Online Appendix to
“Technical Note—A Simple Heuristic Policy for Stochastic

Distribution Inventory Systems with Fixed Costs”

A. Technical Proofs

In this section, we present technical proofs of some important theoretical results. The proof of
other results can be found in Zhu et al. (2020).

Proof of Lemma 3. Let I';(IP;(t)) be the expected cost rate at Retailer 4, with the fixed costs of
Type II irregular shipments excluded, when the inventory position at Retailer i is IP;(t). We first
construct an upper bound for I';(IP;(t)) as follows.

e If IP,(t) > r;, then Retailer ¢ is in either a regular or irregular shipment interval. To obtain
an upper bound on fi(IPi(t)), we charge the larger one between expected cost rates of the regular
and irregular shipment intervals, i.e., I';(IP;(t)) < max{G;(IP;(t)), Ci(r:,Q;)}. Moreover, by the
definition of w;, it follows that max{G;(IP;(t)),C;(r;,Q:)} < max{G;(w;),C;(r;,Q;)}. Therefore, if
IP;(t) > r;, T:(IP;(t)) < max{G;(w;), Ci(r;, Q;)}.

e If IP;(t) <r;, which implies Retailer i must be in an irregular shipment interval, then we have
Ly(IP,(1)) = Gi(IPi(t)).

Next, we link the upper bound with the echelon inventory level of the warehouse. Obviously,
[(ILo(t)) = Zj\; [;(IP;(t)). Let OIf (t) denote the on-hand inventory at the warchouse at time t.
It follows that ILo(t) = OI (t) + Zj\;l IP;(t). Under the modified echelon (r,Q) policy, we have
IP;(t) <r; + Q; for any j € [N]*. It follows that

OI (t) + IP,(t) = ILo(t) = Y _IP;(t) > ILo(t) — > (r; +Q;). (1)
J#i i

If OI (t) > 0, by the definition the modified echelon (r, Q) policy, we have r; < IP;(t) <r; + Q; for
any i € [N]. Then as mentioned above, I';(IP;(t)) < max{G;(w;), Ci(r;,Q;)}, and thus T'(ILy(t)) =

SN T(IP(1) < S max{Gi(w;), Ci(ri,Q;)}. Tt is easy to see that (4) always holds.

We next focus on the case OI (t) =0. Then (1) can be rewritten as
IP(t) = ILo(t) = Y IP;(t) > ILo(t) = > _(r; + @Q;). (2)
J#i ]

Note that if IP;(t) <r;, it follows that ILo(t) —>_,,(r;+@Q;) < IPi(t) <r;. Consequently, we have
Gi(IP;(t)) < max{G;(ILo(t) — 32, ,;(r; + @;)),Gi(r:)} < max{Gi(ILo(t) — >_,,(r; + Q;)), Gi(wi)}
due to the convexity of G;(-). Therefore, the upper bound of T';(IP;(t)) is given as follows.



max{G;(w;), Cy(ri,Qs)} if ILo(t) — Z(rj +Q;) >,
Li(IP(1)) < "
max{G;(ILo(t) — Z(T’j +@Q;)), Gi(w:), Ci(r:, Qi) } otherwise.
J#i
(3)

We prove the desired result (4) by induction. We shall start from the case N = 2.

e If both retailers’ inventory position is larger than r;, i.e., IP;(t) > r; for i = 1,2, we charge
max{G;(w;),C;(r;,Q;)} for both retailers. Then, the result (4) clearly holds.

e Suppose only one retailer’s inventory position is larger than r,. If IP(t) > r; and
IPy(t) < 1y, by (3), we charge max{G;(w;),C;(r1,Q1)} for Retailer 1, and max{Gy(ILo(t) —
1 — Q1),Ga(ws),Cy(r2,Q,)} for Retailer 2. That is, T'(ILo(t)) < max{G;(w;),Ci(r1,Q1)} +
max{Gy(ILo(t) — 71— Q1), G2 (wy), Ca(ra, Q) } = T2 (ILo(t)). Similarly, if IP, (t) <7, and IP,(t) > 7y,
one can show that I'(ILo(t)) < Ty (ILo(t)). Therefore, T'(ILo(t)) < max;—y o Ts(ILo(t)).

e Third, suppose both retailers’ inventory position is no larger than r;, i.e., IP;(t) <r; fori=1,2.

Then we charge G;(IP;(t)) for both retailers, and thus we have

T(ILo(t)) = Y Ti(IPi(t)) = GL(IPy(t)) + Go(ILo(t) — IPy(£)) = fo(IPy(t))
< maX{Gl(T:‘f‘ Q1) + Go(ILo(t) =71 — Q1), G1(ILo(t) — 12 — Q2) + Ga(r2a + Q2) } = gg?}gfi(mo(t)%
where the inequality is due to the convexity of fo(-) and ILy(t) — o — Q2 < IPi(t) <71y + Q4.

Therefore, the result (4) holds for N =2.
We assume (4) holds for N = k. That is,

f(i IPi(t)) = i Li(IP,(1)) = Ty (IP;(8)) + Do (IP:(1) + -+ Dyma (TP (8)) + fk(i IPi(t) — k: IP;(t))
<, max T} (é IP,(t)), (4)
where T¥(S20'_, IP;(t)) denotes T;(ILo(t)), as defined in Lemma 3, in case of N =k, i.e.,
f?(i IP(t)) = #Z;kmax{Gj (w;), C;(r;, Qi) }+
max{G;(w;),Ci(r;,Q;)} if gIPi(t) - #Z%(rj +Q;) >y, (5)

max{Gi(ZIPZ-(t)— > (4@, Gi(wi),Ci(ri,Q:)}  otherwise.

J#4,i<k



We next show (4) also holds for N = k+ 1. For ease of statement, we first introduce the expression

Ti(ILo(t)) in case of N =k+ 1, denoted as T} (ILo(t)), as follows.
TH (I (1)) = Z max{G;(w,),C;(r;,Q;)}+

G445 <k+1
max{Gi(w,),Ci(r;,Q:)} i ILo(t)— Y (r;+Q;) > (6)
J#4,5<k+1
max{G;(ILy(t) = > (r;+Q;)),Gi(w),Ci(r;,Q:)}  otherwise.
J#4,5<k+1
It follows that
Dy (ILo(t)) = TF (ILo(t) — reg1 — Qugr) + max{Grir (wig1), Crar (Pes1, Qrr) } (7)

Now we are ready to show the desired results.

T(ILy(t)) =Zf-<IP-( ) + Do (ILo(t

_max T ZIP ) + T (ILo (¢

WM?HM@

fm(Z IP;(t))

< max{_max kff(ILO(t) —The1 — Qk+1) + Fk+1(7“k+1 + Qr+1),

M-

k
. IlﬂzaX Fk Z ri+ Qi)+ f‘1!H-1(11—10(7f) - (ri+Qi))}
77777 i=1 1

< max{ _max F (ILo(t) = mig1 — Qryr) + max{Gri1(Wit1), Crpr (Thy1, Qryr) )

,,,,

k
max Fk Zh-ﬁ-@ +Fk+1 IL(t Z ri+Q;))

=1,2,..., T
1=

k
=max{ max FkH(IL (t)), max Fk ZTH‘Q + Dosr (ILo(t Z ri+Q:))
i=1

i=1,2,..., i=1,2,...,
i=1

. k
=max{ r11}2axkff+1(ILo(t)) Z max{G,(w;),C;(r; +Q])}+Fk+1 ILy(t z_; i+ Qi))

J=1

<max{ max ¥ (ILy(t)),Tri1(ILo(t))} = max T,(ILy(1))}.

i=1,2,....k i=1,2,...,k+1

The first equality follows from (2). The first inequality follows from (4). The second inequality
is due to the convexity of fry1(-) and ILg(t) — mha1 — Qre1 < Zle IP;(t) < Zle(ri + @Q;). The
third inequality is because we charge max{Gj1(wi11), Crr1(Tri1,Qrr1)} for Retailer k+ 1 when
its inventory position is 7,1 + Qr41, i.€., f‘kﬂ(rkﬂ + Qrr1) <max{Gri1(wryi1), Crr1(Thr1, Qrr1)}-
The second equality follows from (7). The third equality follows from the definition of T'*(-); see
(5). The last inequality holds true due to (3) and ILo(t) — 2% (ri 4+ Q:) < IPeiy (£) < repy + Qs
The last equality follows from (6). O



Proof of Theorem 1. By (4) and the definition of G(y) in (5), we obtain

D(ILo(t)) <T(ILo(t)) = G(ILo(t +ZC ri, Qi) (8)

We denote by I'y(IP,(t)) the total expected cost rate of all installations at time ¢ when the inventory
position of the warehouse is IP(t), where we exclude the fixed costs incurred at the warehouse and
the fixed costs of Type II irregular shipment intervals incurred at retailers. By such a definition,
[y(IPy(t)) constitutes two parts: (i) the inventory holding cost at the warehouse, and (ii) the
total costs at all retailers excluding the fixed costs in Type II irregular shipment intervals. Then,
according to the cost accounting scheme, we have

To(IPy(t)) =E[ho(IPy(t) — Dy)] + E[I'(IPy(t) — Dy)] (9)

N N

E[ho(IPy(t) — Do)] + E[G(IPy(t) — Dy)] + Zci(rh@i) = Ao(IPo(t)) + Zci(riv Qi)

i=1 i=1
where the inequality follows from (8), and the last equality from (6).

Because the warehouse has an unlimited supply form the external supplier, under the modified
echelon (7, Q) policy, the inventory position of the warehouse, IPy(t), is uniformly distributed on
{ro+1,...,70+ Qo}. Therefore, by the definition of I'¢(IFy(¢)), the long-run average system-wide
cost, with the fixed costs of Type Il irregular shipment intervals incurred at retailers being excluded,
can be bounded as

ro+Qo ro+Qo N
C;o [)\OKO + /TO Fo(y)dy} <@ [/\OKO + /TO [Ao(y) + ; Ci(ri, Qi)]dy

N

:éo(T07Q0)+ZCi(Ti7Qi), (10)

=1
where the inequality is due to (9) and the equality holds true due to (7).

Finally, by incorporating the upper bound on the fixed cost of Type II irregular shipment inter-
vals, we can obtain that the long-run average system-wide cost can be bounded as: C(r,Q) <
éo(ro7 Qo) + vazl Ci(ri, Qi) + MK /Qo. O
Proof of Theorem 2. (i) As shown in Lemma 4 in Zhu et al. (2020), the cost lower bound is
Z?;O Cr. As shown in (12), the upper bound cost is Zfil Cr + C:. Tt follows that the MERQD
policy is at least 1+(C; — C%)/ (32N, Cr 4 C;)-optimal. The last result can be obtained by showing
(N Cr+C)/ (SN, Cr 4+ C) < G /Cs. Tt suffices to show (3NN, Cr 4+ Co)C; < (N, Cr +
C)Cs. Then, the desired result directly holds because Cj; < C;.



(ii) By (8) and the definition of (¥, Q), we have that for any (ro, Qo), Cg < C(£,Q) < SN, Cr +
Co(r0,Q0) + MK /Qo. By Lemmas 1(iii) and 2(ii) in Zhu et al. (2020), we can obtain that for any
(TOa QO),

. N MoK
Cy < C(F,Q) <D C7 +Colro, Qo) + o

i=1 0
N )\ C* Q*

< 0 m m

< ;C +CO(T07Q0) 72>\on
N %

<> Cr+ e(QO )G 4 MG (11)

1 ’ QO 2)\on ‘

3

Recall that C’g and Qg are the optimal cost and order quantity for C’O(ro, Qo), respectively. There-

fore, the last inequality follows from Lemma 1(iii) in Zhu et al. (2020). We select Qo in (11) as

~ (;)0 )\QC* (Q* ((@6)208 + ()\QC* (Q* )QS/)\M A )\00* (Q*
- C 2 Q* ~ ~ .
0 rg Ql() {E( *) 0 2)\mCQO } \/ Cg 0 )\m CSQS

By replacing @, in (11) with @Q,, we can obtain a new upper bound: Cj; < C(&, Q) < va:l Cr+
CA'(’)N /14 ’;OCC’I‘%Z‘ It follows that the relative gap between Cj and C(r, Q) is bounded as

AN e e — e M Ci Qs e XC5Qs, R
(C,Q) =€) /Ca < Ci (4 [1+ LW B2) /e < Ci (4 [1+ o ~5)/ </3200+i=21q>

A Ach* Q* Ak *
0( 1+ TQO 52)/(5200 +Cr)-

<

To obtain the desired result, it is sufficient to show the following stronger statement: for any

1,25 > 0, Z2(\/1+ X1 /(A1) — B2) / (Bowa +71) < o = max{ mlgﬁ +i 3 ﬂ* —1}, which is
equivalent to a?x? + [2Baa(14+a) — Ao/ (A B1)]z + Sia(a+2) + B2 —1 > 0 for any x > 0. By verifying

that (1) 262a(1+a) — Xg/(AnB31) >0 when o > +i—3;and (2) Bfa(a+2)+B5—1>0

2ﬁ1ﬁ2>\m

when o > [712 — 1, the desired result is obtained.

We prove the alternative bound mentioned in Footnote 2. Following part (ii), it suffices to show
that the quadratic function a?z? + [262a(1 + &) — Xo/(A\nf1)]z + Bia(a +2) + 53 —1 > 0 when
a > X/ (2(81B22m + /(B3 — 1) (BiAm)? + B1B2AmA)) under the condition (82 —1)(BiAm) +Bao > 0.
The bound is then established by verifying that the quadratic function f(z)= a?z? + [28,a(1 +
a) —Xo/(Anf1)]x+ Bia(a+2) + 35 — 1 has a zero discriminant, i.e., A =4a?(1 —XgSB2/(Amf1)) —
daBsro/ (AmbBi) + (Ao/(AmpB1))? =0. O

Proof of Theorem 3. To prove asymptotic optimality of the modified echelon (r, Q) policy, it




is sufficient to first show the following statements: (i) limg,x,, 00 f1 = 00 and limg, /k,, 00 B2 = 1;

(ii) limpg /p,, —0 f1 =00 and limy p,, 0 B2 = 1; (iil) limy, /p,, 0 B1 = 00 and limy, /.., -0 B2 = 1.
(i) Let r(Q;) = argmin,, C;(r;,Q;) for i = 0,1,2,...,N. Define A,(Q;) = Q;Gi(r:(Q;)) —

fOQi Gi(ri(y))dy. By Lemma 1 in Zhu et al. (2020), A;(Q;) is a continuous and strictly increasing

function such that 4;(Q}) = \;K; and A,(0) = 0. Let A; ' (z) be the inverse function of A;(Q;). Then,
Q; = A7 (\K;) and A7(0) = 0. Similarly, let 75(Qo) = argmin,, C’O(TO,QO) and define AO(QO) =
QoAo(70(Q0)) — fOQO Ao(7o(y))dy. Let Aj'(z) be the inverse function of Ag(Qp). Then, Qf =

Ay (2 K)

A7 (MoKy) and Ag'(0) =0. Let v = K, /Ko. We have limg, ) ko0 B1 = Mk /1500 Ai =

(>\7nKm)
Agt(oKo) Ayl (hoKo) AntOmKo) _
Y0 AT 0 ) A# G o) lim,_,, it gy = OO where the last equality follows from the fact

that A, '(x) is continuous and A '(0) =0.

lim

It remains to show limg, /k,, - S2 = 1. Recall that A(Q) and AO(Q) are both increasing convex
functions. Let r(Qo) = argmin,, Cy(70, Qo). Define Hy(Q) = Go(r(Q)) and I:IO(Q) = Ao(70(Q)). Tt
follows that A}(Q) = QHy(Q) and A} = QHy(Q). By Lemma 3(i) in Zhu et al. (2020), we have

hop - hop
= — 1 H/ =
Qo0 ho+p’ Qe o(@) ho+7p’

(12)

lim By =lim — Aa( )
Ko/Km—eo = 320 Ho[Ag (Ao Ko /7)]
o HAT O, )] G
- N R 1
0 Ay (MoK ) ot/ )
iy HolAd QoK /)] | A(Q)
120 Hi[Ag (Ao K /7)) @7 AG(Q)
i 0140 Qo K/ QEG(Q)
10 HI A7 (N K /)] @00 QHG(Q)

where the second equality is due to the L’Hospital’s Rule, the third from the rules for taking
derivative of inverse functions, and the last from (12).

(ii) Let £ = ho/hyn. Then G,,(y) can be written as G, (y) = E[hyn(y — Do (¢, t+ L)) 4 (B + &R +
Pm)(y — Dy (t,t + Lyy])~]. Tt follows that for any p,, >0 and h,, >0, Q, converges to a constant
when £ — 0. Then we proceed to show that lim,_, QS =o00. Let Hy(Q) = h}:fﬁQ, Ap(Q) = 5 :(())ip Q?,
and Qg = %:g“@. Then, it is easy to check that A) = QH}(Q) and AO(QO) = Ao K. Because
Ho(Q) is an increasing convex functions, by (12), we have H}(Q) < ho L = H}(Q), which implies

that A}(Q) < A)(Q). Note that Ay(0) = Ay(0) = 0. Therefore, we must have Ay(Q) < Ay(Q). We




then have AO(QO) < Ap(Qo) = MoK, Because AO(QS) = MK, and AO(Q) is an increasing function,
we have Q("; > Qo. On the other hand, because K, > 0 and lime_ Qo = W = 00, We
have lim¢_, QS = 00. Therefore, we have lim¢_,( 31 = oo.

It remains to show lime_,o 8> = 1. Recall that we always have C; < C; < Cy(r3, Qr), where the

second equality follows from the definition of Ci. Therefore, it suffices to show lime_,o Co (7, Qf) =

lim_,( Cj. Following the same logic of showing lim,_,, Qo = 00, one can easily prove hmgﬁo Q4 = oo.
¢h

Ho(Qq)
Ho(Qg)

mp
Hy(QF) Ehm+p _
HY(Q) = lim¢g §hm [ZN1<pl+5hm) chm] 1,
1 1<P—L+§hm)

where the second equality holds by the L’Hospital’s Rule, and the third holds due to (12).

Then we have lim,_,, 5

C*
(70(20) hmgﬁo = hmgﬁo

(iii) The proof emulates that of (ii). Let p = ho/pm. Then G,,(y) can be written as G,,(y) =
E[hm(y — Dy (t,t+ L)) + (Ao + p40m + ) (Y — Din(t, t + Ly, ]) 7. It follows that for any p,, > 0 and

h,, >0, Q, converges to a constant when p — 0. In addition, in this case we have lim, o Qo =

220K, 7 : A . .

W = 00. Therefore, we have lim,_,o Qj = oo and lim,_, 51 = co. To see lim, 5> =1,
m

HPMmPp

mpm+p 1 |:|

HPMP_ -
Hpm+P

. . . cy
note that in this case we have lim,_,, C(Ti‘)
0

=lim
Q0 n=0

B. Numerical Experiments
B.1. Overall Performance
Although we can efficiently compute the cost upper bound of our heuristic (see Theorem 1), the
exact computation of the real cost of the heuristic is technically challenging. To evaluate the exact
performance, we use the Monte Carlo simulation method to compute the long-run average cost
of the inventory system under this heuristic policy. We denote by C the real cost obtained by
the Monte Carlo simulation, which is a sample mean with a sample error less than 0.05 and a
95% confidence interval. Unless otherwise mentioned, C is computed under the inventory position
priority rule in which retailers are replenished based on the reverse order of their inventory position.
We define the following percentage:

c-c

cr

51 = X 100%7

which is an upper bound on the performance gap of our heuristic because we benchmark it with the
cost lower bound. The complete test set of primitive values is given by Ly € {0,1,2}, L, € {0,1,2},
K, € {100,200,600}, K; € {10,20,40}, hqy € {0.05,0.1,0.2}, h; € {0.3,0.5,1}, p; € {3,5,10}, and
A1 € {3,5,7}, with the other primitives fixed as N =2, Ly =1, K5 =20, hy = 0.5, po = 5, and Ay =5.
All combinations of these primitives provide 3% = 6561 test instances.

The numerical results are summarized in Table 1. The average gap §; between the cost lower



Average (%) Standard deviation (%) Minimum (%) Maximum (%)

o1 5.76 3.07 1.45 20.30
o <5% <10% <20% <20.3%
Number of instances 3263 5833 6558 6561
Cumulative percent (%) 49.73 88.90 99.95 100

Table 1 Overview of the performance of the modified echelon (¥, Q) policy.

bound and the cost of the MERQD policy is around 5.76%, with a minimum of about 1.45%.
Table 1 shows that the maximum §; in our test is no more than 21%, i.e., the MERQD policy
can guarantee at least 1.21-optimality for our test instances. Moreover, the gap §; is less than
10% in about 90% instances, and less than 20% in 99.95% instances. Because the optimal policy
is unknown and we benchmark the performance of our heuristic against the induced penalty lower
bound, our heuristic may perform even better than the results reported in Table 1. For discussions
on the effectiveness of the lower bound, see Axsiter et al. (2002), Gallego et al. (2007), and Dogru
et al. (2009).

We relegate the detailed numerical experiments to an online supplement Zhu et al. (2020).
Specifically, through extensive numerical studies, we investigate the impacts of system primitives
on the performance of our heuristic, compare the performance of the MERQD policy with that
of the echelon-stock (r,@Q) policy used in Chen and Zheng (1997), and test the robustness of the

MERQD policy with respect to the allocation rule at the warehouse.
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