iv) is shown in Lemma A1(iii). 11_{% A (t,n) =\, Vn>0

is obvious, and thus we omit the proof here. [

Proof of Proposition 2. First, we solve the following maximization problem

ﬁD = IMaxp ﬁD(A) :b+p(AT—N) —C(A)T

s.t. AT > N.

It is easy to verify that the optimal solution is given by A* = Ap and Ip = 7p(Ap)-

Next we show that II is an upper bound for mp(X). Based on Jensen’s inequality, for any X,

To(A) = b+p</OT>\tdtN) /OTc()\t)dt

we have



T 1 T
0 0

1 T
Therefore,

T 1 /T T 3
HD:max{ﬂD(/\):/ )\tdtzN}gmax{frD (T/ /\tdt> :/ )\tdtZN}:HD.
0 0 0

Because mp(Ap) = IIp, we thus obtain the announced result. O

Proof of Proposition 3. Because c¢()) is convex, we have foe c(As)ds>6-c¢ (é foe As ds) based on
Jensen’s inequality. Therefore,

(2 0 6 6
nY =g, <9b—|—p(/ dDS—9N>/ dDSzeN>IP>u </ dD520N>—Eu/ c(\s)ds
SH-Eu<b+p</ dDS—N>—c</ dDS> / dDSZN>IP>u(/ dD529N>
6 0 0 0 6 0 0
1 % 1 (4 6 1 6
ool (e (3 [ an )L [ vz v )en ([ apzow) -me (] [ 0]
6 0 0 0 0 9 0

Using the definition of 1Y), 6 - E, <b+ P (5 0 dp, - N) i (5 I dDS)

0 Q
Ly dD, = N) <1,

Therefore,

6
no <ma®.p, ( / dD, > 9N>

0

1 6 1 6 6 1 6
- fou (e (3 [ )L [ aps Y ([ amov) e} ['ra)]
0 Jo 0 Jo 0 0 Jo
7 1 0 1 0
<. p, /stzeN +0-E, / dD, | —c / Aods ) |-
0 0 0 9 0

2
Because (foe dD, — f09 As ds) - fog Asds is also a martingale, Var {foe dD, — foe s ds} =0(0).

Therefore
1 [° 1 [ 1 [° 1 [°
E. [C<9/o dDS> _C<9/o )\Sds)] =E, [c'(f)- (9/0 st—‘g/0 )\sds>]

1 /° 1 r° 1 0 0 27 1/2
0/ dDS—H/ Ads| <d(N)-= Eu</ dDS—/ )\Sds>] = 0(1/V9),
0 0 0 0

<d\)-E
< d(N)-E, 7
where £ is between % foe dD, and é fog s ds. Therefore,

6
1 <a?.p, </ dD, > 9N> +0(V0).

0

Hq(L)
0y >
06— o0 D
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Now for policies that have elim %ﬁsds < 1. Using Markov’s inequality, we have
—00
0 E, [ dD, E, [ Ads
P, dD, >N | < =02 - 2202 ©
([ apzov) < =g =240
0
Therefore, hm ) < lim Eu Jy 2o ds <1. O

(9) ON

60— 00

Proof of Proposmon 4. Our proof uses the following result.

LEMMA A2. Let X be a random variable with Poisson distribution with rate A. For any 0 < x <

72
P(X<A— :r)<exp( 2)\)

Lemma A2 provides a bound for the tail of a Poisson distribution. We refer interested readers
to Canonne (2017) and the remark on page 13 of Pollard (2015) for the proof.

Without loss of generality, we assume that T'= 1. When A\* > N, we know that Hg) =
O[b+p(\* — N)—c(A*)]. For the stochastic problem with the static heuristic, the sales process
follows a homogeneous Poisson process with rate A* > N, and thus the total sales foa dDg has a

Poisson distribution with rate A*f. Based on Lemma A2, we have

0 0 ()\*_N)Q
P / dD,>6N | =1—-P / dD, < X0 —0(A\"—N) | >1—exp —TG .
0 0

Therefore,

) = E<0b+p (/06 st—9N> /00 dDSZHN>IP</00 dD529N> —/Oec()\s)ds
>E <9b+p (/ aD, —9N)> <1 ~exp {—O\Q;MHD (39

A — N)?
=119 —0[b+ p(\* — N)] exp —(2/\*)9] :
Because Hg) > Hg}l when 6 is sufficiently large, we thus conclude that alirn (Hg) - Hg’%) =0. O
— 00

Proof of Proposition 5. Without loss of generality, we assume that T'=1. When A* < N, the
optimal profit for the deterministic problem is given by I\ = @ [b— ¢(N)]. Next consider the
stochastic problem. Given that AY 5 H = Ap+ f(0), the total sales foe dD; follows a Poisson distribution
with mean ON + 6 f(0). It is easy to verify that the static heuristic is not asymptotically optimal
when 911_}1(130 |f(0)] > 0. Thus, we focus solely on heuristics such that li_>m f(@)=0.

. . . J¢ dps—(0N+07(0)) 0 .
First, consider the case when hm VOF(6) < oco. Let Yy = Jonior@ Thus, [, dD,>6N is

equivalent to Y, > _\/%wa) Because hm \ff( ) < 00, there exists —oo < & < 400, such that
lim —2£% _ — % Based on Central L1m1t Theorem, we have
0—o0 \/ON+OF(0)

0/(0) _
P <Y9 > _9N+9f(@> =®(A)+o(1),
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where ®(+) is the c.d.f. of the standard normal distribution. From the proof of Proposition 3, we

know that ,
) <l .p </ dD, > 0N> +0(V0)=d(8) -1 +0(0).

0
1l®
Since ® (%) <1, lim —%H < 1.
0—o0 I
Next consider the case when elim VOf(0) =oco. From Lemma A2, we have
9 0
P </ dn, zezv) _p </ dD, > (ON +0£(6)) —9f(9)>
0 0
2
> 1 exp [_2 (05(6)) ]

(ON+6£(0))
0.%(6)

> 1—exp <2<N+1)> (o f(0) < 1).
eng;, = [b—pN+p1E (/09 dD,

; /di@@N)]P(/OQdDSZgN)_é/:c@s)ds
> [b—pN%—péE (/06 dDS>]IP></09 dD529N> —c(Ap + f(0))

~ s o) ¢ ( | "ap, > 6N )~ e+ 1(0)

Consequently, we have

1

> D4 0] 1= exp (-5 )| = e+ 7000
= J1100) ~vexp (—5 L) — (@) = 10) - 52 (0 4o (100

Since 0f2(0) — oo, LISy, > +11%) + o(1). Coupling with the result that Jim i > Jim il >
eli—g}o éH(SeI){, we conclude that eh—glo %H(;I), = eh—glo %Hg). That is, the static heuristic is asymptotically
optimal when eli_glo VOf(0) = co. In particular, if \* = N, we have ¢/(Ap) = p. Then for any € > 0, we
can let f() =07%5+</2 and the performance loss of the corresponding static heuristic is bounded
by 19 — 11, = O(69). On the other hand, if A\* < N, then for any € >0, we can let f(§) = §05+¢,

and the performance loss of the corresponding static heuristic is bounded by 111, — Hg’}{ =0(6°5°).

Lastly, we show that the performance gap increases at a rate greater than v/# when A\* < N.

Notice that
—c<;/00 st> /09 dD520N>]P’</00 dD829N>+O(\/§)
<; /00 dDS>> +0(V0)

g@[b p- EZé/OedDS)N>c<IE<;/00dDS>>}+O(\/§)
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= 0[b+pf(0) —c(Ap + £(6))] +O(V0),

where the last inequality is due to Jensen’s inequality. With Taylor’s expansion, we know that

cAp+ f(0))=c(Ap)+(Ap)f(0)+0o(f(#)). Thus, we have
1§y <0(b—c(Ap)) +0£(0) [p— ¢ (Ap)] + O(VO) =TI + f(8) [p — ¢ (Ap)] + O(V0).

Because A* < Ap, we have p — ¢/(Ap) < 0, and thus %(Hg)—ﬂfﬁ,) = Q(f(0)). Because
eli_g}lo VO£() = 0o, we conclude that % <H539) — Hg@[) =oc0. O
Next, we show two auxiliary results, which will be used in the proofs of Proposition 6 and

Theorem 2.

LEMMA A3. Denote D, as the realized demand between time-to-go t and t — 1, and let §; =

. . T
Dy —ED,. If > 25 <Ap—X\* for anyl>t, then
s=l+1

T

M=Ap— > % (OA.2)

s=t+1

Proof of Lemma A3. We prove the lemma by induction. At ¢t =T, we have Ar = Ap = N/T
and iy = N. Because DT is a Poisson random variable with mean 5\T, IEf)T = N/T. Thus, we can

update the threshold as follows
. - - T-1
TLT,1:N—DT:N—(ST—]EDT:TN—(ST.
If 2T < Ap— A* = N/T — \*, then we have fiy_; > (T — 1)A*. Thus,

A~ A~ T-—1
3 « N1 nr—y 7 N —or Or
Ar_i = A - - =Ap— .
- maX{ ’T—1} T-1 T-1 PTT 1

N T
Now suppose that Equation (OA.2) holds for t. That is, Ay =Ap — . 2= which implies that

s—17?
s=t+1

;\t > \* and n; = S\tt. Because ﬁt is a Poisson random variable with mean 5\t, we have EDt = ;\t.

Thus, the updated threshold is given by
’flt_l - ’flt—ﬁt:’flt—dt _El/\)tzj\f(t_ 1) _6t-

Therefore,

MNy—1 - j\t(t— ].) _515 3 61‘, o 63
1 i-1 Mo 2

s—1 t—1 7 t—1

T R . X T
When 3 2= < Ap — A*, we have "= > A\*. Thus, A,_; = max {)\* P } — Ml S ang
s=t
we obtain the announced result. [
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LEMMA A4. For any 0 <x < min{j\ AD,AD
A —

A}, let 7(x) be the first time-to-go such that
Ap| > x. There exists U(x) >0 (independent of t), such that, for any 1 <t <T —2

)
P(r(zx) >t) < Sfx)
Proof of Lemma A4. Based on Lemma A3, we know that

P(r(x)>1)= (m L )
s=t

Notice that . % is a backwards martingale w.r.t. filtration {4}, where 7% is the observed

tSs
history up to time-to-go t. Based on Doob’s maximal inequality, we thus have

P(r(zx)>t)=P ( max

ppe

T

D

s=Il+1

t+1<I<T—1

5 1 o5\
>z | <=E : )
s—1 _x>_x2 <S§23—1>
=E[§E (65|9;)] = 0. Therefore,
T 2 T T A T - T -
s Eéf Var(Dy)
2(3 %) -3 ey e s Ay iy
s=t+2 s=t+2 s=t+2

For any s < t, we know that E[0,0;]

(s— 1
s=t+2
Let ¥(z) =%

. We can then conclude that P (7(x) > t)

~+ | >

LICO .
t
Proof of Pmposmon 6. Without loss of generality, we assume that T'=1. Thus

' = 0b+p-E<20:f)t—9N29:Dt20N)] (ZDt>9N> 20: (Ae)
0(b—pN)P <ZDt>9N)+pE<ZDtZDt>9N> (iDt>9N>—E29:c(f\t)
<e(b—pN)—e(b—pN)P<ZDt<9N)+pE<ZDt>—EZC(Xt).

Using Jensen’s inequality, we have

9 9 )
N 1 - 1 A
E E A)>0-c| =E E M| =0-c|=E E D, |.
t=1 C( t) B ’ (9 t=1 t) ’ <9 t>
Therefore,

0
Hg}l<9(b—pN)+p]EZﬁt 0-c

0 9
1 A N
—6- (0E2Dt> —0(b—pN)P (Z D, < 9N) .
t=1 t=1
Notice that EZ D, > 0N due to \, =

max{)\*, ﬂ}. Coupling with the result that Ap — c(\)
t=
decreases in A for any A> N (this is due to A* < V), we have

') < 0(b—pN)+0pN —c(N) —6(b—pN)P <ZDt>9N>:H§39) 0(b—pN)P (ZDt<9N>
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o .
So to complete the proof, we only need to show that lim P (Z D, < 0N> > (. Note that
t=1

60— o0
0 0
P (Zb,«eN) :1—P<Zf)t>9N> >1—P<;\t:)\*> :P<5\t>)\*>
s=t t=1

>]P’<V32t: \,

‘§x> —P(r(z)<t)=1-P(r(z)>1),

where 0 < z < Ap — A* and 7(z) is the first tim-to-go that |\, — Ap| > = as defined in Lemma

Ad. Let x = 22> and ¢ =20(z) = . Based on Lemma A4, we have P[r(z) >2¥(z)] < %

8\
2 (AD—X*)

That is, when ¢t = oo /\* —=2_— the probability that A > J”\D is greater than 1/2, which also implies
that the probability of the updated threshold 72y () being greater than zero is greater than 1/2.

Because 2V (z) = > is finite and does not depend on 6, we can conclude that the probability

82
(Ap—A*)
the threshold being reached when time expires must be strictly less than 1 in the limit. O

Proof of Theorem 2. Without loss of generality, we assume that T = 1. Let z =
min {X_%, Ap — /\*}. From Lemma A4, we have

0—2 0—2

6—1
1
Er®(z Z[p) @ (2) > 1) <1+ZIP’ O )>t)<1+\11(m)2¥20(10g9)-
t=1

t=1 t=1
Therefore, there exists an M > 0, which is independent of 6, such that Et?(z) < M logf. Denote
7% = max{r%(x), M log}. Thus,

E#’ = Emax {7°(z), Mlog6} <E (7°(z) + M log§) < 2M log¥,

which implies that M logd <E7% <2M log6.
The expected profit of the modified resolving heuristic is given by

ibt > 0N)] P (26: D, > 0N> ~E (29: c(;\t))

t=1

(4
. = |0(b—pN)+p-E <2Dt

t=1

8(b—pN)+p-E

t=7041

IV

M=

=
A~

M=

p)

Vv

>

= 1
~—

=

g

o)

>

|

S

2

=

= |0(b—pN)+E | > (pDi—c(h)) ]P

t=7041

<1IP’ (i:btzezv)) E 20: c(Xt)) — O(log#).

t=7041

0 . 4 . N
Next, we provide bounds for the two terms P <Z D, 29]\7) and E( > (th—c()\t)))
t=1 t=7941
A
First, consider IP’(Z Dt29N>. Recall that 7% is the first time such that

5\t*>\D) >
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min{ ()\ )\D) )\D—/\*} Thus, )\t 2
0 ~
that 7, =N — Z D,, we have ON — > Dy

s=t+1 t=7042

7A_9
Conditional on 7%, 3~ D, follows a Poisson distribution with mean A7?. Thus, based on Lemma
=1

o+

A2, we have

(4 20 — _
~ A< A=A A+ A
]P’(E Dt29N> >1-E [P E D, < 2’ — Doy + D |20
t=1

>1—FE |[exp| — —
r 2 \2 Yo 2 Y 2

32 )2 3 2
> 1—exp (A 45\/\17) .E [exp <_()\8/_/\\D)%0>}
32 \2 D
Zl—exp(A 45\/\D>-E[exp< ()\8:)M10g9)]

The last inequality is due to 7% > M log#. Let M >

m, and thus we can conclude that there

exists a I' such that P <Z D, > 9N> >1— %.
t=1
0 . ) 0 . .
Next, consider E| > (pD;—c(\)) |. Denote ¢, = Y =, where 6, = D, — ED,. Based on
t=70+1 s=t
Taylor’s expansion, we have

0 0

S 0D ch) = 3 [P0 et +8) ~clhn) 4Ol — 5 ek

t=70+41 t=70+41

0 0 0 0
/ 1 /!
= > Po—cOo)l= Y Qo) — D s (=) +tp Y
t=704+1 t=7041 t=041 t=10+1

0 0

The existence of z, € [S\t, Ap] is guaranteed by mean value theorem. Note that Y  d, and ) €, are
s=t s=t
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t=70+1 t=70+41

0 0
backwards martingales. Because E7? > 0, we have E ( > (5t> =E ( > et+1> = 0 based on

the optimal stopping time theorem. Moreover,

’ /1 2 o 4 585U
B Gd=E), > g ja=y

t=1 1<s,v<t

#t ) 52
= EZZC <Zt)(0—s)2

t=1 s=1

SN O
§EZZC(Q)W

t=1 s=1
= O(log8).
Therefore, we have
0 ) R 0
El Y (pDi—c(0)| =E | > pAn—c(An)]| ~0llogh) = [pAp — c(Ap)] (¢ ~ E#') ~O(log ).
t=70+41 t=2041

Recall that E7? <2Mlog and pAp — c(Ap) =pN — ¢(N). Thus,

El Y (pﬁt—c(jxt)) = [pN — ¢(N)]6 — O(log ).

t=70+1

Finally, we assemble all pieces together, and obtain

0 0
My e > |0(b—pN)+E Z (pDi—c(A)) | | P (Zf)t 29N> -

t=70+1 t=1
(1 —P <Z D, > ew)) E za: ¢(A\) — O(log#)
> [0(b—pN)+ (pN —¢(N))0 — O(log8)] - (1 - g) - % -0(0) — O(log9)

= 0b—c(N)0 — O(log0)

=119 — O(log ).
Thus, we obtain the announced results. [
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