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Appendix A: Proofs of Technical Lemmas

A.1. Proofs of Lemma 2 and Lemma 3 (Page 2)

E (7, A) is linear in «. After simplification:
Z0,\)=0c (a202 —(a—1?—a(l-a) (U—l)),u—)\a <a03+(a—1)202—(a—1) (2@—1)0+(a—1)2) .

The cubic function ac® + (a—1)*02 — (0 —1) (2a —1) 0 4 (o — 1) is positive for « € [0,1], because its
discriminant (o —1)® (e + 3) is negative for a € [0,1], which means that it has only one negative real root.

—_ o a2027(a71)27a(17a)(071)
Thus, we have Z(0,A) >0 A < Gp(a) where Go(a) = a(a0:+((a_1)202_(a_l)(2a_1)g+(a)_1)2

ik As part of the

numerator of Go(a), a20? — (a—1)> — a(1—a) (0 —1), a quadratic polynomial of «, has only one root

A VA AR (0,1); and 020% — (@ —1)> —a(l—a) (0 —1) <0 & a < T2V 2040 V5o 241 From the

2(c7Fo-2) 2(c7+0-2)
fact that 0202 — (@ — 1) —a (1 —a) (0 = 1) |ac1/140 = %, which is positive if o < 1 and negative if o > 1,
we have
> R <1 1)
< —”*3;(@ if 0 >1

From simple algebra, we have:

=(L\) =0 ((a202 - (a—1)2) 4= da <a202 —(a—l)o—(a—1)2)> :

Case 0 > 1: we have a®0® — (o — 1) 0 — (o — 1)* > 0 for Va € [0, 1], from the fact that (i) a®c® — (o —1) o —
(o —1)? increases in o because 9 <a202 —(a=1)o—(a— 1)2) /00 = (20 —1/4) @+ (a—2)* /4 >0, and (ii)

M(a2027(a71)2)
a(aQGQ—(a—l)o‘—(a—l)z) '

lim, (a202 —aoc+o—(a— 1)2) =a >0. Then, we have Z(1,\) > 0 A < G (a) =

One can show that a20? — (a—1)°>0&a > ++7- Thus, we have G1(a) <0< a < .
Case 0 < 1: we have o202 — (a—1)0 — (o —1)*, as a quadratic function of , has one root 2"2’% V:;)"“’

in [0,1], value 0 —1 < 0 at a =0, and value 0 > 0 at o = 1. Hence, we have a?0® — (a —1)o — (a —1)* >

0 a> 2457322, One can show that 2=572Y5-%0 < 1 if 0 <1, and 202 —(a—1)’>0sa> To

1
2(1—02) 2(1-02) o+1°

summarize, we have:

0202 — (@ —1)> <0 and 0202 — (a—1)o — (a—1)> <0 if o < 2=2=2/5 A0 1

2(1-02) o+1
a?0? — (a—1)* <0 and a?0® — (a = 1) o — (a = 1)* > 0 if 245054 <a < Ao

2 2 2 2 2 2 . 1
a’0? —(a—=1)">0and a0’ — (a=1)o—(a=1)">0if a> =5
Next, we discuss the value of Z(1,\) by conditioning on «.

o If a< 2";% ;52)’4"<%+17 we have Z(1,\) <0< A< Gi(a) =

p,(a20'2—(a—1)2)
a(aZsz(afl)o'f(afl)z)
Recall that the arrival rate is upper bounded, i.e., A < fi. We have G () is above fi, because G1(a) —
u(a—l)z(l—a(l—az))

and G1(«) > 0.

g — 2—oc—05—4o -
1+a‘2071) Qe e ey ey ) Wy ey >0 for a < =y Thus, we have = (1,\) <0 for V.
o If 2";% V:;)’“ <a< a%rl, we have Z(1,)) <0< A > G1(a) and Gy (a) <0. We have E(1,A) <0 for VA,

because A > 0.

o If a> =5, we have Z(1,A) <0< X > Gy (a) and Gy (a) > 0.
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Next, we investigate
plac?+1—a)(l—a)- ((1 —a)’ - a203>

Cole) = Grla) = a(aa3+(a—1)202—(a—1) (2a—1)0+(a—1)2) (O‘2‘72—040+0—(O‘_1)2>,

2—oc—ov5—4o
2(1-02)

we have Go(a) —G1(a) <0= (1—a)’—a?0? <0 a> GS%H and Go(a) — G () >0<:>2’;% ;52;4" <a<

multiplier of (1 —a)® — a203 is clearly non-negative for a € [ ,1} from our above results. Thus,

1
03/2+1 :

At last, one can verify that:

oc—34+4/502—-20+1

i > g ifo<l : if o<1
{ ﬂ < E lf o> 1 and 03/2+1 0732-:02;002_722)04-1 ! (17)
3241 > o4l 03/£+1 < 50T ifo>1
The last result can be derived by combining (16) and (17).
A.2. Proof of Lemma 4 (Page 3)
Using U, and U, from (2), we derive expression for CS =\ (vUy (7, A) + (1 —7) Uy, (7, A)):
0S = AR— e olc—1)u+A(ao® —ac? +ac+1—a) N (1-0) (,uf/\a(lfcr))(;fOz(lJra))2
oX(op—A(ao+1-a)) oA ((u—oz/\) (a202 +(a—1) ) —a(l —a)F(’y))
where T'(y) =y A (1 —a(l+0)) + (cu—(1—a)A) + WA(17&705§§;?0A:i(17Q)A). We next prove that T'(y)

decreases in v by showing that its first derivative
dr 2(p—a))’
) _ya—aton|1- o (n=ad) S| <o.
dy A1 —a(l+4+0))+(op—(1—-a)N)
Case a < 1_%0: we have 1 —a(l1+0) >0. From A<=

Tra(p—T)» We have (cp—(1—a)A) >oa > 0.

Thus, YA (1 —a(1+0)) + (o — (1 — ) A) > 0. Then, we have:
olp—al) =1 —-a(l+o0)+(op—(1-a)N)=A1-y)(1-a(l+0))>0

o?(u—ar)?
CAI—a(i+o) Fen—(—a)N)
Case a > j7: we have 1 — a(l4+0) < 0. First, if v <

(opp— (1= a)A) > 0. Then, we have:

Hence, 1 —

7z <0= I'(v) <O0.
op—(l—a)

Matto-n We have YA (1—a(l+0)) +

c(p—aXd)—(WW1—-a(l+o)+(op—(1—-a)N)=A1—-v)(1—a(l+0)) <0

o (u—ar)?
(A (A-a(l+0)+(on—(1-a)X))?
(op—(1—a)A) <0 and:

op—(l—a)X
Aa(l40)-1)

Hence, 1 — >0 =TI"(y) <0. Next, if v > then YA(l—a(1+40)) +

o(p—ad) = (A1 -a(l+0)) = (op—(1-a)A) =
I-y(1-al+o)+2(xxQ1-a(l+4+0))+(cu—(1—a)N)) <0
02( —aA)Z ’
Hence, 1 — (ﬂ(lW(HU)*)‘HW?O?Q)/\))Q >0 and I'(vy) < 0.
In the above cases, we have I"(y) < 0. Thus, I' () decreases in 7. Furthermore, we have

(1t — ) <a202+(a—1)2) —a(l-a)T(0)=p(l-a(l+0))

sop—(1—a)A—oai
op—(1—a)A

>0,
and
(=) (0%* + (@ =1)*) —~a(l=a)D (1) = (=) (1 ~a(1+0))* >0,

so (u—aX) (a202 + (a— 1)2) —a(l—a)T(y) > 0. Then, we have CS(v) increases in v when o < 1 and

decreases otherwise.
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A.3. Proof of Lemma 5 (Page 5)

We consider two cases:

1
o+1?

(a202 —o(a—1)—(a— 1)2) >0 q> =2odode  and o=2toVbodo o 1 When o > 2=2tov9ode ap(

Case o < l:analyzing expression of P°<! we observe (a—1)° — o262 > 0 & a <

2(0271) 2(0271) o+1° 2(0271)

P, >0, P, is clearly an increasing function of A. We next consider the case a < % “?)’4". We derive

oPs __ [N —_
o = st e (T ae=T))’ Ep,(A), where

Ep.(N)=a ((20— 1)(1-0%)a’®+ (20" —60+3)a® =3 (0 — 1)2a+(1—20)) A2
" (404303 —a(a®+2a—3)0* —4a(a— Do+ (a— 1)3) A+ 207 ((a —1)° - a202) .
We have Ep, (0) = 20p? ((a— 1)? —a202) > 0, because a < 2=2t9v547 — (o —1)? — o202 > 0, and

2(02-1)
= oy or?(1-a)*(ac?+1-a) - . _ -
Ep. (1) = o—at1)? > 0. If we can prove Zp, (A) decreases in A for A € [0, 7], we have Ep_ (\) > 0 for

A€ [0, 2] and further 925 > 0. We next prove Zp, (A) decreases in A for A € [0, f1].
4
dA

Zp,(A) =2« ((20—1) (1—02)ag+(202—60+3)a2—3(a—1)2a+(1—20’)) A+

,u(40[303—a(042—|—20z—3)02—40[(04—1)204—(04—1)3).

is a linear function of A. Thus, if we can prove (i) =% (0) <0 and (ii) Z_ () <0, we have Zp, () decreases

in A for A €0, @]

First, we prove 2}, (0) = p((40® —0® —40+1)a®+ (80 —20° —3)a® + (30° —40+3)a—1) < 0 when
a < %‘ﬁ;ﬁ. We first have that Z}, (0) increases in «a, because ZZ, (0) = ud (o) =
w(3(4o—1)(0?—1)a?—2(20% — 80 +3)a+ (30> — 40 +3)) > 0 which we will prove next.

1. If a < 1/4, we have 3(do—1)(02—1) > 0, ®(0) = 30% — 4o + 3 > 0, @(M) -

2(02-1)
2

= ((11-80) V5 —40 4+ 1802 — 300 +9) >0, and ® (1) =402 (30 — 1) <0.

2(1—-02)

2. If 1/4 < a < 1/3, we have 3(40—1) (62 —1) < 0, (0) = 302 — 4o + 3 > 0, @(% {51)*4“) =
2

357y (11—80)v/5— 40 +180% — 300 +9) >0, and @ (1) =40® (30 — 1) <0.

3. If a>1/3, we have 3(40 — 1) (62— 1) <0, ®(0) =302 —40+3 >0, and ® (1) =402 (30 — 1) > 0. Thus,

@ (o) >0 for a € (0,1).

Summarizing, we have -ZZ, (0) > 0 for o € (0,% V51)_4"

Ep, (0], _o-s2tovsmmz = —;‘(’:2(:;2 (4-50+(2—0)v5—40) < 0. Thus, we have =}, (0) < 0 when a <

2(02-1)

). At the upper bound of «, we have

"_38'27_ “?)_4". We get u;::;fl (—3@203 —a(l—a)o?-3a(l-a)o—(a— 1)2) < 0 when evaluating =/, ().

Thus, we proved that =7 () decreases in A for A € [0, i].

When ¢ <1, P7<! can be rewritten as

((72—1)#—)\(0—2) 1-02 )\(1—0')((/\—,u)2+o'p2)a+,u(0’p(a‘,u—)\)—()\—,u)2)
ﬂ A2 B a— /\2(;17(1)\)2
o ocpta(l—o)A—2A
. . . . . . _ . . 1 _
which is clearly a decreasing function of «. Using simple algebra, we have P, =0, if (i) a < P and A =0,
or (i) a> %-H and A =G (a).

. OPs __ c
Case ¢ > 1: we have T3 = — 55 Q(\), where

o<l __
P@ -

Q()\):oz(a((f—l)—i—l)2 (02+(a—1)(0—1)))\2—3a0u (a03+(a—1)202—(2a2—3a+1)0+(a—1)2))\

+20%p? (a0 + a(a—1)0 — (20° —3a+1)).
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Whether € (A\) > 0 determines the monotonicity of P, regarding A. We note that 02 + (a—1)(c—1) >0
increases in « for o > 1, and o?+ (a—1) (0 —1)|,_, =0% — 0 + 1 Thus, we have 0 4+ (a—1) (¢ —1) > 0.

When A =0, we have

a=

2(0) =20p* (a0 +a(a—1)o — (20 = 3a+1)) =20°p* ((6* +0—2) * + (3—0)a — 1),

which is greater than zero for a > 073;(0— ”Qi’j:;)"“, because (i) 02 + o0 —2 >0 for o > 1, (i)

oc—3+4/502—-20+1

(0 +0—2)a?+(3—0)a—1) evaluated at ov=0 equals —1 and evaluated at o = = 25—

0. When A = Gy(«), we have

e, (a—1)(a0? —a+1) 2 (a—1)(a0® —a+1)
2{Co(e)) =ac’s* (o +(a_1)(0_1))((a(02+(a—1)(0—1))+1> _<a<a2+<a_1><a—1)>“>)'

it equals

(afl)(ao27a+l)

We next prove Q) (GO(O()) <0 for o S M7 1]. First, m

2(0240-2)

(0—1)(03+o'2—1)a2+2(o'—1)cx+(o'2—o'+1)
a2(o2+(a—1)(c—1))2

+ 1 increases in «, because

o—341/502-20+1

its derivative wrt « is > 0 for o0 > 1. Evaluated at a = 500 D) it

equals 0, and at a =1 it equals 1. Given that 22 —x < 0,Vz € (0,1), we conclude that Q (\) decreases from a
positive value to a negative value when A increases in (0,Go(c)). This proves that P, is a concave function
of .

S Tapd oot oPy _ ex?
Considering derivative of P, wrt a, G2 = ———=C 55 T (M) where

TN = ((a(o’—1)—|—1)3—|—U(U—1)((a—1)a—|—1)) A2
o (3(0—1)2a2+(202+0+5) (0—1)a+(02—|—2)))\—|—02u2 ((20°+20—4)a+(3-0)).

Whether Y (\) > 0 determines the monotonicity of P, regarding «. Clearly, (a(oc—1)+1)° +

og(c—1)((c—1)a+1) > 0. Also, we have Y (0) = o?u?((202+20 —4)a+ (3—0)) which is positive

oc—3+4/502—-20+1

for a > , because (i) 202 + 20 — 4 >0 for ¢ > 1, and (ii)) (202+20—4)a + (3—0)

2(02-‘,-0'72)
evaluated at o = 673;(0— ”23_12:22)0“ equals V50?2 —20+1 > 0. Evaluating Y (\) at pGo(a), we obtain
oZu*(1-a) U(o) where

aZ(@(e— D) (o2 +(a—1)(e—1))?
U(o)=—(0—1)" (6?+30+2)a°— (0 — 1)° (—20%+50+8)a*+ (0 — 1)? (20" —0® +40° +20 —13) &®
+(0—=1) (20" -0 +90—-11)a®+ (6 —1) (6° + 20 =20+ 5) a+ (0* —o +1).
Studying derivatives W(™ of higher order of W(s), one can observe U6 = 720a%(2 — a?) > 0,Va € (0,1).
Also, when o =1, Yo € (0,1), all derivatives till order 5 (including) are positive. Thus, ¥(o) > 0 for o > 1.
When A =i, we have T (i) = _ 22z (o(w?21)+1) < 0. Thus, we have T (A\) > 0 for X € (0,Go(a)).

a(c—1)+1
This proves that P, is a increasing function of « in the region of A € (0,Go(«)).

A.4. Proof of Lemma 6 (Page 6)

O () is positive. Thus, we have AS >0if o > 1, and AS <0 if o < 1. Next, we show that © (\) decreases in

. We have: , ,
de (A) L(a(o——l)ﬂ—w) if o>1

— o—1 (aX(e—1)4p)2

o 2 — *02 . ’
dA ﬁﬁ(ig‘uga(f;));) —(1—a(1—0))> if o<1
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which increases in A. In addition, we have ©'(i) = —(1—Q)% < 0. Thus, ©'(A\) <0, ie., O(X)
decreases in A\. Then, AS increases in A if 0 > 1, and decreases otherwise. In the o > 1 case, when A\ = Go(«),

we calculate

AS— clo—1)(ac?—a+1) (02 +(a—1)o+(1—a)) (20 +a(a—1)o — (2a% —3a +1))*

2
(1-—a)(ac3+02—a+1) (a03+(o¢—1)202—(2a2—3a+l)0+(a—1)2>
which is positive because 02 + (a—1)oc+ (1 —a)=(c—1+a)o+ (1 —a) > 0. In the o < 1 case, we have

lim, ,;© (\) = 0= lim,_,; AS = —o0. Also, when A = G, (a) = wlo?o?—(e-1)?)

a(azoz—(a—l)o‘—(a—l)2

1

o+’ we have

)anda>

ca(o'fl)(a20'27a2+2a71)2

AS = Ao e e eya sy 1 Which — (1 - 0%)a®+(2-0)a—(1-0) >0 when a> 15 because
2) 2 o’
-(1-0%)a +(2—0)o¢—(1—0)‘a:#1:0+1>0
82(7(1702)042+(270)a—(1—0):270—2a(1—02)>0.
!
Thus, we have AS <0 when A =G;(a). Clearly, if A\=0 and o < U%_l,wehave AS=0.
A.5. Proof of Lemma 9 (Page 12)
From (2), we have
-1 (c—-1)% 1 21 1
Do) - e [2e= D=1 1tat?=)
op(l+a(c—1)) 14a(c—1) ocu—A(1+a(c—1))

in which, 14+ a(02—1) >0 and 1+ a(c—1) >0 for a € [0,1] and o > 0. Therefore, % +
a(e?-1)+1 1

TTalo-T) sna(ita(e—1yy increases in A. Thus, U, (0,\) decreases in A\. We also have lim,,;U,(0,)\) =

—oo and U,(0,0) = i(u—%) > 0. This means that U, (0,\) = 0 has a unique solution X\, =

op(ov—1—a(c—1)) c
ov(a(o—1)+1)—a(a—1)(c—1)?

(0,2), where v = Ru/c.

From (2), we have

Us1,A)=R—c

1 (aa(2a—1)—2a+2 p(l—a)(l+a(c?—1)) 1 )
w—a 14+a(c—-1) l+a(c—1) ou—A1+a(c—1))

decreasing in A. A solution to Uy(1,A) =0 should thus solve:
va(aoc —a+1) N +pu(a(2aoc —2a—0+2) —v(2a0 —a+ 1) A+ p? (vo —ac+a—1) =0,

where (o —a+1) > 0. If evaluated at A = 0, this expression yields p? (vo —ao +a —1) > 0 because R >

M2(17a)(a0270¢+1)
(aoc—a+1)

Moreover, )\, increases in R since Uy(1,\) increases in R.

c/i; if evaluated at A = [, it yields — < 0. Thus, there exists unique solution A, € (0, ).

LEMMA 10. X\, < Xg if 0 <1 and A\, > Ay otherwise.

Proof The difference between U, (0,A) and U, (1, ) is

cha(l—a) pt+a(c—1)A

U 0N =LA = e T ao=1)))  f—an

(c—1).

One can verify that g + a(c—1)A > 0 and g — aX > 0, by using A < . Hence, we have
{Uw(O,A)—Ud(l,/\)<Oifa<1 Ao <Agif o<1

U (00) = Uy (1,A) > 0 if o> 1+ Which leads to {Aw>)\d ifo>1" -
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Next, we investigate how Go(a) and G («) intersect with \,, and A,. Recall from the proof of Proposition

1 that Go(a) —G1(a) =0 a=

1
0'3/2+1 :

Intersection of G () and \,: when o < 1, intersection point can be derived by solving

et (0 1?) (v —1-alo-1)

a(a202*(0¢—1)0*(a—1)2> ov(a(o—1)+1)—a(a—1)(o-1)°

Which is equivalent to solving:
Ki()=(1-0)a’+ (20 -0 +ov—2)a’*+(1-20v—0)a+ov=0

limg_, oo K1 () <0, K1 (0) =0v >0, Ky (1) = —02 <0, and lim,_,., K3 (o) > 0. Hence, G4 () and X,

v—1
v

have a unique intersection point ay; € (0,1). Moreover, we have Gy(a) = u > \, =

w at =1, which
leads to G (a) <\, & a<a, and Gi(a) > A\, & a>a,.

Then, we derive the range of v such that A, does not cross region II, where customers’ equilibrium behavior
is v* € (0,1). Recall that ), increases in R. Substituting o with 03%2“ (intersection point of Go(a) and

G1()) into K; (a) and equating it to zero gives the lower bound of v such that A, does not cross region II:

%. Thus, A, does not cross region II iff R > %
Intersection of G (a) and )\,: one has to solve
1 200—1) —2a+2 1—a)(1 21 1
0=U;(1)=R—c—— o(20—1)—20+2 p(l-a)(l+a(c*-1)) ) |
i—an \ YT Tra(e-1) Itale—1)  op—du(+a(@-1)
To solve for the intersection point, we substitute A\, with G;(a) in U, (1) to obtain R — U—Cqu(a) where:

Ql(a)Ea((l—a)a—l)((l—(02_)(:52—(2—0)6%1-(1—0)) _
o) (-5 (-

When o < 1, rewrite Q1 (a) = (1 — o) (1 — ¢2) lemealle—en)(eai)lo—0s) where oy = 1 is the vertical asymp-

(a—as)
oc—2—o0+/5—40 _ o0—240+/5—40

1
2(02-1) » M= T3 1

, and as = — are zero points. In addition, we have

tote, and a; =0, ap =
a1 < ag < ag < ay < as. Simple algebraic manipulation reveals that the first derivative Q) (a) > 0,Va €
(a2, a3). Hence Qg (o) increases from zero to oo when « increases from «y to az. When o > 1, rewrite
Qi(a)=(1-0)(1-0?)a?>-(2-0)a+(1-0)) (a — ﬁ) o nyz where %55 >0 is an increasing func-
tion. Derivative @] (a) > 0. Thus, @Q; () increases. Note that @1 (0) =0 and lim, ,; Q1 (o) = co. Hence,
Q1 (o) increases from zero to oo when « increases from 0 to 1. Combining the two case for 0 <1 and o > 1,
we have that R — %@ (@) has a unique root a;» € (0,1), which is also the intersection point of G () and
Aa-

Since A, < Ay when ¢ < 1, we should have a1 < aso; otherwise, if aze < avy1, from the result that G4 (o) <
Aw € a < ayp, we have Gy (o) = S\d\a=%2 < Ay, which conflicts with the result A, < Ag.

Thus, when o < 1 and Ru/c > %, customers’ equilibrium join-up-to level is A, for a € [0, o]
(see, e.g., region I in Figure 10(a)), G;(a) for a € (a1, 2] (see, e.g., region III in Figure 10(a)), and A, for
o € [ase, 1] (see, e.g., region IV in Figure 10(a)).
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(0-1)y/5+1
< P2(o-varD)?

customers’ equilibrium information disclosure strategy v* € (0,1) given in Proposition 1 is a function of «

We next consider the case 0 <1 and Ru/c where A, may cross region II. In this region II,

and A, and it fulfills U,, (v*) = U, (7*). To find the join-up-to level in the region II, we need to fix a and solve
for fi,, from vU, (v*)+ (1 —~) U, (v*) =0, equivalent to U, (7*) =0, which can be rewritten as R — L(\) =0

with
LO)=— ca(l-a)(l—a(l-0)(c?+1))(1-a(a(c—1)—0)(c—1)) A=) (A= Xs)
T (l-—a(l-0)(l-ac)(l—a(l—=0)(a2(c—=1)+a(c2—=0+1)) (A=) (A=Xa) (A= A3)’
,u,a(lfa)(lfa(lfd)(a2+1))(1704(04(0'71)70)(0'71)) - a(lfcr) - .
Here — iy iman) Goatice @2 o—Drao? o5y < 0 A = ooy TFa(emt)? A2 = Traeon a0d As =
% are three positive vertical asymptotes of L(\). Further, Ay = % and A5 =
uizo)(zatao) .16 two positive zero points of L()). One can show that Ay < \; for i =2,...,5, when

l-a(a(c—1)—0c)(c—1)

— (1+o¢(071)) < &’

a< where 03%2“ (intersection point of Gi(a) and Go(e)). We also have L (0)

L(X) >0 for A < Ay, and lim, »5, L (X) = co. Investigating derivative & (07(?1;?;3()\;(’\;3)\3)) for A < Ay, we
have L' (A) >0 for A < A;.

Combining the above results we have that when A increases from zero to A;, customers equilibrium utility

under the equilibrium information disclosure strategy v* increases from W to oo. Hence, there is a
unique solution \,, (see, e.g., region II in Figure 10(b)).

Intersection of Gy(a) and \,: when ¢ > 1, the intersection point can be derived by solving:
Ky(a)=(1-0)a’+(1—0)204+0v—1)a® -0 (2v—ov+1)a+ov=0

where lim,_, o, K (a) <0, K5 (0) =0v >0, Ky (1) = —0? <0, and lim,_,, K3 («) > 0. Hence, Go(a) and
A, have a unique intersection point a5 € (0,1). Moreover, we have Go(a) = p > A, = Y=L at a =1, which
leads to Go(a) <\, < a<a; and Go(a) > N, < a > a.

Intersection of Gy(a) and \;: intersection point satisfies U, (1) =0 or

1 ( oca—1)-2a+2 p(l—a)(l+a(c?-1)) 1

R—c 1+a(c—1) l+a(c—1) O—,U'S\d(1+a(0—1)))0'

n— Oéj\d
To solve for the intersection point, we substitute A\, with Go(a) in U, (1) to get R — - Q2(a), where

a((202—oc -1 a+o+1)((c—1)a+ (0> —0+1))
(1=a)((e® =1)a+(o®+1)) '

Qz2(a) =

When o < 1, we can rewrite

(202 -0 —1)(1-0) (a—ay) (e —aq) (a — a5)

Q)=
Qz2(a) (03 —1) (a—ag)(a—ag)
_ _o%1 : . _ _ o4l _ o’—o41
where ap =1 and a3 = $=55 > 1 are the vertical asymptote, and a; =0, ay = T and a5 = =% are

all positive zero points. In addition, we have a; =0 < as =1 < a3z < a4, a5. One can verify that the first
derivative Q5 () > 0,Va € (o, az). Hence, Q2 (o) increases from zero to oo when « increases from 0 towards
1.

When o > 1, we can rewrite

Qs (a) = & (B —o-Datot)((e-Da+t (e’ —o+1))
) I-a (0 =1 a+(02+1)) ’
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((2027071)(1—5—0'—5—1)((071)a+(0270'+1))
(03 —1)a+(c2+1)

in «a because its first derivative is positive when o > 1. Note that Q2 (0) =0 and lim,_,; Q1 () = co. Hence,

also increases

in which ;- increases in «, and one can easily verify that

Q2 (@) increases from zero to oo when « increases from 0 towards 1. Combining the above two case, we have
that R — Q2 () has a unique root o € (0,1), which is also the intersection point of Gip(a) and Aa-

Since Ay < A, when ¢ > 1, we should have o1 < oys; otherwise, if a;; > aua, from the result that Go(a) >
Aw € @ > ya, we have Go(1) = Agla—a,, > Aw, which conflicts with the result Ay < A, .

Thus, when ¢ > 1, the join-up-to level is X, for a € [0,a;1] (see, e.g., region V in Figure 10(c)),
Ao if A < Go(a)
Ao if A>Go(a)
region VII in Figure 10(c)).

for a € (a1, 4] (see, e.g., region VI in Figure 10(c)), and A4 for a € [ayz,1] (see, e.g.,
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