Online Supplements to
“Precommitments in Two-sided Market Competition”

The online supplements include five sections.

Section A provides the detailed analysis of quantity precommitment competition.

Section B analyzes the wage precommitment competition under market size uncertainty.

Section C analyzes the price precommitment competition under market size uncertainty.

Section D includes the remaining proof of lemmas and propositions in the main body.

Section E provides the equilibrium outcome for each mode when the market sizes are asym-

metric.

A. Quantity Precommitment Competition in KS Equivalency
We assume the market size is deterministic. Section A.1 examines the price and wage decisions in
the second stage conditional on the capacity decisions of the first stage, and then analyzes the first

stage capacity decision. Section A.2 derives the equilibrium of the quantity precommitment game.

A.1. Analysis

For any fixed g, we study the second stage competition where firm ¢ € {1,2} decides its price p; and
wage w; simultaneously. For any fixed (p;,w;) where j # i, firm ¢ faces the following optimization
problem

max (pi - wi) miﬂ{di(pmpj)a Si(wi7 wj), Qi}' (A'l)

Pi,wq

At optimality, we have 2 — p! 4+ yp; = z; = w; — fw,, because any excess demand or supply does

not benefit firm 7. Hence,
P =Q+p; — 2, w;==z+ Pw;. (A.2)
Thus, (A.1) can be written as
mjx (Q+ Yj — 2z — Bwj) min{z;,q;}. (A.3)

Solving (A.3) yields that, if ¢; > w, then 2z} = W. Otherwise, z = ¢;. To see this,
if the capacity is above that threshold, then the supply and demand quantity should take the one
that maximizes the profit as if there is no capacity constraint. Otherwise, the firms should set the
price and wage such that both the demand and supply equal to the capacity.

Based on the values of g, we have four cases.



Case (a): Suppose for any i =1,2,

S et op — Bw;

qi = 1 (A.4)

That is, both firms set a large capacity in the first stage such that the price and wage decisions

in the second stage are not constrained. In this symmetric case, 2} = ﬂp{fﬁwﬁ Using (A.2), we

obtain the best-response function of firm 4,
‘ 3 1 . 1 3
pi (psyw5) = L (Q4p5) + 7 Bwy, - wilpy,ws) = 7 (Q+p;) + 7 Bw;.

Solving the set of the above equations yields the equilibrium quantities for any ¢ =1, 2,

3-283 1 1-p

* = , W= Q, zi'= Q. A5
P T3 3y 128y YT T 438 —3v1287 0 T T 4-38—3v+ 28y (A-5)
Putting p¥ and w;} back to (A.4) rewrites the initial condition as follows,
1—
¢ = b (A.6)

T 4-38—-3y+28y
That is, if (A.6) holds, then according to (A.5), we obtain the equilibrium profit, denoted by =

i,a’

as follows,

2(1-p)° 2
* = (pf—wHz = 0=,
Tia = (P —wi)z (4—38—3y+2B7)?

Observe that the result in this case is exactly the same as the simultaneous price and wage com-
petition prescribed in Section 3.1.
Case (b): Suppose for any i =1,2,

Q+9p; — B,

<
e 1

(A7)

That is, both firms set a small capacity in the first stage. In this symmetric case, z; = ¢;. Using

(A.2), we obtain the best-response function of firm 1,
p; =Q+p; — @i, w; =g+ Puw;.

Solving the set of the above equations yields the equilibrium quantities for any ¢ =1, 2,

14+ —vg; — ¢ ¢ + Bq;

Putting p; and w; back to (A.7) rewrites the initial condition as follows,

(4=38=3v"+28°v")q; + (v — 8%+ B—B)q; < (1 +7)(1 = Q. (A.9)



That is, if (A.9) holds, then according to (A.8), firm 4’s profit function can be written as follows,

g

e (A NQ=g —a Qi‘i‘ﬁ%}
Wz_(pi wi)qz_{ 1_72 ].—,82

Maximizing 7; yields firm 4’s best-response function

o (14+7)(1 =)= {y(1-p*)+p(1 - 72)}%'

Z‘ 22— 5T —7?)

(A.10)

Solving the set of equations (A.10) gives the equilibrium quantities in this case

. (1+7)(1 =B

R STy ey o

Therefore,

T TR T (I (d—2B2 22+ Bty — By — B2

Observe that the result in this case is exactly the same as the quantity competition prescribed in
Section 4.1.

Case (c): Suppose

Q+yps — Pws >Q+”yp1—ﬂw1 (A11)

G < 1 qz =2 1

That is, firm 1 sets a small capacity while firm 2 sets a large capacity in the first stage. In this
asymmetric case, z; = ¢ and z; = W. Using (A.2), we obtain the best-response function of

firm <,

Py =Q+vp2 — @, wi = q1 + fws,

3 1 1 3
P;:1(9+7P1)+15w17 w321(9+’7291)+15w1-

Solving the set of above equations yields the equilibrium quantities for any i =1, 2,

OO Gk L DL ket O e o)L U Gl et <01 TR
he 4—30% - 37> +25%y° ’ 43823924262 T
e (BH3y-282-289)0 -y B-28)an . (1+7)Q-(v-38+28+")a
Py = ; Wy = . (A13)

4382 — 372 + 207 4— 302 — 377+ 2672

Putting (p},p;) and (wi,w;) back to (A.11) rewrites the initial condition as follows,

A3 43y 26— By
D= 1628y — 052 — 972 + 45242
(V=182 + B =By )+ (4 =382 =3 +28°7) 2 > (1+7)(1 - B (A.15)

(A.14)



That is, if (A.14) and (A.15) hold, then according to (A.12), firm 1’s profit function can be written

as follows,

. . 4-38%+3y—28°y—B—537)Q— (8332 —28v—3v?)q
7T1:(p1_w1)Q1:( g 5 7)2 (2 ) g )1(11‘
4—332 —3v2+ 202y

Maximizing 7, yields firm 1’s equilibrium quantities,

L _A=30243y 28— BB
% 16652 —672 48y
1 (4—38°+3y-28*y -3 —Bv)? 2
2 (4— 302 — 372 1+ 20292)(16 — 65° — 67% — 457)

One can check that g; satisfies (A.14).

* —
7Tl,c -

Next we derive 75 .. Using (A.13) and (A.12), firm 2’s profit can be obtained as follows,

T = (p5 —w3)z5 = (P — wz)#

0?2
- (4—3p2 _2?)72_1_2/3272)2{(1“"7—/32 — %) = (B+7— By —B7?)

4—3ﬁ2+3v—2527—/3—ﬁ7}2
16 — 632 — 672 — 4 ‘

Case (d): Suppose

Q+ype — Bws Q4+ yp1 — fwy
—_—, @<V

>
9= 1 1

This case is symmetric to Case (c) and thus omitted.

A.2. Nash Equilibrium
The following Lemma shows the Nash equilibrium of the two-stage quantity precommitment com-

petition.

LEMMA A.1l. In Nash equilibrium of the two-stage quantity precommitment competition, the
resulting capacity is set in the first stage such that there does not exist any excess supply and
demand in the second stage. That is, Case (b) provides the Nash equilibrium of the two-stage

quantity precommitment competition:

. _ (1+7)(1-5%

4 T 4282224 BBy — B2 (A.16)
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Proof of Lemma A.1. We expect to show among Cases (a)-(d), only Case (b) is the possible
Nash equilibrium. We first focus on symmetric solutions, Case (a) and Case (b). Note that condi-
tion (A.6) in Case (a) is

1-p Q
4-38—-3v+28y "’

¢ =
and condition (A.9) in Case (b) reduces to

0“< 1-p*++—pB%y Q
T A-382 -3+ 2822+ B+ — BBy

One can check

1-5 0— 1- 52+~ - 8% 0
A=38-3y+28y 4-38 -3 +28+B+y— By — By

and verify that 7}, <, for i =1,2. This establishes that Case (a) is not the equilibrium.

We then examine the asymmetric solutions. We first show that each q is covered by at least one

of these four cases. First, the two lines in (A.9) intersect at the point (4735:5”57, 473/3:%2/37).

Second, one can show

1-5 o 4=30°+3y 25— 6Py
4-38-3y 128y 16—2By—98% — 992 + 47322
_ —12~
(4-3B8—=3v+2B7)(16 — 28y — 982 — 972 + 432?)

<0.

Finally, the line in (A.15) coincides with the line of a larger slope in (A.9). The above three points
ensure that each q is covered by at least one of these four cases.

Moreover, it can be verified that 7. <}, for i = 1,2. Therefore, Case (c) is not the equilibrium.
By symmetry, Case (d) is not the equilibrium, either. Hence, Case (b) is the only possible equilib-
rium. Therefore, the firms choose g in the first stage such that both the supply and demand will

equal to q in the second stage. [

B. Wage Precommitment Competition under Market Size Uncertainty
This section assumes that € is a random variable distributed on [, Q]. We start with the analysis
of the subgame equilibrium conditional on a fixed wage in the first stage and the realization of
market size in Section B.1, and then derive the equilibrium of wage precommitment competition

in Section B.2.



B.1. Subgame Equilibrium in the Second Stage
The following lemma characterizes the outcome of the pricing game in the second stage for any

fixed precommitted wage w and realized market size x.

LEMMA B.1. For any fized w and x, the subgame equilibrium prices are given by

(i) If

1— By 1+B7) ( Y 5—7) ( 1 y+1
— <[|[— = B.1
(1772+27'y2 b 2772+1772 2= 1—y 2—72 “ (B-1)
1-— 1 — 1 1
( BZ +Bz)w2_( gl 2+5 Mgy < (L - 7FLY, (B.2)
1—x 2—7 2—7 1—~2 1l—v 2—~2

the equilibrium prices are

pi=pi = 1 {0+ m)e = (L= B + (8 =) ), (1.3)
pr=pi= 1= { AT = (1= s+ (B—y)wr |- (B.4)
(i) If
<4—272 2—272)%+ (4j72 - 2—272(g+5))w2 = (2—272‘ - 4—272)(H;)$’ (B:5)
(4—272 Q—Zw)wﬁ (4—772 - 2—272(;+B))w1 = (2—272‘ - 4—272)(1+;)m’ (B.6)
the equilibrium prices are
pr=p = 4_272{(1-1—;):5-1—;102—%101}, (B.7)
P =po = 4_72{(1—1—%)3:4-%1014-102}. (B.8)
(iii) If
(e el (e (e o0
(11:53 + ;tig)wz— (2 772 ) (1— 27+71 )aj (B.10)
the equilibrium prices are
pr=pi= 2_272{(14—;)3:—101%—(;4—6)102}, (B.11)
Py =py ;_21296—2_772 ﬁéiing. (B.12)



(i) If

1—-By  1+8y 0 B— 1 y+1

(1—72+2—'y2>w1_(2—72+1— )w22<7_ )m
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the equilibrium prices are

. m_’y—l—lx_ ~ w+1+6’y
=h _2_72 2 — 2 2 2 — 2

. 2 gl gl

wh,

Proof of Lemma B.1. For any fixed w and z, we derive the inventory-depletion price for both

platforms
pij(pz) = +yp2 — (w1 — fw,), pg(pl) =z +yp1 — (we — Pwn).

By solving max,, (p; — w;)(x — p; + yp;), we obtain the profit-maximizing price for both platforms

m T +yp2 +wy m T+ yp1 + we
pl (p2):f7 p2 (pl):f

According to Hu and Zhou (2017), the best response for firm ¢ given firm j’s price p; is
pi(p2) = max{p{(p2), p" (=)}, P3(p1) = max{ps(p1), p3' (1)}

We examine Case (i) first. We solve

pi(p2) =pi(p2),  Pa(p1) =pa(p1) (B.13)

and obtain
pi=ri = o { (e = (1= B + (B . (B.14)
P =1 = o { (= (1= B+ (3= . (B.15)

Then we solve
p’{(pg) :PT(P2)7 P;(Pl) = pg(pl)

and obtain
. 14y T 1+ By

Py = 2_7290 2_72w2+ 2_7211)1.




We also solve

Pi(p2) =pi(p2), Ps(p1) =p5 (p1)

and obtain
. 1+’yx_ z 1+ By
p2_2_,},2 2 — 2 1 2 — 2

Wsa.

Given that p;(ps) = max{p{(p2),p7"(p2)} and p(pr) = max{pd(p1),p§*(p1)}, in order to ensure

(B.13) holds, it must be the case that when firm 4 sets price p{, firm j does not have the incentive

to set price p7*, that is, pd(p{) > p*(p¢) for i = 1,2. Hence,

1 1+~ x 1+ By
1_72{(1—1—7)33—(1—67)w1+(5—'y)w2}2 2_7290— 2_72w2+ 2_7211)1,
1 1+ x 1+ By
1_72{(1—1—7):1;—(1—67)w2+(6—7)w1}2 2_72:5— 2_72w1+ 2_V2w2,

which yields the constraints (B.1) and (B.2).

Continuing in this fashion, we establish Cases (ii), (iii), and (iv). O

Before deriving the equilibrium of wage precommitment competition, we first derive the equi-
librium of wage precommitment competition without demand uncertainty based on Lemma B.1,
which can help us understand the scenario when the demand variance is sufficiently small. The
following lemma implies that without demand uncertainty, the equilibrium wages are chosen in the

first stage such that there will not be any excess quantity in the second-stage pricing game.

LEMMA B.2. Suppose there is no market size uncertainty. In wage precommitment competition,

the resulting equilibrium wages and prices are such that the supply is equal to the demand.

Proof of Lemma B.2. We assume that the market size € is deterministic. We show Cases (ii),
(iii), and (iv) in Lemma B.1 cannot be equilibrium. The approach is to show a unilateral change
in wage could benefit at least one firm.

Case (ii): In this case, both firms have excess supply and choose the profit-maximizing prices.
Suppose firm 1 reduces its wage by setting w; = w; — e and firm 2 keeps its wage unchanged by
setting wy; = wy. Note that e is chosen such that the constraints (B.5) and (B.6) still hold. In other
words, reducing the wage does not affect both firms choosing the profit-maximizing prices in their
quantity-constrained pricing game.

2

By (B.7) and (B.8), we have p; =p; — =26 D2 =Dp2 — %ﬁea and Jl(ﬁlaﬁz) =Q—p1+p2=

_72

Q—p1+p2+ ﬁ(l - g)e. Hence,

7:I-l = (ﬁl - ﬁ)l)dl(ﬁl)pé)



2 2
= (pl — W1 +e— 4—7’}/26) (dl(pl,pg) + 4_72 (]. — %)6)

2
> (p1 —wy)dy (p1,p2) = 1. by 1> . and 1> —

Therefore, reducing w, can improve firm 1’s profit.

Case (iii): In this case, firm 1’s supply runs out and firm 2 has excess supply. We will show a
unilateral change in wy can benefit both firms, which indicates that the firms will not choose the
quantity in the first stage such that this case will occur in the second stage.

Subcase 1: Suppose (v + ) < 1. Suppose firm 2 reduces its wage by setting w, = wy; — e and
firm 1 keeps its wage unchanged by setting w; = w;. Note that e is chosen such that the constraints
(B.9) and (B.10) still hold. In other words, reducing the wage does not affect firm 1 choosing the
supply-depletion price and firm 2 choosing the profit-maximizing price in their quantity-constrained

pricing game.

By (B.11) and (B.12), we have p; = p; — 525 (2 + f)e, p2 =po — ;tﬂve, and dQ(ﬁl,ﬁQ) =Q—py+

72 72
5 =0 — Lify, 2 (n 0
YD1 p2+p1+ 5o3e — 3= (3 + B)e. Hence,
7~T2 = (152 - 7112)652(1517]52)
1+ By
2—~2
> (p2 — w2)da(p1,p2) = o

it 2Lt )e)

e) <d2(291,p2)+ €—

=(p2—ws+e— 22 22

where the last inequality holds because 1 > ;J_rf 7 and ;ff 7 > 232/2 (2 + ), both of which hold due
to y(y+ ) < 1. Therefore, reducing w, can improve firm 2’s profit. Moreover, note that the supply
quantity for firm 1 increases (because ws is reduced) and firm 1 keeps adopting the supply-depletion
price, so due to the concavity of firm 1’s profit function, we arrive that firm 1’s profit increases as
well.

Subcase 2: Suppose (v + ) > 1. Suppose firm 2 increases its wage by setting wy = wy + € and
firm 1 keeps its wage unchanged by setting w; = w;. By a similar process as Subcase 1, we could
show that increasing w, can improve firm 2’s profit.

Case (iv): Symmetric to Case (iii).

Combining the above three cases, we could see only Case (i) is the possible equilibrium. That is,
the equilibrium wages are chosen in the first stage such that there will not be any excess quantity

in the second-stage pricing game. [
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B.2. Deriving the Equilibrium Wage in the First Stage

The previous section shows that for any fixed w, when the market size is realized, the optimal price
takes either the supply-depletion price or profit-maximizing price. Now we derive the equilibrium
wage in the first stage. For the sake of tractability, we assume the two firms take symmetric actions.
We have three cases with respect to the value of w, detailed below. Suppose the realized market

size is x.

Case 1: Low Wage. The wage is too low such that for any x € [2,9)], both firms adopt the

supply-depletion price at the subsequent stage.

According to Lemma B.1(i), the wage w is set such that

1—-By  1+8y 0 B— 1 v+1

- <(—— 9 B.1
<1_’72+2—’72>w1 (2—72+1—72)w2_<1—7 2—72)*’ (B.16)
1— By 1+6v> 0 ﬁ—’y) ( 1 v+1

—(—— < (— = Q. B.1
(1—’72+2—72 W2 (2_72—’_1_,72 Wy = 1—~ 2_,72)— ( 7)

Then the equilibrium prices are

1
1—~2

pi=pi = —— {1+ e — (1= Brwi+ (8- 7w, }. (B.18)

Therefore, firm i’s expected profit can be written as follows

l—y 1-92"7  1-9?

E[Q — 2—72—
:{1£i+1ﬂ_;wﬂ' . vai}(wiﬂwj).

Blmuon )] = Bl - w)al = [ {5+ 2% - 2520 - puyar

So, the firm’s optimization problem can be written as

EQ B-v —2-7-py
anﬂaiux{l_7 + 1_’}/211]]' R p— w; ¢ (w; — Pw;) (B.19)
1-By 148y gl B— L o+l
.t. — <|(—- Q B.2
st (1_724—2_72)101 (2—72+1 'y2>w2_(1—7 2—72>*’ (B.20)
1— By 1+5’y) g B—’y) < 1 ’y+1>
— < - Q
<1—’y2+2—72 b (2—72 1—~2 = 1= 2—92/"

The first order condition gives

" L+v

. = E[9). B.21
T IT38 -2 2B B (B.21)

w

And the second order derivative is negative. Let

1
1

— Q.

B

(B.22)
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The constraint (B.20) gives

w; <wy.

Let E[r},, .,] denote the optimal expected profit in Case 1. Clearly, if w;} ,, <w,,, then E[r

Ehw%d’w:wicl]' Otherwise, Elr;, ] = E[Wwp,c1|w=wtb]-

wp,cl] =

Case 2: Medium Wage. The wage is in a medium range such that there exists a threshold (AZ(w)

beyond which the firms would adopt the supply-depletion price and adopt the profit-maximizing

price otherwise.

According to Lemma B.1(i) and (ii), the wage w is set such that

2 2 v 2 v ) < 2 2 ) ¥
—_— - = >(—— - 1+ )0
(4—72+2—72)w1+<4—72 2—72(2—'_6) Wz = 2—92 4—~2 ( +2) ’

2 2 y 2 v ) < 2 2 ) ¥
—_— - = > — 1+ )0
(4—72+2—72)w2+<4—72 2—72(2+ﬁ) = 2—92 4—~2 ( +2) ’

1-— 1 — 1 1\~
( ﬁz+ +53)w1—< v P 7)w2§( ot )Q

1—7 2—x 2—792  1—~2 1—v 2—72
1-— 1+ — 1 +1\ -
( BZJF ﬂfy)wr( v P 'y>w1§< 7 )Q

1—7 2—~2 2—792  1—~2 1—v 2—72

Then the equilibrium prices are

= { @ = = By (B-y)us b it 2> D(w),

by = i A
P = e { (U ot Juy i, itz <Qw)

Therefore, firm i’s expected profit can be written

Elm;(w;, w;)] :E[(_pi —w;)zi]

Q
:/ {1f7+ﬂ_7wj2_W2_ﬁ7wi}(wiﬁwj)d}7(ﬂs)

Q(w) 1—~2 -2

+/Q§(w) {4_272{(14-;/) +%wj+wi} —wi} <$— (1_7>4_2,y2{(1+;)x"i_;wj‘i‘wi})dF(l’)-

So, the firm’s optimization problem can be written as

Q 2
x| B-n 2—7" =By }
max + w; — w; ¢ (w; — Pw;)dF (x
w; /@(w {1—7 1—y277 1-72 ( ) (@)

)
Q(w) T
" / (52 -
Q 2—nv

2
4
2 2 2 v 2 2 ol
‘. 2 - g > _ 1+ )0
5t (4 72+2 72)w1+<4—fy2 2—72(2_'—5))102_(2 v 4 72>( +2)*’

2
(4—72 2
1-6y 1
(1—72 2—7
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1— 1+ - 1 +1\4
(o0 Py (O P < (- 2 e
1—7v 2—7 2—42  1—~2 l—y 2-—72

Let w; ., denote the solution derived from the first order condition. Also let

1 1 _
— Q, w? = Q.
3_28—2y+ By " 3-28—2y+ By

The constraints (B.23) and (B.24) give

2
Wiy,

2 2
Wi S Wi S Wy,

Let E[r},,.,] denote the optimal expected profit in Case 2. Clearly, if wj < wy,, < wi,
then E[W:;p,cz] = maX{E[Wwp,&’w:w;"cQ]vE[Wwp,&‘w:wl?b]?E[Wwp7c2‘w:wﬁb]}- Otherwise, E[W;p,c2] =

I}

The expression of w; ., is hard to derive with a general distribution for market size (). Here, we

maX{E[ﬂ-wp,d |w:w12b]7 E[ﬂwp,d |w:wib

*
i,C

assume a two-point distribution for (2 and derive the expression of wj, , which will be used in the
proof of Proposition D.1 in Online Supplement D. We assume that () takes the value of Qy with
probability ¢ and the value of €2; with probability 1 —¢. So, the firm’s optimization problem can

be written as

Qu | B—v 2—9*— By Q  2-79° gl 2
H}Uz?xq{l_fy—i-l_,yzwj— —— w; (wi—ﬂwj)+(1—q)<2_fy—4_72wi+4_72wj)

2 2 ol 2 v 2 vy
bt (— = - ~ > — ~
st (4—72+2_72)w1+(4_72 2—72(2+5)>w2—(2_72 4_72)(”2)9“
2 2 ol 2 v 2 0%
- = _ S > _ L
(4772+2f72>w2+(4f72 2772(2+B)>w1_(2772 4772)(1+2)QL7
1— 1 - 1 1
( o +ﬁ7)w1_ gl s V)wzg( ot )QH,
1—792  2—~2 2—792  1—~2 1=y 2—~2
1-By 148y gl B—~ 1 y+1
_ < [|—_ .
<1—72+2—72)w2 G 1—72>w1_<1—'y 2—72>QH
The first order condition gives
o = q(2—7)C+7)A+7)2r —2(1-¢)(2—*) (1 —7*)%
YAy =38+ P+ 8 =292 = 287)(2—7)*(2+) —2(1 - ) (2—*) (1 =) (1 =)
(B.25)
And

1 1
0, w? = Q.
3-28—2v+07 " YwT 395 oy

2 _
Wy =

Case 3: High Wage. The wage is too high such that for any z € [Q,Q], both firms adopt the

profit-maximizing price at the subsequent stage.
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According to Lemma B.1(ii), the wage w is set such that
2 2 y 2 v ) ( 2 2 ) Y\
T st 5 - = > ——— 1+ 2)Q B.26
<4_72+2_72>w1+<4_72 5ot (5o o)1 50 (B20)
2 2 07 2 v ) ( 2 2 ) Y\ A
VY L ) - = > — 1+ ). B.27
(4_72+2_’Y2>w2+<4_72 2_,}/2(2—’_/3) wy = 242 42 ( +2) ( )

Then the equilibrium prices are

o _gm_ 2 RAVIINNG|
Therefore, firm i’s expected profit can be written
. 2—79° gl

Elm(w;,w;)] = E[(p; — w;) 2] :/z ( w; + o wj)QdF(:c).

2—~ 4—~2 4—

So, firm i’s optimization problem can be written as

x 2 — 2 v 2
H}U%X/I<2’y_472wi+472wj) dF(z)
2 2 ¥ 2 v 2 2 .\ =
(et (s )i (2 - 2 )0 D0, (Bas
° 4—72+2—72 e 4— 2 2—72(2+5) =g T g ( +2) (B.28)
2 2 ¥ 2 v ) ( 2 2 ) vy
—_— - - > - 14+ -)Q
(4—72+2—72)w2+<4—’y2 2—72(2+B) = 2—792 4-—~2 ( +2) ’
Q 2 — 2 o
= ; >0, B.29
2—7 4772w+4772w3— ( )
where the last constraint is derived from p; > w; for any z € [Q, Q).
The first order condition gives
" 2+7
Let
1 ~ 2
wp, = Q wib:iﬁ (B.31)

3—28—-2v+8y "
The constraints (B.28) and (B.29) give

2= =7

3 3
Wiy, T Wi < Wy,

Let E[n;},, 5] denote the optimal expected profit in Case 3. Clearly, w; 4 > w,. Then, the con-

vexity of the profit function implies that

B} ]l = ElTwp.eslw—ws |- (B.32)

wp,c3 b

Summary: The expected equilibrium profit in wage precommitment competition is

wp wp,cl

B[, = max { B, o, Bl ol Bl el b
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C. Price Precommitment Competition under Market Size Uncertainty
This section assumes that ) is a random variable distributed on [, ©]. We start with the analysis
of the subgame equilibrium conditional on a fixed price in the first stage and the realization of
market size in Section C.1, and then derive the equilibrium of price precommitment competition

in Section C.2.

C.1. Subgame Equilibrium in the Second Stage
The following lemma characterizes the outcome of the wage game in the second stage for any fixed

precommitted price and realized market size.

LEMMA C.1. For any fized p and x, the subgame equilibrium wages are given by

(i) If

(6 —25%)p1 — (4y — B2y + B)p2 < (4 — §*)a, (C.1)
(6—26%)p; — (4y = B>y + B)p1 < (4= %)z, (C2)
the equilibrium prices are
o _ g — 21t Bp2
wl _wl - 4_ BQ I (03)
* __ooom 2p2 + 6p1
wy =Wy = = 5 (C.4)

(ii) If
(3=2B%=Bv)pr — 2y = B—=B*y)p2 > 2+ B — B*),
(3=28>=B7)pa— (2v—B—B*7)p1 > (24 B — %)z,

the equilibrium prices are

wi =wi = . {(1+5)w— (1—5’7)P1+(’Y—5)P2},

wy=wi=— {14 B)r — (1= By + (v~ B)p .

(iii) If
(326"~ By)ps — (2 — B~ F)pa < 24+ B — B},
(6—26%)p: — (dy — B*y+ B)p1 > (4= p*)z,

the equilibrium prices are

1
2- 3

{82+ +By)pr - Bp2 |

{295’4‘ (27 +B)p1 — 2102}-

\V]

1
— B2
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(i) If

(6—25%)p1 — (4y — By + B)p2 > (4 — )z,
(3=28%=By)p2— (2y—B—B*v)p1 < (24 8 — B*)=,

the equilibrium prices are

. 1
wy = m{23«“+(27+5)p2 —2171},

1
2- B2

Proof of Lemma C.1. For any fixed p and z, the demand quantity for each firm is fixed. On the

*_
’U)2—

{Bz+ 1+ B7)p2 — 1 |-

one hand, the firm could set its wage such that the supply quantity is smaller than the demand,

that is, the firm faces such an optimization problem:

H}Ua_X(Pi — w;)(w; — Bw;)
st w; — pw; <x—p; + ;.

2z+2vp;+Bw; pit+Bw;
3 2

Maximizing the profit function gives that if p; < , then w} = . Otherwise, w; =
* —p; +7vp; + fw;. On the other hand, the firm could set its wage such that the supply quantity

is greater than the demand, that is, the firm faces such an optimization problem:
max(p; —w;) (2 = pi + ;)
st w; — pw; > —p;+Yp;.

Clearly, w; =z — p; + vp; + Bw;. Combining the above two scenarios yields that

pit+Bw; : 2z+2yp;+Bw;
w* = { 2 ’ lf pl S 3
3

x — p; +yp; + fw;, otherwise.

9

We examine Case (i) first. We obtain if

< 21 + 2vps + Pw, < 2z + 2yp1 + Buw,

C.5
D1 > 3 ) P2 = 3 ) ( )
then
w =Pt + Bws w*:P2+5w1
! 2 7 2
Solving the above set of equations yields that
. 2p1+ Bpe . 2p2+B;m
u11—74_52 , w2—74_ﬁ2 .

Putting w; and wj back into (C.5) gives (C.1) and (C.2).

Continuing in this fashion, we establish Cases (ii)-(iv). O
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Before deriving the equilibrium of price precommitment competition, we first derive the equi-
librium of price precommitment competition without demand uncertainty based on Lemma C.1,
which can help us understand the scenario when the demand variance is sufficiently small. The
following lemma implies that without demand uncertainty, the equilibrium prices are chosen in the

first stage such that there will not be any excess quantity in the second-stage wage game.

LEMMA C.2. Suppose there is no market size uncertainty. In price precommitment competition,

the resulting equilibrium wages and prices are such that the supply is equal to the demand.
The proof of Lemma C.2 is similar to that of Lemma B.2 and thus omitted.

C.2. Deriving Equilibrium Price in the First Stage

The previous section shows that for any fixed p, when the market size is realized, the optimal wage
takes either the demand-depletion wage or profit-maximizing wage. To simplify the analysis, we
assume the two firms take symmetric actions. We have three cases with respect to the value of p,
detailed below. Suppose the realized market size is x.

Case 1: High Price. The price is too high such that for any z € [Q,€], both firms adopt the

demand-depletion wage at the subsequent stage.

According to Lemma C.1(ii), the price p is set such that

(3=28" = B1)p1 — (2y = B—B*7)p2 > (2+ 5 - ), (C.6)
(328" = B1)p2 — (2y =B B*7)p1 > (2+ 5 - ), (C.7)
Then the equilibrium wages are

1

P=wl= o (B~ (L= B+ (= ) (C.8)

Therefore, firm #’s expected profit can be written as follows

Elmi(pi,pi)] = E[(pi — w;)zi]

-/ {pi_1152{<1+ﬁ>x—<1—/3v>pi+<w—ﬂ>pj}}<x—pi+wj>dF<x>
:/w {1—1B2{ —(1+B)x+(2—62—ﬁv)pi—(W—B)pj}} (z —pi+p;)dF (z).

So, the firm’s optimization problem can be written as

P

st (3=26%=p)pr— (2v =B = B*9)p2 > (2+ B - ), (C.10)

max/m {1152{ —(1+B)z+(2—8*=By)pi — (v _ﬁ)Pj}} (x —pi +pj)dF(z) (C.9)
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(3—252—5’7)292 (2’7 B— 52 )p1 > (24-5 ﬂ2)

The first order condition gives
3+B8-58"—Bv
4=3y+6-20y 262+ v+ By?
and the second order derivative is negative. Let
2+ /8 — 52 Q
B=2y+ BBy —-282+ 5y

E[9],

*
Diey =

Py =
The constraint (C.10) gives that
Pi > Dy

Let E[r denote the optimal expected profit in Case 1. Clearly, if p; ., > pj;, then E[r”

pw cl] p'w cl]

ElTpw.ctlp=p: ,]. Otherwise, B[}, o] = ElTpu,cilp=p |

Case 2: Medium Price. The price is in a medium range such that there exists a threshold ﬁ(p)

beyond which the firms would adopt the profit-maximizing wage and adopt the demand-depletion
wage otherwise.

According to Lemma C.1(i) and (ii), the price p is set such that

(6—28%)p1 — (4y = B2y + B)p2 < (4 - 7)),
(6 —28%)ps — (47 — B>y + B)p1 < (4 - B)Q,
(3=28"=By)pm — (27— B—°7)p2 > 2+ - 5L,
(3—262=By)pa— (27— B—=B*y);m > (24 8- )2
Then the equilibrium wages are
- { wi = {14+ B)a— (1= By)pi+ (B— s | i =< (p),
Wi = m __ 2pitBp; .
W, = g7 otherwise.

Therefore, firm i’s expected profit can be written

Elmi(pis p;)] =El(pi — wi)z]

E

(» ){1—162{ — (14 B)z+(2—B* = Bvy)pi — ('y—ﬁ)pj}} (x — p; +vp;)dF (x)

o[ (@i

So, the firm’s optimization problem can be written as

Q

mox [ LG (- @ mer -8 - sn- 0o} @ opmar) ©11)
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+/j: ((2—52)171’ —ﬁpj)zdF(x)

15
st. (6— 2ﬂ2)pf) (4’y—ﬂ2’yﬁ+ﬁ)p2<(4—52)9, (C.12)
(6 —25%)ps — (47 — B2y + B)pr < (4= 52,
(3262 —By)p1 — (27— B~ B*Y)p2 > (2+ B — B, (C.13)
(3267 = By)p2 — 2y =B~ B*y)p1 > (2+ 5 - 5*)Q

Let p; ., denote the solution derived from the first order condition. Also let

2 _ 245 O 2 = 4-p O
plb_3 9 2 9 =5 Pup = 2 2 .
— 27+ BBy 282+ 5%y 6— 5 —dy =202+ 5%y

The constraints (C.12) and (C.13) give

2 2
Dip S Pi < Py

Let Eln}, o] denote the optimal expected profit in Case 2. Clearly, if pj < pj, <
pub? then E[ pw ('2] - maX{E[ﬂ-PW,CﬂP:P;CQ]?E[ﬂ-p’w162|p=pl2b]7E[pr702|p=p1 ]} Otherw1se E[ pw 02] =
max{ B[y, c2 ‘p:p%b] s BT e2 ‘p:pib]}'

Case 3: Low Price. The price is too low such that for any z € [Q2,Q], both firms adopt the profit-

maximizing wage at the subsequent stage.

According to Lemma C.1(i), the price p is set such that

(6 —28%)p1 — (4y — By + B)p2 < (4 — 59)Q,
(6—28%)po — (4y — P+ B)p1 < (4= Q.

Then the equilibrium wages are

o, om_ 2PitBp;
7 7 4_B2

Therefore, firm i’s expected profit can be written

E[%(Piapj)]ZE[(pi—wi)zi]:/x((2_521%2_6191)26”;1(33):((2—52)]%—317]‘)2'

4— 32
So, firm 4’s optimization problem can be written as
s ((2 —B*)pi — ﬂpj>2
Di 4— 32
st (6—28%)p1 — (dy = B2y + B)p2 < (4 - )L, (C.14)

(6—28%)ps — (4y — v+ B)p1 < (4 — B°)Q
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For the sake of tractability, we consider symmetric actions. Letting p; = p;, then (C.14) gives

that
2
pi < 1-5 Q.
6— B4y —25° 4 B

Observe from the objective function that the optimal price is

\ 4-p
p; = Q.
6—B—dy—25° 1 B

4-—p2

Putting pi = p} = 55—, 2577577

 into the profit function yields

(-PC-B?
6—B—4y =282+ )

Er}, sl =

pw,c3

(C.15)

Summary: The expected equilibrium profit in price precommitment competition is

pw pw,cl pw,c2 pw,c3

E[W*]:maX{E[Tr* |, E[x*, ], E[x" ]}.

D. The Remaining Proof of Lemmas and Propositions in the Main
Body

Before proving Lemma 4, we first analyze the subgame of the second stage conditional on the
commission rate decisions of the first stage and the realization of the market size. We obtain the

following lemma.

LEMMA D.1. For any realized market size x and fized commission rate o, it is optimal for

platforms to set the equilibrium price such that the demand equals to the supply quantity.

Proof of Lemma D.1. For any realized market size  and fixed commission rate a, firm 1’s

profit is

mi(a) = (p1 — cupr) min{x — p1 + yp2, cupr — faope} = (1 — aq)pymin{z — py + ypa, cups — Baapa}
(1 —aq)p1(capr — Baaps), otherwise.

We first consider the following optimization problem.

max (1—a1)pi(x —p1 +yp2)
1

> x +yp2 + Bagps

st. p1 > I+ a
1

The first order condition (without constraint) gives 22, which is smaller than W. There-

fore, by the concavity of the profit function, we have pj = W
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Then, we consider the other optimization problem.

max (1 —a1)pi(capr — Baaps)
1

T +yps + Bagps
st. p1 < .
1 +O[1

The first order condition gives 22222 Moreover, the second order derivative is positive, indicatin
201 9 )

that 520‘721”2 is the solution to minimize the objective function instead of maximizing. Note that

m =0 when p; =0, so it is not hard to see in this case the optimal solution pj = %
To summarize, no matter in which case, the optimal price is %ﬁﬁo‘m, implying that the

demand equals to the supply. U
Proof of Lemma 4. For any realized market size x, Lemma D.1 implies that
T —pi +yp2 = aup; — Basps, T —py+p1 = wp; — Baip.

Solving this set of equations yields firm 1’s optimal pricing decision for any fixed «,

. 14+ as+v+ Pay
P 0T a0 +as) = (v + Bon) (7 + Bas

):r. (D.1)

Then firm 1’s expected profit function can be written as follows,

(I+az 47+ Baz){on (14 az + 7+ Baz) — Bao(1+ay + v+ far) }

5 E[Q?].
{1+ a)(1+a2) = (v + Baa) (v + Baz) }

Elm (o)) =(1—a)
(D.2)
Maximizing the profit gives firm 1’s best-response function,

(14 a4+ Bas — fPas + fyas) (14 a; — 7 —yfas) +2(1 + o — By — BPas) (Bas + fryas)

%092 = 51+ 0+ 7 — Pan) (1+ a2 = — 7faz) + (1 0 — By — Faz) (1 + az + 7+ Baz — B0z + B1a2)

Similarly, we obtain firm 2’s best-response function o («;). Solving the set of equations yields the
equilibrium commission rate a*. Putting a* back to (D.1) and (D.2) gives the equilibrium price p},
and expected equilibrium profit E[xy]. O

Proof of Lemma 5. For any price vector p > 0, the demand function d;(p) is implicitly defined

by the solution to the following utility maximization problem of a representative consumer:

EQ] 1/ di 0 d;
d%?)z(o 1— 7(d1 + dz) - §<1 — 72 + 21 — ﬁdeldg + 1_772> —p1d1 —pgdg. (D3>
Taking derivative to d; and d, yields %fi] - % - % —p1 =0 and ﬂ—i] - % - % —p2=0.

Solving the set of equations gives

di = E[Q] —p1 +7vp2, dy=E[Q] —p2+7p1. (D.4)
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which is exactly the same as our demand functions.
By (D.4), we obtain p; = {(1 +7)E[Q] —vydy — dy } and py = {(1 —l—v)E[Q] —yd; —ds}.
Putting p; and p, back to (D. 3) and simplifying yields consumer’s surplus 5T 72 +1 & 7+ 1_772 dqids,

21—

which is increasing in both d; and ds.
Similarly, for any wage vector w > 0, the supply function s;(w) is implicitly defined by the

solution to the following utility maximization problem of a representative driver (service provider):

1/ s2 23 s2
sfg?i{owlsl T (1_B2 —ﬁ28182+ 1_52). (D.5)
16_3522 —wy = 1@;2 — wy = 0. Solving the
set of equations gives
— ﬁwg, SS9 = W9 — ﬂwl. (D6)
which is exactly the same as our supply functions.
By (D.6), we obtain w; = 52 5141 52 s and w2 ﬁg 5941 ﬁQ s1. Putting w;, and w, back to

(D.5) and simplifying yields dI‘lVGl“ s surplus 1 5 17 ﬁQ + % 1332 + 1 BQ $1892, which is increasing in both
s1 and s,.

Next, we examine the social welfare, which is the summation of consumer surplus, driver surplus,
and firm’s profit. Note that in equilibrium, supply equals to demand. Hence, the profit function
can be written as m;(w,p) = (p; — w;)z;. Thus, social welfare can be written as

E[Q] 1/ 23 v z3
1_7(Z1+Z2)—§<1_72 +21_7221Z2+ 1_72) —P121 — P222

1/ 22 28 22
+wiz) + waze — (1 — 5 t1o 7 %122+ m) + (p1 — wi)z1 + (p2 — w2) 2o
E[Q] 1/ 23 v 22 1/ 2 23 22
SLIMRETIE e )4 L)
1_’7(2:14-22) 2<1—’Y2+ 1_722’12’24‘1_’72 5 1_52+1—522122+1_52
Taking derivative with respect to z; yields that

E[Q] _ Z1 _ YZ2 _ Z1 _ ,822
11—y 1—9%2 1—9%2 1-p52 1-p5?
:(1 +VEQ -z =722 21+ Bz

1 _ ,72 1 _ ﬁ2
_(1+7)EQ] - (B[] *pll fzfz) —(EQ] —p2tp1) z:gjz by (D.4)]
B zl+522 B wy — Bwy + B(wy — fwy)
=p1— 15 =p1— 11— [by (D.6)]
=p1 —w; > 0.

Similarly, we can show the derivative with respect to z, is also non-negative. Hence, the social

welfare also increases in matching quantity z; and z,. [
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Proof of Proposition 1. Note that if for any realized market size z, the comparison between

*

p% and py (w% and w3 ) depends on comparing v and 3, then it follows immediately that the
comparison between E[p%] and E[py] (E[w]| and E[wy]) also depends on comparing v and 3.

Part 1: We first compare mode wp with mode P. For any realized market size x, as Var(Q2) — 0,

pr = =364y —28y 27"+ By + fyt)o — (1- (1 +9) E9Y
e (1=7)(4 =38+~ =287 —272+ %y + 7?)

T U@ 3817287 -2+ F* + B70)

and
3—2
b :
4—306—3vy+208y

E[Q).

p

Therefore, p;,, — pp reduces to

(32807 =29+ 37 +57*)(4 =38 =37 +267) = (3-28)(1 = )(4 =38+~ — 287 — 29 + 3°y + 7*)
=7+ B(=y =27°) + B2y +7%) = B = (v = B)(1 = B)*~.

Note also that

- 1+7 E[Q), wh— !
YPTA=3B 4y =28y =22+ B2+ By T T 4=38-3v+28y

E[Q],

w

as Var(Q2) — 0. Therefore, w},, —wp reduces to

(14+79)(4—38=3y+287) — (4=38+~ =28y — 29"+ v+ 7*) = —v(v - B) (1 - B).

Finally, as Var(Q2) — 0,
2(1-5)°
(4—38—37+2B7)

One can verify that the comparison for the profit also reduce to comparing the competition inten-

E[ny] —

2 (E[Q])*.

sities of the two sides.
Part 2: We then compare mode pw with mode P. For any realized market size x,

3+B8-58*—By
4—=3y+ [ —20y—26°+ B>y + By

3-20
4—-38—3y+28y

p;w: E[Q]7 p;_) E[Q]7

as Var(Q2) — 0. Therefore, p%,, —pp reduces to

(3408~ 5% =p7)(4 =383y +267) — (3—28)(4—3y+ B — 28y — 26+ 5°y + 57°)

== By + B+ By =B =—B(v - B)(1-A).
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Note also that for any realized market size x, as Var({2) — 0,

. (A=3y+B8-28y =28+ v+ B7)r—(1-7)(B+ 55— B7)EQ]

b (1= B)(A—3y+B—28y =28+ B7+ B77)

145
REEEEET B T S e

and
. 1

ElQ.
W 353 a5, Y

Therefore, w*  — w3 reduces to
9 pw P

(14+8)(4=38-3v+2B7)— (4—3v+B8—-2B8y—2B8°+B*v+ 7)) =B(y— B) (1 —7).

Finally, as Var(Q2) — 0,

: (1- )2~ ) :
Bl = gy 5 amy 28 oy P
Bin) > g g o (B0

(4—38—3v+287)
One can verify that the comparison for the profit also reduce to comparing the competition inten-

sities of the two sides. O

Lemma D.2 is used in the main body for the discussion immediately following Proposition 2.

LEMMA D.2.
(i) If B=0, then limy o 0)—0Pp — Phy = 0.
(ii) If v =0, then limya(a)-0pp — Py = 0.

Proof of Lemma D.2. When =0, one can verify that

3 3
li —pr,= i EQ]——F[Q]=0.
Var%g%—)opp ppw Var%g}—w 4 — 3’7 [ ] 4— 3’}/ [ ] 0
When v =0, one can verify that
) ) 3—20 3—-26
1 p—Dow = E[Q] — E[Q]=0.
Varg?n)—)OpP ppw Vargln)—)o 4 — 3ﬁ [ ] 4 — 3/8 [ ] 0

This completes the proof. [

Lemma D.2 says that when the demand variance is sufficiently small, in the absence of com-
petition in supply (resp., demand) side, simultaneous price and wage competition is equivalent
to the price precommitment competition (resp., wage precommitment competition). This result is

intuitive. For instance, in the absence of supply side competition (i.e., f =0), the supply quantity
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is determined by each firm itself, so it makes no difference in simultaneous price and wage competi-
tion for the firm to decide the wage either together with the price or later. Therefore, simultaneous
price and wage competition can be understood as a price competition in the first stage and followed
by the wage determined automatically to match supply with the demand, which is equivalent to
the prescribed price precommitment competition.

Proof of Proposition 2. Part (a): Note that if for any realized market size z, the comparison
between p% and p} (w% and w; ) depends on comparing v and 3, then it follows immediately that
the comparison between E[p%] and E[p}| (Elwy] and E[w}]) also depends on comparing v and /3.

We first compare mode wp with mode C. Recall that for any realized market size x, as Var({2) —

0,
pr = Am364y—26y =2y + By + fyt)o — (1- (1 +7) E[XY
o (1=7)(4 =38+ =28y =292+ B2y + 7?)
3-28—py—=27"+ v+ 57
E[Q
T U367 28y 292+ By + ) 2
and
L ! E[Q)]
S TR C: )
SO
_ _ _ 2 2 2
p;p—p*c=( 3-28—py =2+ 37+ By Bl 1 BlQ).

11— =38+7—-28y-272+ 7 +p7) '~ 1-y+(1-p
One can verify that p; , > pg it v > 8 and p;,, < pi, otherwise. The comparisons for the wage and
profit also reduce to comparing the competition intensities of the two sides.

We then compare mode pw with mode C. Recall that for any realized market size x,

3+p8—p°— By

£ E[Q),
P = I s+ 2892+ Pt B
and
o — ! E[Q]
Pe T 5 =By "t
as Var(Q2) — 0. So
3+8-58*-By 1

ElQ) ElQ).

p;w 7]‘/)2' =

A=37+B-20y 282+ B+ 1-y+(1- B

One can verify that p;,, <pg it v > 8 and p;,, > pi; otherwise. The comparisons for the wage and

profit also reduce to comparing the competition intensities of the two sides.



25

Part (b): We compare mode P with model C. Recall that for any realized market size x,

. 3283 ) 1
= x’ pr— 1’7
PP= 3 3y 1280 T 1I a1 (1- B
SO
) 3923 1
bPp—D

CTIT35-375287" 17+ (—Ba"
One can verify that p}, <pf if v > 8 or « is sufficiently small, and p} > pf if v < and 7 is
sufficiently close to B. Similarly, the comparisons for the wage and profit also depend on the
competition intensities of the two sides. This completes the proof. [

Proof of Lemma 6. By Theorem 2 in Hu and Zhou (2020), given the quantity output decision
of the competition, it is optimal for firm 1 to set its price and wage such that its demand and
supply are equal to the quantity output. That is, for any fixed (p2,w,) and realized market size x,

there exists a 27 (p2,w,) such that

T —pi+p2 = 2 = wy — fw,.
Similarly,

T —py +p1 = 25 = w;y — Pw.

Then we derive

1
1—~2

p1= [(14+7)r—21 —722], w; [21 + B2s),

1
=1 5

P2 = [(1+7)x— 20 —v21], wo (22 + B21]. (D.7)

1
=1 5

Therefore, firm i’s expected profit can be expressed as follows,

1—~2

Bl ) = Bl —whsl = [ {5~ (2 + g (g + o) e
(D.8)

We obtain firm i’s best-response function as follows,

fy 1 B[] o B
“(z) = 2(1_224-1_152){1—7 7(1—72 * 1—52)22}’
o 1 E[Q] gl g
#a)= 2(2s + 1152){1—7 ~E 1—/52)2’1}'

Solving the above set of equations yields the equilibrium matching quantity z7,. Putting 2{, into
(D.7) gives the equilibrium price p;, and wage wy,. Finally, putting z{, into (D.8) gives the equilib-
rium expected profit Elrg]. O
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Proof of Proposition 3. According to Proposition 1 and Proposition 2(a), it suffices to show

Py = max{p,,,py, } and Elrg] > max{E[r,, |, Er;,]}-

Part 1: We first compare mode ) with mode wp. Note that as Var(Q) — 0,

- 3+8-5* -2y -3
© T (1-7)A+B+y—292—282— B2y —B42)
328y 27"+ By + 67
L—7)(4=384+~—206y—2v2+ 3%y + 7?)

E[9],
E[Q]7

Pup = (
S0 Py — Py, Teduces to

B4 85 =27" = By") (4 =38+~ =287 =29 + B°v + B7°)
— (32807 =2y + By +B7)(d+ B+ — 27" =267 — B2y — 7?)
:{12 +3y— 1472 = 29° + 49" + B(=5 — 5y + 372+ 39%) + B3 (=T + 69 — ") + B*(3+ 3y — 7> — %) +ﬂ4(—v)}
- {12+3’y — 1492 — 298 £ Ayt + B(=5 — 6y + 292+ 37°) + B2(—8 + 872 + % —4)
+ B84+ 5y =9 =29°) + B (—2y *72)}
ZB{'HWQ +B(1—=~")(1-B)—26y" ~ 2627+ﬁ37+5372}
=B(1= BB 7" +(1+B+7— By — By — %)}

>0.

Note also that

s = (1+2)(1+5) Bl w 1+7

A4+ B+ —29*-2062 -y —B* P 438+ — 2By — 29 + By + B

* *
so wg, — wy,, reduces to

E[Q],

(1+8)4—384+7—28y—27*+ v+ B87*) — 4+ B+~v—27*—28> — B>y — Bv?)
=—1-9*)-By(1-5%<0

Moreover, one can verify that E[rj] > E[r;,].

Part 2: We then compare mode @ with mode pw. Note that as Var(Q2) — 0,

\ 3+8-p2—29"-py?
be = (1—7)(4+5+7—272—252—527—5’72)]3[9]’
2

4=3v+B—20y—20%+ v+ B?

SO pg — Py, Teduces to

(B4+B—8—29"=By*)(4 =3y +B—26y—28°+3*v+ %)
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—B+B=B =B —7)A+B8+7—27"—28" - By —B7°)
=67+ +B8(y =)+ B (=27°) + B (—y +7°) + B
=6y +7*(1— B*)>+ By(1—~*)(1—B%) > 0.

Note also that as Var(2) — 0,

£ (I+7)(1+5)
wQ_4—|—ﬁ—|—f)/_272_2ﬁ2_527_ﬂ72E[Q]7

. 1+ 8
Wpw = 4—3'}/—{—/8—257_2B2+527+572E[Q]a

* *
so wg, —wy,, reduces to

(L+7)(4=3y+B8 =28y =28+ v+ B7°) — (4 + B +7— 29" = 28° - By — Bv?)
=—7(1=67)(F+7)<0.
Moreover, one can verify that E[ry] > E[r,]. O

Proof of Proposition 4. On the one hand, according to Lemma 6, when there is no market size

uncertainty, the equilibrium of the single-stage quantity competition reduces to

. _ 3+8-p2—2y— By’ Q
P T AU+ -2 28— By —B7)
. _ L+ +5) O
R 2

L (1+)(1 -5

T ATy 22 2B -y — By

S C Ty 5 (e B el e :
-

(=B 27207 By =72
On the other hand, Lemma A.1 in Online Supplement A.2 gives the equilibrium of the two-stage

quantity precommitment competition. Comparing the two equilibria establishes the result. [

Before proving Proposition 5, we first introduce Lemma D.3.

LEMMA D.3. Suppose Q is distributed on [Q, ).

(a) Suppose f=0. If v is sufficiently small, then E[r; | < E[n;, ]
(b) Suppose v=0. If B is sufficiently small, then E[r},, o] < Elmy, ]

Proof of Lemma D.3. Part (a): According to Cases 2 and 3 in Online Supplement B.2, it suffices
to show for each z € [Q, ﬁ(w)}, the profit earned by setting the inventory-depletion price is lower
than that by setting the profit-maximizing price, that is,

{ z  B=y  2-9"-Py

x 2—~2 vy 2
1_74—1_7211)] 2 wi}(wiﬁwj)§<2_74_72wi+4_72wj> . (D.9)
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Since the firms take symmetric actions, we let w; = w;. Putting 8 =0 into (D.9) yields

x—(2—7)wiwi§(x—(l—v)wi);
1—7 2—7v

One can check

xr— (2—’7)wz‘w_ B (x— (1 _’Y)’wi)g
1—x ! 2—~
G - (e = 1=+ 2 =)+ 1= + 2 =) e}

1
—— Z(:L’ — 3w;)?

<0.

This establishes that Eln; ] < E[7;,, ).
Part (b): Again, we expect to show

x| By 2—7"—By z  2-9° gl 2
{1_7"‘1_1_,}/271)]‘_1_72“]2' (wi_ﬂwj)§<2_fy_mwi+mwj)‘ (D-10>

Since the firms take symmetric actions, we let w; = w;. Putting v =0 into (D.10) yields
1 2
(x—(2=0B)w)(1—-pPw; < Z(ac —w;)”.
One can check

(o= (2= Bw)(1- B — (2 — )’

— — Bew, 12 B)(1 - B) + L — T2

%—(%x—%wi)Q [as B — 0]

<0.

This establishes that E[r; ] < Elr;, 5]. This completes the proof. [
Before proving Proposition 5, we also provide the conditions imposed on vy and 2 (distributed on

[Q,Q)]) for Proposition 5(a-i): « is sufficiently small and Var(f2) is not sufficiently large such that

14+~ Q
R ey (D.11)
2-7)0+7) ) 2 ,
O T e i ey e (D12)
E[Q?] 2(2 —~% —7)QE[Q] 2—72 -7 12 9 i
2-7)2 (2-7)E-7?)(E-27) ((4_72)(3_2”) < (4_37)2E[Q ). (D.13)
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It is easy to verify that (D.11) and (D.12) hold if ~ is sufficiently small and Var(€2) is not suffi-
ciently large. Here, we illustrate (D.13) indeed holds when ~ is sufficiently small and Var(€2) is not
sufficiently large using an example of two-point distribution for 2. We assume that 2 takes the

values of Qg and Qp with equal probability. We have

E[Q? 2(2—~2 —~)QE[Q 2—~2 -0 2

i EL ]27 (2—~ 72) [€2] (( Z 7) ) B[]
=0 (2=7)2 2-7)4d-7)B-2y) (4-7H)(3-2v) (4—37)

1 1. 1., 1 1 1. 1
—ZE[0% - ZQEQ+ —0%— ZE[Q% = ZE[Q?] — ZQE[Q] + — 0?2
4[]6[]+36 8[]8[]6[]+36
11, 1, 11 1 1, lg1. 2
1%+ 59 — G (G + 30) + 30 = 16 { (G — ) - 50}

which is negative if Qg <50, (Var(f2) is not sufficiently large).
Now we provide the conditions imposed on 3 and § (distributed on [©2,€)]) for Proposition 5(b-i):
B is sufficiently small and Var(§2) is not sufficiently large such that

1 1
e S35t (D-14)
1 QE[Q 1 Q2 21-8)2 .

ZE[Q]—2(?)_2ﬁ)4r1(3)_25)2§(4_35)2E[9]. (D.15)

As above, one can verify that (D.14) and (D.15) indeed hold if 3 is sufficiently small and Var((2)
is not sufficiently large. Now, we are ready to prove Proposition 5.

Proof of Proposition 5. Part (a-1): We first derive the equilibrium profit in wage precommit-
ment competition when 8 = 0 by examining the three cases for mode wp in Online Supplement B.2.
Assume ~y is sufficiently small.

Case 1: Low Wage. Inequality (D.11) tells us that w;,, <w,,, hence, the equilibrium profit in

Case 1 is as follows,

E[r, 1] = Elfwpetlw—wr ] = (2-7")(1+7)

E[Q.
wp,ecl i,cl (44_,7_272)2(1_7) [ ]

Case 2: Medium Wage. According to Lemma D.3(a), E[r; , o] < E[7; ]
Case 3: High Wage. (B.32) indicates that

Bl el = [ (7 — 2 b PaF (@)
E[Q]  22—7*—)QE[Q] ( (2—72—7)Q 2
2-72 2-7ME-7)B-27) “(“d-)B-2y)"

Summarizing the above three cases, we have

Elr,, | =max{E[r}, ,], E[r}, ]}

wp,cl wp,c3
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On the other hand, (4) gives

2 2
(e

Inequalities (D.12) and (D.13) show that E[r; ] < Elrp] and Eln},, 5] < E[7p], respectively.

Hence, E[r;, | < E[r3].

Elmp] =

Part (a-ii): We obtain

EQ] O 2—7) Q

E[”Zp] Z E[ﬂ-wp,cl ’w:wib] = ( 33— 2,)/’

2
(4—3v)?

Onme can check Elr; | > E[rp] if v is sufficiently large.

11—y 1-v3-2y

Elrs) = E[Q?].

Part (b-1): We first derive the equilibrium profit in wage precommitment competition when v =0
by examining the three cases for mode wp in Online Supplement B.2. Assume § is sufficiently
small.

Case 1: Low Wage. Inequality (D.14) tells us that w},, <w}

i,cl = Yub’

hence, the equilibrium profit in

Case 1 is as follows,

Bl ] = Eltuperho:] = M(E[QDQ-

Case 2: Medium Wage. According to Lemma D.3(b), E[r;,, ] < E[r
Case 3: High Wage. (B.32) indicates that

Z}p,c3] .

2

E[Wzm,c:s]:/( a 2= _vwg)QdF(:n):iE[QQ]— QB o

1
2(3—20) +1(3—25)2'

2—7_ 4—~2 b

Summarizing the above three cases, we have

E[ﬂ-;p] = max {E[W;p,dL E[Tr:;)p,cli]}‘
On the other hand, (4) gives
2(1=8)" y2
Elryh] = —=FE[Q7].
Clearly, E[r;,, .| < E[rp] because (E[Q])* < E[Q?]. Inequality (D.15) shows E[r},, 5] < E[r}p].

Hence, E[r;, | < E[rp].
Part (b-ii): We obtain

(B-2B)E[Q] - (2-5)2
(3—-28)

E[ﬂ'* ] 2 E[ﬂ-wp,cl‘w=w1

Efrs] = ME[QQ].

b
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One can check that if § is sufficiently large such that

(3-20)E[Q]- (-2 21-5)

(3—2p)? (4-3p)

E[r: | > E[n5] holds immediately. This completes the proof. [

wp

[92] Y

ProPOSITION D.1. Suppose Q) takes the wvalues of Qy and Qp with probability q and 1 — g,
respectively. Assume 3="-y.
(a) If Var(Q) is not sufficiently large and [ is sufficiently small such that Qg <
0 {20-0(2-8%)(1-B)(2-B)+24(2—5)* (2+) (3-p)+1-8 * *
mm{ A (B U, 6ms QL}’ then Elm;,| < Erp].
(b) If B is sufficiently large, then E[r; | > E[rp].

Proof of Proposition D.1. Part (a): We first derive the equilibrium profit in wage precommit-
ment competition when S =~ by examining the three cases for mode wp in Online Supplement B.2.

Case 1: Letting g =~ yields

* E[Q 1 QL
Wil = 570 vy oy Wwb = 70 ova v
4202-p0-p) T (3-8)01-5)
Since Oy < %Q L, it follows immediately that w; ., <w,,. Due to the concavity of the profit
function, the equilibrium profit in Case 1 is as follows,
. (E[Q])”
E[ﬂ-cl] :E[Tr|w:wzcl] = 2(2_6)2- (Dlﬁ)

Note that

(3= B)EIQ) - 202,) 0,
(- BR(1-B)

Elri] = Elnlymyr,] = (D.17)

Case 2: Letting § =y yields

] q(2+8)(2—8)*r —2(1 - q)(2 - *)(1 - B)2 > Q0

Y T o2 B) 2 BP(L-B) 20l —q)2- )1 - B2 T B-BHA-p)

. 2(1-q)(2-5%)(1-8)(2—B)+2¢(2—B)*(2+8
Since 1y < T2 BT P B-B)

1Q;, we have w},, < w}. Due to the concavity of the

profit function,

E[r}y) = E[r|yyey2 ]| = (B-B)E[Q] —20.)Qy

) (D-18)

Note that

. _a(2-8)%Q% + (1 - q)[(3 - B) — Qy]?
Elnl] > Elr|y—u,] = CEGEEEE : (D.19)
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Case 3: Letting 8 =y yields

3 _ Qg

T BB

o1 92— 82 + (1 —q)[(3—B)Q — Qul?
Elngs] = CEGIEEE . (D.20)

Combining (D.16)-(D.20) gives E[r} | > E[r’,] > E[r?%;]. Therefore,
’1_ . . c o (E[Q))?
E[Trwp] = Inax {E[ﬂ'cl]a E[Tch]?E[ﬂ-CS]} = B[] = 202 — 5)2
On the other hand, when 5 =1, (4) gives
o Bl
Hrr = s

Clearly, E[r} | < E[r}] because (E[Q])? < E[Q?].

wp

Part (b): Since E[r;, | takes the maximum of the three cases, we have

Elr;,) > Elr}y] > Elnl,_y1 | = (B=B)EQ] —20,)

”” (3-6)2(1-5)
Next, we compare E|r;, | and E[n}]. One can check
Elr.,] — E[np]
_(B-PEQ -20,)0;  B[0?
- (3-p5)21-p) 2(2-p)?
:2(3 _ 6)2(1 1_ 6)(2 _ 6)2 {2(2 - B)QQL((g - ﬁ)E[Q] - 2QL) - (3 - 5)2(1 — ,B)E[QQ]}
1
N2(3 —B)2(1—-pB)(2-pB)? {4QL (E[Q] - QL)} >0,

where the above approximation holds as § —1. [

Before proving Proposition 6, we first introduce Lemma D.4.

LEMMA D.4. Suppose 2 is distributed on [Q,)].
(a) Suppose 3=0. Then E[r>, o] < Er, sl
(b) Suppose v=0. If B is sufficiently small, then E[r%, o] < B[, ]

Proof of Lemma D.4. In order to show E[r, ] < E[r), ], according to Cases 2 and 3 in
Online Supplement C.2, it suffices to show that for any = € [Q, Q(p)}, the profit earned by setting
the demand-depletion wage is lower than that by setting the profit-maximizing wage, that is,

1

1_752{—(1+ﬁ)x+(2—ﬂ2—5v)pi—(v—ﬁ)pj}(w—pﬁ’vpj)S (Qigzpézﬁpjr. (D.21)
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Part (a): Putting 5 =0 into (D.21) yields

=N

(=2 +2p: —p;) (x = pi+p;) < 7 (D.22)

Since the firms take symmetric actions, we let p; = p;, and thus (D.22) further reduces to

SN

s

[~z + 2 =)z — (1 =7)pi] <

- |

The first and second order derivatives with respect to v indicate that the left hand side achieves

its maximum when v = %. Putting v = % into the left hand side yields that

pi
[~z +@2—=)plz— (1 =7)pi] = 1
This completes the proof of Part (a).
Part (b): Putting v =0 into (D.21) yields

1
1-p2

(2—52)]91'—5173}2' (D.23)

{00 @+ e —p) < [S= 175

Since the firms take symmetric actions, we let p; = p;, and thus (D.23) further reduces to

1

(2—p° *ﬁ)pir
1732 '

{_(1+ﬁ)x+(2—ﬂ2+5)%}@_pi)< [ 4-p?

One can check

! 2= i’
1—p2 4 — (32
2
:(—x—|—2pi)(m—pi)—% [when 8 — 0]

{~+Bz+ @8+ pa—p) - |

<0.

P 2
The last inequality holds because when z = 3p;, (—z + 2p;)(z — p;) — £ achieves the maximum

which is 0. This completes the proof of Part (b). O
Proposition D.2 is an extended version of Proposition 6 and includes the specific conditions on

the magnitude of the variance of demand uncertainty. Assume that (2 is distributed on [, ).
PropoSITION D.2.  (a) Suppose B =0 and ﬁE[Q] > ﬁ@ Then, E[r},] < E[np].
(b) Suppose v=0.
. . . _ 52 a2 =
(i) If B is sufficiently small and if;_Q%QE[Q] > 32:5_2%29, then E[ny,| < E[rp].
(it) If B is sufficiently large and Var(Q) < (E[Q] — 2)Q, then E[r},] > E[x})].
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Proof of Proposition D.2. Part (a): We first derive the equilibrium profit in price precommit-
ment competition when S =0 by examining the three cases for mode pw in Online Supplement
C.2.

Case 1: High price. Inequality ﬁE Q] > ﬁ@ implies that p; ., > py,, so the equilibrium profit

in Case 1 is
3(6 — 8y +3+?)

* — _ 2 2
Bl = ElTpw.erlp=p; .| = (d—3y) (E[Q)" - E[27].
Case 2: Medium price. According to Lemma D.4(a), E[ry, o] < B[y, ..
Case 3: Low price. (C.15) shows
1
Elr = 0%
[ﬂ-pw,CS] (3 _ 2’7)27
Summarizing the three cases, we have E[r | =max {E[r ], E[r}, s}
On the other hand, (4) gives
2

Elrp) = ——— E[0?).

Next, we compare E[r | with E[n}:]. One can verify
S R R

(3=27)2 (4-37)* (B—27)*(4—-37)°
so E[my, 3] < E[mp]. Also,

3(6 — 8y +3+?) 2

_ 3(6—87+39?) 2_2—1—(4—37)2 )
o (4-3y)2 (EL2) (4—37)? Bl
24 (4_37)2 2 2

s (CUER

<0

Y

where the last inequality holds because (E[Q])* < E[Q*]. Therefore, E[r},, 1] < E[r}3]. This com-
pletes the proof of Part (a).
Part (b-i): We first derive the equilibrium profit in price precommitment competition when v =10

by examining the three cases for mode pw in Online Supplement C.2. Assume § is sufficiently

small.
Case 1: High price. Inequality 43:5__2%22 E[Q] > 32I[§—_2%22 Q) implies that Die 2> Py, s0 the equilibrium
profit in Case 1 is
(348 —p%)(6+68—48°—35°+ ) 1

E[ﬂ-;w,cl] = E[Trpw,cl|p:pf,cl] = (1—B2)(4+ B —2B2)2 (E[Q])Q - EE[QQ]
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Case 2: Medium price. According to Lemma D.4(b), E[n},, ] < E[7, ]

p

Case 3: Low price. (C.15) shows

. (1-B)*2=5)* s
E[Trpw,c?)] - (6_/3_262)2 Q .

Summarizing the three cases, we have E[r’,| =max {E[r*, 1], E[r}, s}

On the other hand, (4) gives
2(1-p5)°
(4-3p)?

Next, we compare E[r7,] with E[r}]. One can verify

Eln] = E[Q?).

2-p V2 1 ,
65 _25° 1-35 (6—5—252)(4—35){8_6*@_(10_\@)ﬁ+(3+2*/§)5 j <o,

where the last inequality holds because the term in the bracket decreases in # and achieves the

maximum (which is negative) when 3 = 0. Therefore, E[r7,, 5] < E[np].

One can also check

E[Tr;w,cl] - E[ﬂ-;]
N VL L DN B (R
I LT e I e i v
9

~{(Bl)? - Bl2)} <o,

where the above approximation holds as 8 — 0. Hence, E[r}, ] < E[rp]. This completes the proof
of Part (b-i).
Part (b-ii): We have

B, > Bl o] > Bl cilymp ]

_ 2+ 68— o o2 ~ el L

_(1—ﬁ2)(3+5—252)2{(3+25 BB +6-26°) B2~ (2+5 B)Q} 5Pl
while

Blry) = A pio
" (4-3p)°

One can check

Elm,,] — E[mp]

2+5_62 2 2 ) 2\ 2 1 2 2(1_6)2 2

2(1_62)(3+5_2B2)2{(3+25—5)(3+B—2ﬂ EQIN - (2+8 - )07}~ 1= 9]~ 2y Pl
— 1 2+ﬁ_52 _ Q2 _9pR2 o ->2Ye A U 2_2(1_5)3 2
T3l T E s s LB+ 20— BB+ 28BN~ (245 — )0} — BIO%] — o a Bl



1 A 1 ~2 2
o 2Bl - 597 - Bl ]

1 7 = 1 ~2 2
=15 210 - 52— (B(Q) Vm’(Q)}
>1:6’ E[Q]Q =05 Var(Q)}

where the above approximation holds as  — 1 and the last inequality holds because Var(2) <
(E[Q] - %)Q This completes the proof of Part (b-ii). O

E. Asymmetric Results
This section presents the analytical equilibrium outcome for each mode when the market sizes are
asymmetric. First, for simultaneous price and wage competition, the unique equilibrium of price

and wage for platform ¢ and the resulting matching quantity and profit are as follows,

. _ 625+ (97 + B8 —48*)9; v = AH267) + (36 +37)9,
PP = 16— 26y — 97 + 45277 — 997 P (442672 = (38 +37)2
OG0l G V| ORI Rk . o LY
P 1628y -9 AR -9y T T 16-28y =982 +48y* =9y 1~

Second, for wage precommitment competition, the unique equilibrium of price and wage for

platform ¢ and the resulting matching quantity and profit are as follows,

g 22— By =) 3+ (20 + £
A=) A2 By —1?)? = (38— — B2y — By

BB =B =B [(2B+7— By —287°) Qi+ (1+ By = 8°7* = B7°) ]
(1—=72)[4(2—By—7%)2— (38—~ — B>y —7?)?] ’

o202 By =) Qi ) + (38 — v — B2y = By*)( + )

Pups = 42 =By =122 = (38— — B2y — B7?)? ’
o (42287392 = 30° 4 57 + Py + 20°9°) + (37 — B - 20%y — 29° + 57 + 577) 9
o 42 =By =722 = (38— — B2y — B?)? ’

. 2=py—7° [(4 — 28y — 372 =332+ 67 + B2y +26%9%)Q + (3y — B — 26%y — 29° + 3342 4 527

Tupd =T 3 42- By =722 = (38— — B2y — B?)?

Third, for price precommitment competition, the unique equilibrium of price and wage for plat-

form ¢ and the resulting matching quantity and profit are as follows,

L2025 B[ =B = B + Y] + 3y = B— B2y — B9?) (3 — B° — By)Q + L]

P 42— = B)? = (3y =B = B2y = ?)? ’

. 22— B = B+ B) + (3y— B — B — 817 (B + )
P 42— 32— py)? — (37— B — B*y — B7?)?

w )

j]Q.
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o (1=B[22— 5= 87)Q+ (37 = B— 8y = B1°) ]
e 42-p2=p7)? =By =B - By =) 7

. ) 2 2(2— 4% — By)% + (37 — B— By — By*) 2
Ul o o D e L

Last, for quantity competition, the unique equilibrium of price and wage for platform ¢ and the

resulting matching quantity and profit are as follows,

e = 222870 [B = A9 4 290] (B =N [(B— ML+ 1) = (L= 52— By + 57)
o (1-72)[4(2 =52 =) = (B+7)*(1 - $7)?]

v = 22282 =) [+ BN+ (B 7)) — (B+7)(1 = 1) [(B+7)+ (1+57)9]

Qi 42— B2 —~2)2 — (B+7)2(1 — Bv)? ’
. _A=8)[22-8—)(Q +9) — (B+7)(1 = A1) +19)]

"o 42-pB2 =) = (B+7)* (1= By)? ’

o 2285 [2(2—52—72)(Qi+79j)—(5+7)(1—57)(Qj+79i)]2
@ 1—72 42- 32 =92 = (B+7)* (1= Bv)? '






