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A. Proofs for the Main Results

Proof of Lemma 1. As both D, and D,, follow the normal distributions, the optimal solu-

tions of (2) under the two scenarios can be expressed as ¢, = pus + 0.2* and Qgn = s + fom +

V02 +02 +2p0,0,2%, where 2* =& (1 — ;—Z) Consequently, the corresponding fill rates can be

written as

E[min(D;, q,)]
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where ¢ follows the standard normal distribution.

As 0.,/ i, = 05/ s, We can obtain
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where © = ug/ iy, = 05/0.m, and the inequality holds because the correlation coefficient p < 1.

As E[min{z*, e}| <E[e] =0, the above inequality implies that (s, > (. O

Proof of Proposition 1. Let é be the customers’ belief on the fill rate and (qgs,qgm) be the
retailer’s belief on the proportions of store-only customers and omni-customers who purchase offline.
We first characterize customers’ channel choices and retailer’s optimal decision in terms of these
beliefs.

Customer Choice. Given customers’ belief on the fill rate, let ((58, ggm) be the resulting propor-
tions of omni-customers and store-only customers who purchase offline. Customers’ utilities from
purchasing online and offline channels are given by (1). Then, customers’ channel choices are as
follows: 1) store-only customers purchase the product if Uffb > 0; otherwise, exit the market, or 2)
omni-customers purchase the product from the offline channel if and only if UY , > max(0,U~ )
and from the online channel if and only if U7 , > max(0,U.; ). In particular, we can further char-
acterize customers’ choices, (¢s, Py, ), in different parameter regions as follows.

(i) If Cup — k > (u, —t), then both store-only customers and omni-customers will choose the

offline channel, i.e., (¢s, ¢,n) = (1,1).
(ii) If u, —t> fub — k >0, then store-only customers will go to the B&M store, whereas omni-

customers will choose the online channel. That is, (¢, @,,) = (1,0).
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(iii) If u,—t>0> Cuy — k, then store-only customers will exit the market, and omni-customers
will choose the online channel. That is, neither will go to the B&M store, i.e., (¢, ¢ ) = (0,0).

(iv) If fub —k <0 and u, —t <0, then both types of customers will exit the market, i.e., (¢5, dn ) =
(0,0).

Therefore, given customers’ belief on the fill rate 5 , the resulting market segmentation (¢, ¢,,) can

be expressed as .
(1,1) if & > mestts,

(Gorbm) = (1,0) if £ < < vttt (A1)

(0,0) if { < £
Retailer’s Optimal Decision. Given retailer’s beliefs (QASS,QASm) on customers’ choices, let ¢
and ¢ be the optimal order quantity for the B&M store and the corresponding resulting fill rate,
respectively. As customers are homogeneous, there are only three possible values of (qgs, qgm): (0,0),

(1,0), and (1,1). We now analyze the retailer’s optimal decision for the three cases.

(i) If (¢, dm) = (1,1), the retailer’s expected profit is m(q) = pyE[min(D., + D, q)] — c»q. Then,
the optimal order quantity is ¢ = ¢s,,, and the corresponding fill rate is ¢ = Com.

(i) If (qgs,qgm) = (1,0), the retailer’s expected profit is 7(q) = p,E[min(Dy,q)] — c»q + (po —
Co)E[Dy,1{1<u,1]. Consequently, the optimal order quantity is ¢ = ¢, and the corresponding
fill rate is ¢ = (.

(iti) Tf (s, dm) = (0,0), the retailer’s expected profit is 7(q) = (po — o)E[Dm1{1<u,}]. Therefore,
the retailer will order nothing from the B&M store and the resulting fill rate is zero, i.e., §=0
and ¢ =0.

In summary, given the belief (qgs,qgm), the retailer’s optimal decision of ¢ and the corresponding

fill rate ¢ can be characterized as

(oG B (B B) = (1),
@O =4 (@) if (b0rbm) = (1,0), (A2)
(070) if (¢sa ¢m) = (070)

RE Equilibrium. Next, we analyze the RE equilibrium, denoted by (¢?, 2, $?), by connecting
customers’ choices with the retailer’s optimal decision. The concept of RE equilibrium states 1)
customers’ belief on the fill rate is exactly the realized fill rate, and 2) retailer’s belief on customers’
choices is consistent with the realized one. Specifically, we define the RE equilibrium as follows.

DEFINITION Al (RE EQUILIBRIUM UNDER BASE). A RE equilibrium (C,C, G, by, G, bss @)
should satisfy the following conditions:

(i) Given C, (¢, ) satisfies Equation (A1);

(ii) Given (@, dm), (7,C) satisfies Equation (A2);



(iii) ¢=C¢ and (By, ) = (ds, Pm).

By Definition A3, we know that there exist only three potential RE equilibria, i.e., (¢Z, 92, ¢2) =
(qsm>1,1), (gs,1,0), and (0,0,0). In the following cases, we first verify whether these potential
equilibria satisfy the conditions of RE equilibrium. When there exist multiple RE equilibria, we
choose the one which is Pareto-dominant.

Case 1: k < (onup — (u, — t). In this case, we first show that (gsm,1,1) and (0,0,0) are RE
equilibria, whereas the existence of (gs,1,0) depends on whether (,u, > k > (,up — (u, — t) or not.
We take the equilibrium (ggm,,1,1) as an example to illustrate how to justify a RE equilibrium.
Specifically, if the retailer expects that both store-only and omni-customers purchase offline, he will
stock ¢, in the B&M store by Equation (A2). Meanwhile, if both store-only and omni-customers
believe that the retailer allocates q,,, in the B&M store, then they anticipate that the fill rate
i Com- AS Csmup — k> (u, —t) >0, they will purchase from the B&M store (see Equation (Al)).
In other words, all beliefs are consistent with the actual outcomes and thus (¢s,,1,1) is a RE
equilibrium. A similar argument can be applied to the equilibrium (0, 0,0).

We now discuss the possibility of equilibrium (g, 1,0). If the retailer expects that only store-
only customers purchase offline, he will stock ¢, in the B&M store by Equation (A2). If customers
believe that the retailer allocates ¢, in the B&M store, then their expected fill rate is (,. If 0 <
Csup — k < (u, —t), store-only customers purchase offline, while it is not the case for omni-customers
by Equation (A1), i.e., the beliefs are indeed consistent with actual outcomes. However, if (,u, — k >
(u, —t) (or (sup — k <0), both store-only and omni-customers will (or not) go to the B&M store
and customers’ choice would be different from the retailer’s expectation.

We next show that the equilibrium (g, 1,1) always Pareto-dominates others. Clearly, the equi-
librium (0,0,0) is dominated, as it generates zero payoff for both retailer and customers. Now, we
compare the equilibria (¢smn,1,1) and (g;,1,0). On the retailer side, we have

75(qs[(1,0)) = 75 (gsm|(1,1))
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where the last inequality holds by Assumption (M).



Thus, retailer’s profit under equilibrium (g, 1,1) is larger than that under (g5, 1,0). Meanwhile,
by the condition k < (,,up — (u, — t), omni-customers’ utility under equilibrium (g, 1,1), i.e.,
Csmup — k, dominates that under (g, 1,0), i.e., (u, —t), whereas store-only customers’ utility under
equilibrium (g, 1,1) also dominates as the fill rate is higher, i.e., (,,, > (. Therefore, the Pareto-
dominant equilibrium is ¢® = ¢, and (¢Z,¢8) = (1,1).

Case 2: (up >k > Comup — (u, — t). In this case, omni-customers will never choose the offline
channel as (u, —t) > (smup — k. This implies that (gsm, 1,1) is not a RE equilibrium. Similar to Case
1, one can show that both (g5, 1,0) and (0,0,0) are equilibria and that (g, 1,0) is Pareto-dominant.
Thus, ¢® = ¢, and (¢7,¢5) = (1,0).

Case 3: k> (,up and k> (nup — (u, —t). In this case, one can verify that there exists just one
equilibrium, (¢Z,¢Z,¢2)=(0,0,0).

By combining the above cases, we can obtain the desired results. [

Proof of Lemma 2. We first show that ¢, > ¢,. By (4), we have

Omp(q)  9mp(q)

OE[min(D,,, (¢ — D,)")] <0
0q 0q

7 <o, (A3)

= (Co - pb)
(q;s,d;m):(l,l)

where the inequality holds as p, > ¢, and the term E[min(D,,, (¢ — D,)")] is increasing in g.
As mp(q) is convex, Equation (A3) implies ¢y, > ¢,. We now prove that ¢, > g,. Referring to (2),
gs is the minimizer of 75(q) with ém =0 and ¢, = 1. Then, we can show that

Omp(q) _ Omp(q) OE[min(D,, (¢ — Ds)")]

— <
0q Jq Co 0q =0,

(¢s,¢m)=(0,1)
which implies that g, > gs.

Combining the above results, we can prove that g5, > ¢, > ¢;. Recall that (, =
E[min(D;, ¢,)]/E[D,], ¢, = E[min(D;, ¢,)]/E[D,] and (s, = E[min(D,, + Ds, ¢sm)]/E[D,y + D.

As the fill rates ¢ and ¢, are increasing in the order quantity, one can easily show that ¢, > ;.
We next show that (,,, could be higher or less than (,. Actually, if ¢, approaches 0, (, converges
to (s, which is no higher than (,,, (see Lemma 1). Moreover, we can see that ¢, is increasing in c,.
We just need to use a counter example to show that it is possible that (,,, < (,. Let ¢, approach

py and Dy = D,, (i.e., p=1, us = ), then, g, converges to gs,, and

E[min(qsm, Ds)]  E[min(2¢sm,2D;)] _ Emin(gsm, Ds + Dy)]

“7 D) ERD > ED.1D,] o™

This completes the proof. [



Proof of Proposition 2. Similar to the proof logic of Proposition 1, we characterize the
equilibria as follows.

Customer Choice. We first investigate customers’ choices among different channels in the
presence of BOPS.

e Omni-customers. With the BOPS channel, omni-customers have four alternative choices:
exiting the market, purchasing offline, online, or through BOPS. By Assumption (U) (i.e., t <u,),
omni-customers will always gain a positive utility from purchasing online, and thus, will never
choose to exit the market. Moreover, as u, > u;, omni-customers always prefer the BOPS channel
to the option of purchasing offline. Therefore, omni-customers will choose between the online
and BOPS channels. Specifically, omni-customers purchase from the BOPS channel if and only if
Uy > U}, and the online channel if and only if U} > U} .

e Store-only customers. Store-only customers’ utilities from purchasing offline are given by
U f p = fub — k. Then, store-only customers purchase the product if U f » > 0; otherwise, exit the
market.

Based on the analysis on customers’ choice, we can derive the resulting market segmentation as
follows.

(i) fk<tand k< Cuy, store-only customers will go to the B&M store, and omni-customers will

choose the BOPS channel. This means that the total demand for the BOPS channel is D,,,
and that for the B&M store is D,.

(ii) If k<t and k> Cuy, store-only customers will choose to exit the market, whereas omni-
customers choose the BOPS channel. Then, the total demand for the BOPS channel is D,,
and that for the B&M store is 0.

(iii) If k>t and k < fub, store-only customers will go to the B&M store, whereas omni-customers
will go to the online channel. Thus, the total demand for the online channel is D,,, and that
for the B&M store is D,.

(iv) If k>t and k> Cuy, store-only customers will exit the market, and omni-customers will
choose the online channel. This means that the total demand for the online channel is D,,
and that for the B&M store is 0.

We denote by ¢,, the proportion of omni-customers who choose to purchase from BOPS and
by ¢, the proportion of store-only customers who purchase from the B&M store. Therefore, given

customers’ belief on the fill rate é , the resulting market segmentation (¢, ¢,,) is given by
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Retailer’s Optimal Decision. We now analyze the retailer’s optimal decision given his beliefs
on the market segmentation (ngs,gbm). Let ¢ and ¢ be retailer’s optimal order quantity and the
corresponding resulting fill rate given his belief, respectively. From the above analysis on the market
segmentation, we restrict retailer’s belief (@, ¢,,) within the set of (1,1), (1,0), (0,1), and (0,0).
Notice that those omni-customers who choose the BOPS channel, but if not satisfied, will switch
to the online channel. We analyze the retailer’s optimal decision in the following four cases.

(i) If (¢s,dm) = (1,1), the retailer’s expected profit is 7(¢q) = p,E[min(D,,q)] — cq +
coE[min(D,,, (¢— Ds) )]+ (po — ¢o)E[D,,,]. Then, the retailer’s optimal order quantity is § =g,
and the corresponding fill rate is { = (.

(ii) If (¢s,dm) = (0,1), the retailer’s expected profit is m(q) = ¢,E[min(D,.,q)] — ¢sq + (po —
¢,)E[D,,] . The optimal order quantity is ¢ =0, as

or(q) q— tm
_ _ e <
aq —Co(]' q)( o )) Cb_Ou

where the inequality holds by ¢, < ¢,. Thus, the corresponding fill rate is ¢ = 0.
(iii) If ((fﬁs,qﬁm) = (1,0), the retailer’s expected profit is 7(q) = p,E[min(D,,q)] — ¢»q + (po —
¢o)E[D,,] . The optimal order quantity is ¢= ¢, and the corresponding fill rate is ¢ = (,.

(iv) If (@, dm) = (0,0), the retailer’s expected profit is 7(q) = (p, — ¢o)E[Dsn] . The resulting order

quantity and fill rate are §=0 and ¢ = 0, respectively.
Therefore, given retailer’s belief (qgs, ®m), the optimal order quantity ¢ and the corresponding fill

rate ¢ are given by .
3 (qp? (p) if (Qfsa ¢m) = (17 l)v
(Qa C) = (an Cs) if (fbsa ¢m) = (170)7 (A5)
(0,0) if ¢, =0.

RE Equilibrium. We now turn to analyze the RE equilibrium, which is denoted by (¢, ¢%).
DEerINITION A2 (RE EqQuiLiBRIUM UNDER BOPS).

A RE equilibrium ((, C, b, bs, g) should satisfy the following conditions:

(i) Given ¢ and é,,, b, satisfies Equation (A4);

(ii) Given ¢, and ¢, (7,¢) satisfies Equation (A5);

(iii) ¢=¢ and ¢, = ¢,.

According to the above definition, we consider the following four cases.



Case 1: k<t and k <(,u,. By (A4), we have ¢,, =1, and thus by (A5), we have two potential
equilibria, i.e., (¢,,1) and (0,0). Similar to Proposition 1, one can verify that both are RE equilibria
and that (g,,1) Pareto-dominates (0,0). Thus, ¢” = ¢, and ¢ =1.

Case 2: k <t and k > (,u,. Again, we have two potential equilibria, i.e., (g,,1) and (0,0).
However, in this case, (g, 1) is not a RE equilibrium. Thus, there exists only a single equilibrium,
i.e., ¢ =0 and ¢f = 0. As the retailer does not store any inventory in the B&M store, omni-
customers will choose the online channel.

Case 3: k>t and k < (,uy. In this case, ¢,, =0 and there are two equilibria, i.e., (¢¥',¢%) =
(gs,1) or (0,0). The former is Pareto-dominant and thus ¢© = ¢, and ¢ =1.

Case 4: k>t and k > (,up,. In this case, ¢,,, =0, and the only equilibrium is (g7, ¢%) = (0,0).
As (¢, > (s (see Lemma 2), summarizing the above four cases leads us to the proposition. O

The proofs for Propositions 3, 4 and 5 can be derived by comparing retailer’s expected profits
in various areas, as illustrated in Figure 3. We now illustrate the proofs as follows.

Proof of Propositions 3. We analyze this case by considering the following two cases.

® (omtp — U, +t <k <min(t,(sup) (i.e., Area (I-2)). By Proposition 1(ii) and Proposition 2(i),

the retailer’s expected profits in the BASE and BOPS models are respectively given by

Mp = man{pr[min(Ds, 9)] — g+ (po — ¢o)E[Dyn ]}

Iy = m(?x{prE[min(Ds, q)] — evq + ¢, E[min(D,,, (g — D) )] + (po — ¢o)E[D,,]}.

Clearly, HB S Hp.
o max((smUps — Up +1,(sup) < k <min(t, (up) (ie., Area (I-3)). By Proposition 1(iii) and Propo-
sition 2(i), the retailer’s expected profits in the BASE and BOPS models are given by

Iy = mgX{(po —¢o)E[Dp]};

Iy, = mgxx{pr[min(Ds, q)] — cvq + c E[min(D,,, (¢ — D) ")) + (po — ¢o)E[D,] }-

Then, it directly follows that Iz <Ilp.

Combining the above two cases will lead to the result. This is due to the fact that,

[max(Csmup — o+, min(t, (up)| = [Csmup —uo+1t, min(t, Cup)] U[max((smub —u,+1,(sup), min(t, Guy)],

as (s <(p. U
Proof of Proposition 4. When (u, < k < (gnup — u, +t (., Area (II-1)), we have that

ComUp — Up + > (puy, if the region is not empty. As (gnup < u,, we have t > (,uy, and the condition



of Proposition 2(iii) becomes k > max{(,us, (sup } = (u,. This means that the case corresponds to
Proposition 2(iii) under the BOPS setting.
By Proposition 1(i) and Proposition 2(iii), we have

Iz = max{p,E[min(Ds + D,,,q)] — cpq}
q

*
€

= (pp— ) (s + tm) —i—pb\/ag +02 +2poso, / ed®(e)

— 00

*

= (pp — ) (s + pm) + pm A —I—pbas/ ed®(e)

*

= (pb—cb)uerpbas/ ed®(e) + (pp — o + A) fom,

(pb — G Ms +pb0—s/ Edcb - CO)/.Lm,
- ma'X{pr[mln( )] CbQ} + ( Co)/l,m,
2 (po - CO)E[DTTJ = HP7

where the first inequality holds by Assumption (M). Therefore, BOPS hurts the retailer. O
Proof of Proposition 5. When k& < min((,up, (smty — u, +t) (ie., Area (I-1)), as u, > uy,
we have k < min({pup, CsmUs — U, + t) < min((,up,t). By Proposition 2(i) and Equation (4), the

retailer’s expected profit in the BOPS model is given by
1_IP = m?X {pr[min(Dsa Q)] — g+ COE[min(Dma (q - DS)+)] + (po - CO)E[DW]} :

Meanwhile, by Proposition 1(i) and Equation (2), the retailer’s expected profit in the BASE

model can be written as

p = max{p,E[min(D,, + D;, q)] — c»q}
q

= max {ppE[min(Ds, q)] + psE[min(D,,, (g — Ds)*)] — coq} -
Then, when p, — ¢,, we have mg > wp as

I, = m;ix{pr[min(Ds, q)] — cvq + ¢, E[min(D,,, (¢ — D,)*)]}

< mgx{pr[min(Ds, )] — cvq + ppE[min(D,y,, (¢ — Do) 7))} =,

in which the inequality holds by ¢, < ¢, < py.
Note that

mgX{pr[min(Dm + Dy, q)] — g} — mgX{pr[min(Ds, q)] — g}



= ppE[min(D,,, + Dy, fty, + f1s + \/03 + 02 +2p0,0,€)] — cp(fm + s + \/03 + 02, 4+ 2posom€")

— ppE[min(Dy, s + 0.€")] — cp (s + 05€%)

*

= (9 — ) + 2o (\/TZ T 02, T 290 — ) / edd(e)

= (o — o+ A) fin- (A6)

If p, > pp—cy+c,+A, we have g < wp as

I, = mgx{pr[min(Ds, q)] — cvq + ¢, Elmin(D,,, (g — D))+ (py — o + A) i }
- m?X{pr[min(Dm q)] — g + c,E[min(D,y, (¢ — D) ")]}
+max{p,Emin(Dy + D, q)] = ¢pa}y — max{pElmin(D, )] - cra}

> max{pyE[min(D,, + Dy, q)] — cpq} =15,
q

where the second equality follows from Equation (A6).
Thus, as IIp is increasing in p,, there exists a threshold ds(c,) € [¢co,pp — ¢ + ¢, + A] such that
when p, < ds(c,), lIp >1p, and when p, > ds(c,), g <Ilp. O

B. High Online Waiting Time (¢ > u,)

The results in the main body of the paper rely on the assumption that ¢ < wu,. This assumption
ensures that omni-customers can always gain a positive utility from the online channel and thus,
will not exit the market. In this section, we consider the opposite case, i.e., t > u,, to show that
our main insights are robust. Our analysis only focuses on the case with high online base surpluse
(i.e., u, > uy); the main results also carry over to the case with u, < uy.

The analysis on customers’ choice and retailer’s decision is almost the same as that of the case
with ¢ <wu,. The only difference is that under the assumption of ¢ > u,, omni-customers will never
choose the online channel, but will choose BOPS, the offline channel or exit the market. See the
proof of Proposition Al for a detailed description of customers’ choice and retailer’s decision, as
well as the equilibrium analysis. We first characterize the RE equilibrium for the BASE model.

ProprosiTiON Al (REE uNnDER BASE wiTH HiGH ONLINE WAITING CoOST). At the RE
equilibrium, the inventory level in the BE&M store and customers’ channel choices in the offline
channel are as follows:

() if k< Comtn, then ¢ = qun and (67, 65) = (1,1);

(i1) if Comtty < b < Cotn, then q% =g, and (67, 08) = (1,0);

(173) if k> max (Csup, Comtp), then ¢ =0 and (¢8,¢8)=(0,0).

No omni-customers will purchase through the online channel.
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Consider a scenario where omni-customers definitely choose the offline channel. Then, the

retailer’s objective function can be rewritten as
ﬂ-P(Q) = pb]E[min(st Q)] — Gq + po]E[min(Dma (q - Ds)+)] (A7)

We denote by qg) the optimal order quantity of (A7). Then, the corresponding fill rate is given
by C;(;l) = E[min(qg),Ds)] J/E[D;]. Let g,, be the optimal order quantity of the newsvendor problem
7(q) = poE[min(D,,, q)] — ¢»q, where the retail price is the online price, but the supply cost is the

offline cost. The following proposition characterizes the equilibrium.

ProrosiTiON A2 (REE uNDER BOPS wiTH HiGH ONLINE WAITING CoOST). At the RE
equilibrium, the retailer’s optimal inventory level in the BEM store and customers’ optimal
channel choices are as follows:

(i) if k < Muy, then ¢” = 4%, ¢F =1, and ommi-customers choose BOPS;

(i) if (Vup <k <o, then ¢° = ¢, ¢F =0, and omni-customers choose BOPS.

Moreover, those unsatisfied omni-customers by BOPS will be lost.

When the store visiting cost is low, in equilibrium, store-only customers choose to visit the B&M
store, whereas omni-customers choose to purchase the product via the BOPS channel. In contrast,
when the store visiting cost is high but not higher than wu,, in equilibrium, store-only customers
exit the market, whereas omni-customers choose BOPS. In this situation, the local inventory is
only held for omni-customers. Recall that with low online waiting cost (¢ < u,), omni-customers
unsatisfied by BOPS will switch to the online channel. However, in the case of a high online waiting
cost (t > u,), those omni-customers will be lost as the utility of purchasing online becomes negative.

We now compare BOPS and BASE strategies for ¢ > u, which is also illustrated by Figure Al.

THEOREM Al (BOPS vs. BASE wiTH HiGH ONLINE WAITING COST). (i) If Comup < k <
u,, BOPS benefits the retailer.
(i1) If k < (smup, BOPS hurts the retailer.

When the store visiting cost is relatively high (Csmus <k <wu,), no customer would purchase the
product in the BASE model. As BOPS offers an attractive online price and replaces the high online
waiting cost by the intermediate store visiting cost, it incentivizes omni-customers to purchase the
product via the BOPS channel. Such a market expansion effect benefits the retailer (see a similar
effect in Gao and Su 2017b attributing to the so-called “convenience” offered by BOPS). As there
is no demand coming from the offline channel due to the high store visiting cost, the B&M store

now only serves as a pickup location for the omni-customers.
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Figure Al BOPS over BASE when ¢ > u,
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As the store visiting cost decreases to an intermediate level (Cél)ub < k < (smup), both types
of customers choose the offline channel in the BASE model. With BOPS, omni-customers will
migrate from the offline channel to the BOPS channel (i.e., demand depooling). The migration of
omni-customers will lead to a lower fill rate that, in turn, leaves no incentive for the store-only
customers to visit the B&M store. Hence, this demand depooling effect hurts the retailer. When
the store visiting cost further drops to a low level (k < <]§1>ub), store-only customers remain in the
offline channel, and omni-customers switch from the offline channel to the BOPS channel. However,
omni-customers’ migration still results in a profit decrease as they now pay a lower online price and
are lost in the event of stockout at the B&M store (due to ¢ <u,). In summary, if ¢ > u, and the
store visiting cost is sufficiently low (k < (snup), BOPS hurts the retailer. Therefore, although Nash
(2016) recommended Walmart to sell its groceries online, the firm should be careful in this initiative
because, in the case of groceries (as time-sensitive products), when the store visiting cost is low
(e.g., due to the high density of Walmart stores), introducing BOPS may migrate some existing
customers from the high-margin store purchase to a potentially lower-margin BOPS purchase. Due
to the depooling effect, the store may no longer find it profitable to maintain a high service level,

which, in turn, can hurt both the store-only customers and the retailer.

C. Low Online Base Surplus (u, < up)
As the utility from the offline channel is always higher than that from BOPS, omni-customers never
choose the BOPS channel and instead choose either the online or offline channels. Specifically, when
Uuh,>Uk, (ie., u,—t>u,—k), omni-customers will choose the online channel. If U} | <U} , (i.e.,
U, —t < uy, — k), they prefer the offline channel and choose BOPS merely for inventory information
disclosure: they first check the inventory availability in store via BOPS; if the local inventory
is available, they will purchase from the B&M store, and otherwise, choose the online channel.

The retailer cannot differentiate store-only customers and omni-customers, when both choose to
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purchase offline. Hence, the inventory is allocated to those offline customers (possibly from two
streams) proportionally.
Define ¢,, as the proportion of omni-customers who prefer the offline channel. As discussed

above, it can be expressed as
By = 1 ifu,—t<uy,—k;
m 0 fu,—t>uy—k.

Notice that the retailer can anticipate omni-customers’ decisions ¢,,, because it only depends
on parameters which are assumed to be common knowledge. With a belief és on the proportion
of store-only customers who purchase through the offline channel, the retailer anticipates there
are a total of gZA)SDS + ¢ D, offline customers. As the inventory is allocated to those customers
proportionally, the unsatisfied BOPS demand is ¢,,D,,(1 — ——%——)* and will switch to the

 $sDs+dmDm
online channel. Therefore, the retailer’s expected profit can be expressed as

Tp (q) = pr[min(ést + ¢mDm7 q)] — Cpq
Profit from Offline Channel

_ _ . S
+(po Co)E[(l ¢m)Dm+¢mDm(1 (%st+¢mDm) ]’ (A8)

Profit from (51rﬂine Channel

where the first term is the expected profit obtained from the offline channel, and the second term
is the expected profit obtained from the online channel.

Define ¢, and ¢, as the optimal solution of (A8) when (¢,,¢,,) = (1,1) and (0,1), respectively.
The former scenario represents both store-only customers and omni-customers choose the offline
channel, while the latter represents only omni-customers purchase offline. Accordingly, we define
the corresponding fill rate of the former scenario as (, = W.

ProposITION A3 (REE UNDER BOPS WHEN u, < uy). At the RE equilibrium, the retailer’s
optimal inventory level in the BEM store and customers’ optimal channel choices are as follows:

(i) if k <min(up — u, +t, up), then ¢¥ =q. and (¢F,¢,,) = (1,1);

(i) if up —up+t >k > Coup,

(11-1) when p, — ¢y, > po — Co, ¢& =qo and (¢F, ¢,n) = (0,1);

(11-2) when p, — ¢, < po — Co, ¢¥ =0 and (¥, ¢,,) = (0,0);
(i14) if up — u, +t < k < (oup, then, ¢¥ =q, and (¢F, d,) = (1,0);
(iv) if k>max (u, — u, +t,Cwp), then ¢¥ =0 and (¢F, ¢,,) = (0,0).

A fraction (1 — ¢,,) of omni-customers will purchase through the online channel.

Figure A2 illustrates the RE equilibrium for the case with low online base surplus (i.e., u, < ;).

We discuss the equilibrium by considering two cases: k — ¢ > u, — u, and k —t < up — u,, which
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Figure A2 Customer choice behavior under BOPS when u, < u;
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Note. *In Area IV, the equilibrium is online if p, — ¢y < po — ¢o and otherwise, offline.

correspond to two separate regions divided by the 45° line in Figure A2. The explanation for the
former case (kK —t > wu, —u,) including Areas II and III is similar to the counterpart of u, > u;. In
the latter case (k —t <, —u,), omni-customers always prefer the offline channel over the online
channel. When the store visiting cost k is below a threshold (Area I), store-only customers will
choose to shop offline. However, when the store visiting cost exceeds the threshold (Area IV),
store-only customers will exit the market. Although omni-customers prefer the offline channel, the
retailer can order nothing for the B&M store so as to force omni-customers to be fulfilled by DC.
In particular, when p, — ¢, > p, — ¢,, it is more profitable for the retailer to serve omni-customers
through the offline channel, and thus, order a positive quantity; otherwise, the retailer has the
incentive to shut down the offline channel. This observation is slightly different from that under
U, > up. In the corresponding area under wu, > u; (see the part of Area II below the 45° line),
store-only customers will also exit the market. If p, — ¢, < py — ¢, it is always more profitable for
the retailer to close BOPS to force omni-customers to purchase online and be fulfilled by DC.

The following theorem presents the comparison between BOPS and BASE.

THEOREM A2. (BOPS vs. BASE WHEN u, < uy)
(1) If Comup —Up +t < k <t—+u, —u, (Areas I-2, I-3, and II-3), BOPS benefits the retailer.
(1) If Coup < k < Comup —uo +t (Area II-1), there exists dg(c,) such that
(ii-1) if p, > 0r(c,), BOPS benefits the retailer;
(ii-2) if po < dp(c,), BOPS hurts the retailer.
(111) If k <min(C.up, Csmup — u, +t) (Area I-1), BOPS benefits the retailer.

D. Cross-Selling

In this section, we assume that there is a per unit cross-selling r for those customers visiting the

B&M store. Note that customers who go to the store and experience a stockout still buy other



14

stuff and add value by cross-buying. We incorporate this cross-selling revenue into the BASE and

BOPS models and derive the corresponding equilibria as follows.

D.1. BASE Model with Cross-Selling
As the cross-selling does not directly affect customers’ behavior, the corresponding analysis is
identical to that in Section 4.1. Given the belief on the proportion of customers who choose to

purchase offline, the retailer’s expected profit function can be written as

7(q) = poE[min(¢,, Dy, + 6D, q)] — g+ (Do — ¢0)E[(1 = ) D]

+7E[¢, Dy + ¢ D], (A9)

where the last term represents the revenue from cross-selling in the B&M store.

ProrosiTION A4 (REE FOrR BASE WiTH CROSS-SELLING). At  the RE  equilibrium,
retailer’s inventory level assigned to the BEM store and customers’ choices on the offline channel
are as follows:

(1) if k< Comtty — (ty — 1), then ¢ = g, and (67, 68) = (1,1);

(id) if Comup — (uo —t) <k < Coup, then q% =q, and (¢7, 7)) = (1,0);

(iid) if k> max (G, Comtt — (1, 1)), then g% =0 and (67, 65) = (0,0);
and (1 —¢B) proportion of omni-customers will choose the online channel.

D.2. BOPS Model with Cross-Selling

Under BOPS, the retailer’s expected profit function can be expressed as

(q) = pE[min(¢. D, q)] — cyq + (po + r)E[min(éy, Do, (¢ — D) "))
+(Po = Co)E[(1 = ¢1n) Dy + (S D — (¢ — 6:D,) V)] + 7E [, D]
= pE[min($,D;, )] — e+ (r + Co)E[min($y, Dy, (g — $:D.) V)]
+(Po — ¢o)E[ D] + rE[, D). (A10)

One can readily verify that 7(q) is concave in ¢ for any given (¢, dm). Let qo(ds, dm) be the

corresponding optimal solution of (A10). Moreover, we define CC(QZ;S, gZ;m) = W

LEMMA Al. (Z) QC(lal)ZQS and (C(lal)ZCs
(73) qc(0,1) >0 if and only if r+c, > c.
(iii) Co(1,1) = Co(0,1) and Co(1,1) = G,

Given this lemma, we have the following proposition.
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ProrosiTiON A5 (REE FOrR BOPS WiTH CROSS-SELLING). At the RE equilibrium, the
retailer’s inventory level assigned to the BEM store and customers’ choices on the offline channel
are as follows:

(1) if k <min(t,{o(1, Duy), then ¢ =qo(1,1) and (¢7,4),) = (1,1);

(i) if t <k < Coup, then, ¢¥ =q, and (¢F,¢F) = (1,0);

(ii1) if Co(1,D)uy < k <t, then,

(iti — 1) when ¢, +1 >y, ¥ =qc(0,1) and (¢F,6F)=(0,1);
(110 — 2) when co+1 <y, ¢¥ =0 and (¢F,¢F)=(0,0);
(iv) if k> max (t,(suy), then ¢” =0 and (¢F, 02 ) =(0,0).

Moreover, all other unsatisfied omni-customers will buy from the online channel.

D.3. Comparison Between BASE and BOPS Models with Cross-Selling
The comparison result between BOPS and BASE is as follows.

THEOREM A3. (COMPARISON BETWEEN BOPS AND BASE WITH CROSS-SELLING)
(i) If Comup —up +t < k <t (Areas I-2, I-3 and II-2), then BOPS benefits the retailer.
(1) If Co(1,D)up < k < (omup —uo +t (Area I1I-1), then BOPS hurts the retailer.
(111) If k < min((yup, Csmty — up +1t) (Area I-1), there exists a threshold dc(c,,r) € [Co,Co+ Dy —
¢+ 1+ A] such that
(11i-1) if p, < 0c(co,7), BOPS hurts the retailer;
(143-2) if p, > 6c(co, 1), BOPS benefits the retailer.

Moreover, 6c(c,,r) is increasing in r and dc(c,,1) > d5(C,).

E. Recourse Behavior of Omni-Customers
In the base model, when omni-customers who visit the store experience a stock-out, they are
assumed to be lost, instead of switching to the online channel. In this section, we attempt to relax
this assumption by assuming that those omni-customers who experience a stock-out in store will
switch to the online channel. This relaxation only influences the BASE model, but not the BOPS
model. This is because under BOPS, as a feature of our model, omni-customers can always check
inventory availability of the B&M store via BOPS before visiting the store and naturally switch
to the online channel when facing a stock-out. We first characterize the RE equilibrium under the
BASE model and then compare it with that under BOPS. Again, our analysis only focuses on the
case with high online base surplus (i.e., u, > u); the main results also carry over to the case with

Uo < Up.
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BASE Model. Recall that customers who purchase via the offline channel may face a stockout
risk. Without knowing the exact inventory in the B&M store, customers will first form a belief f
on the in-stock probability before making their purchase decisions. Based on this belief, customers’

utilities from different channels can be expressed as:

U[fb:fub—k, UB,b:CAub—kjL(l—gt)(uo—t), Uﬁvozuo—t. (A11)

s m

Different from the lost-sales case, omni-customers’ utility from purchasing offline has an additional
utility u, —t from the switch back to the online channel when the stock-out happens with the
probability (1 — ().

Customer Choice. Store-only customers purchase the product if U, fb > 0; otherwise, they exit
the market. For an omni-customer, she purchases the product from the offline channel if and only
if UY, >max{0,U% ,} and the online channel if and only if U2 , > max{0,US% ,}.

Retailer’s Decision. The retailer cannot differentiate store-only customers and omni-
customers, when both choose to purchase offline. We assume that the inventory is allocated to

those offline customers proportionally. Given the belief (gzgs,g?)m) on the proportion of customers

who choose the offline channel, the retailer’s expected profit is given by

7T‘-B(Q) = pb}E[min(&mDm + §£st7 Q)] — g+ (po - CO)E[(]' - ém)Dm]

Profit from Offline Channel Profit from Online Channel
n qngm
+ (Po = €o)EB[(¢r D — ———0q) "], (A12)
G Do + @5 Dss

Profit from Online Channel
where the last term represents the profit from those omni-customers who switch back to the online
channel when experiencing a stock-out at store.
The optimal solution of

D,

— _ . +
WB(Q)‘(({bS,(;Em):(l,l) = peE[min(Dy, + Ds, q)] — cuq + (po — ¢o)E[(Dy — mq) ],

is just g, (a solution of (A8)), and the corresponding fill rate, i.e., E[min(D,, + Dy, ¢.)]/E[D,, + Ds],
is given by (., which represents the fill rate when both store-only customers and omni-customers
visit the local store. Note that (. < (,,,. However, (. coulde be larger or smaller than (, depending
on the demand correlation.

For ease of exploration, we assume that (. > (, (or equivalently, the demand correlation p is

nonpositive); namely, we assume that the fill rate becomes weakly larger when the two streams of
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customers visit the offline store, compared to the case in which only store-only customers visit the
offline store.

ProprosITION A6 (REE UNDER BASE WITH RECOURSE BEHAVIOR OF OMNI-CUSTOMERS).
At the RE equilibrium, the inventory level in the BESM store and customers’ channel choices in
the offline channel are as follows:

(1) if k < Ce(up —uo +1), then ¢° =q. and (¢F,05) = (1,1);

(i) if Coluty — g +£) < k < Cotw, then ¢ =g, and (67, 67) = (1,0);

(43) if k> max (Csup, Co(up — up + 1)), then ¢ =0 and (¢8,¢5)=(0,0).

A fraction (1 —¢2) of omni-customers will purchase through the online channel.

When the store visiting cost is low, then both store-only customers and omni-customers will
choose to purchase through the offline channel. As the store visiting cost increases to a moderate
level, omni-customers will switch to the online channel because the utility of purchasing is higher
online than offline, whereas store-only customers stick to the offline channel as the associated
utility is still positive. When the store visiting cost is high, no customers will visit the B&M store.
Moreover, those omni-customers who do not choose the offline channel will purchase online.

The following theorem demonstrates the comparison between BASE and BOPS when omni-

customers who visit the store and face a stock-out will switch back to the online channel.

THEOREM A4 (BOPS vs. BASE wiTH RECOURSE BEHAVIOR BY OMNI-CUSTOMERS).
(1) If C(up — u, +t) < k <min(t,(uy), BOPS benefits the retailer.
(i) If Coup < k < (. (up — uo +t), BOPS hurts the retailer.
(153) If k <min((up, ¢ (up —u, +1)), there exists dg(c,) > 0s(c,) such that
(iii-1) if p, < dr(c,), BOPS hurts the retailer;
(113-2) if p, > 0r(c,), BOPS benefits the retailer.

First, it can be seen from Theorem A4 that our main insights still hold. 1) BOPS may benefit or
hurt the retailer depending on the store visiting cost and the online waiting cost. 2) The demand
pooling effect still exists when the online waiting cost is relatively low and the store visiting cost
is even lower. 3) In contrast, the demand depooling effect also exists when both the store visiting
cost and the online waiting cost are relatively high, with the latter even higher.

Second, compared with the lost-sales case, the pooling/depooling effect could be strengthened or
weakened. As the recourse behavior does not affect the BOPS model, it suffices to directly compare

the BASE models with and without recourse (see Propositions 1 and A6). As the explanations
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for the impact of the recourse behavior on pooling and depooling effects are similar, we here only
discuss how the recourse behavior influences the pooling effect.

Impact on Pooling Effect. Consider the area in which without the recourse behavior, omni-
customers choose the online channel, while store-only customers exit the market in the BASE
model. In this situation, without the recourse behavior, BOPS may trigger a pooling effect (the
retailer would use the local inventory to serve both BOPS and store-only customers, resulting in
a higher fill rate). However, the higher utility from the recourse behavior may incentivize omni-
customers to switch from the online channel to the offline. That is, with the recourse behavior,
both omni-customers and store-only customers can choose the offline channel in the BASE model.
Then BOPS does not necessarily lead to a pooling effect. Therefore, the recourse behavior may
lessen the pooling effect.

On the other hand, consider the area in which without the recourse behavior, both store-only
customers and omni-customers choose the offline channel in the BASE model. In this situation,
without the recourse behavior, BOPS may not trigger a pooling effect. The recourse behavior of
omni-customers reduces the lost-sales cost in the B&M store. As a result, the retailer will order less
inventory for the B&M store. It leads to a lower fill rate which forces omni-customers to choose the
online channel in the BASE model. Consequently, the introduction of BOPS under the recourse
behavior may incentivize omni-customers to visit the store, resulting in a pooling effect. That is,

the recourse behavior could amplify the pooling effect.

F. Proofs of the Results in Online Appendix

Proof of Proposition Al. Let é be the customers’ belief on the fill rate and ((ﬁm,qgs) be
the retailer’s belief on the proportions of omni-customers and store-only customers who purchase
offline. We first characterize customers’ channel choices and retailer’s optimal decision in terms of
these private beliefs.

Customer Choice. Given customers’ belief on the fill rate, let (¢,,, ) be the resulting propor-
tions of omni-customers and store-only customers who purchase offline. Customers’ utilities from
purchasing online and offline channels are given by (2). Then, customers’ channel choices are as
follows: 1) store-only customers purchase the product if U > 0; otherwise, exit the market, or 2)
omni-customers purchase the product from the offline channel if and only if U% , > max(0,U~ )
and from the online channel if and only if U} , > max(0,U,; ). In particular, we can further char-
acterize customers’ choices, (qgs, qgm), in different parameter regions as follows:

(i) If Cuy — k > 0, then both store-only customers and omni-customers will choose the offline

channel, i.e., (¢5,dpm) = (1,1).
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(i) If Cup — k <0, then both types of customers will exit the market, i.e., (¢, @) = (0,0).
Therefore, given customers’ belief on the fill rate f , the resulting market segmentation (¢, ¢.,) is
expressed as

(055 Pm) = { ’ (A13)

Retailer’s Optimal Decision. Given retailer’s beliefs (q?)m,ggs) on customers’ choices, let ¢
and ¢ be the optimal order quantity for the B&M store and the corresponding resulting fill rate,
respectively. As customers are homogeneous, there are three possible values of ((2)8,(5,”): (1,1),
(1,0), and (0,0). We now analyze the retailer’s optimal decision for these three cases.

(i) If (¢, dm) = (1,1), the retailer’s expected profit is 7(q) = pyE[min(D., + D, q)] — c»q. Then,

the optimal order quantity is ¢ = g, and the corresponding fill rate is ¢ = Cyn.
(ii) If (gﬁs, gZSm) = (1,0), the retailer’s expected profit is 7(q) = p,E[min(Dj, ¢)] — cpq. Consequently,
the optimal order quantity is ¢ = ¢,, and the corresponding fill rate is ¢ = (.
(iii) If (¢bs, b ) = (0,0), the retailer’s expected profit is 7(g) = 0. Therefore, the retailer will order
nothing from the B&M store and the resulting fill rate is zero, i.e., §=0 and { =0.
In summary, given the belief (qgs,qgm), the retailer’s optimal decision of ¢ and the corresponding
fill rate ¢ can be characterized as
(e Con) i (D 8) = (1,1),
@0 =3 (@C) it (B0 ) = (1,0), (A14)
(0,0) if (s, ¢m)=1(0,0).

RE Equilibrium. Next, we analyze the RE equilibrium, denoted by (¢Z, 2, $?), by connecting
customers’ choices with the retailer’s optimal decision. The concept of RE equilibrium states 1)
customers’ belief on the fill rate is exactly the realized fill rate, and 2) retailer’s belief on customers’
choices is just consistent with the realized one. Specifically, we define the RE equilibrium as follows.

DErFINITION A3 (RE EqQuiLiBRIUM UNDER BASE). A RE equilibrium

(¢, Pms P Prs D55 D)
should satisfy the following conditions:
(i) Given ¢, (¢s, m) satisfies Equation (A13);
(ii) Given (@, dm), (7,C) satisfies Equation (A14);
(iii) ¢=( and (¢s,Gm) = (G, Dm)-
Similar to the proof of Proposition 1, one can obtain the desired result by checking Definition

A3. O



20

Proof of Proposition A2. Ast > u,, omni-customers will never choose the online channel. We
use the same notation as in Proposition 2.

Customer Choice. Given the belief on the fill rate f , customers’ channel choices are as follows:
1) store-only customers purchase the product if U, SF: , > 0; otherwise, they exit the market; 2) omni-

customers purchase the product from the BOPS channel if and only if U”

m,ob

> 0; otherwise, they
exit the market. The market segmentation is characterized as follows.

(i) If k> u, > up, both omni-customers and store-only customers will exit the market. That is,
the demand for all channels is zero.

(il) fu,>k> f up, omni-customers will choose the BOPS channel, whereas store-only customers
will exit the market. This means that the total demand for BOPS is D,, and that for the B&M
store is zero.

(iii) If Cup > k, omni-customers again choose the BOPS channel, whereas store-only customers
will buy from the offline channel. Then, the total demand for BOPS is D,, and that for the B&M
store is D,.

In summary, given customers’ belief on the fill rate é , the resulting market segmentation is given
by .
) (1,1) i ¢ > £,
(¢s,0m) =13 (0,1) if ¢ < 7712 and k <u,, (A15)
(0,0) if k> u,.

Retailer’s Optimal Decision. Depending on the above analysis, we can restrict the retailer’s
belief on market segmentation (,, ¢,,) within (0,0), (0,1), and (1,1).

(i) If (¢s,dm) = (1,1), the retailer’s expected profit is 7(¢) = p,E[min(D,,q)] — g +

PoE[min(D,,, (¢ — Ds)*)] . The optimal order quantity is § = qg), and the corresponding fill
rate is ¢ = (V.
(ii) If ((;ASS, ®dm) = (0,1), the retailer’s expected profit is 7(q) = p,E[min(D,,,q)] — csq . The optimal
_ E[min(Dm,qgm

order quantity is ¢ = ¢,,, and the corresponding fill rate is é =(p = T)] However,

the fill rate for store-only customers is zero.
(iii) If (s, dm) = (0,0), the retailer does not stock any inventory in the B&M store as there is no
offline demand.
In summary, given the retailer’s belief, the optimal quantity ¢ and the corresponding fill rate ¢ are
(g5, GEV) 3 (B, 0m) = (1,1),

(Qa 6) = (va Cm) if (Q%Sa ¢m) = (O’ 1)7 (A16)
(0,0) if (¢s,dm) = (0,0).

RE Equilibrium.
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DEFINITION A4 (RE EQUILIBRIUM UNDER BOPS WITH ¢ > u,).

A RE equilibrium (, C, b, bs, q) should satisfy the following conditions:

(i) Given ¢ and ¢,,, ¢, satisfies Equation (A15);

(ii) Given b5 and ¢, (7,¢) satisfies Equation (A16);

(iii) ¢=C and ¢, = o,

We characterize the RE equilibria by considering two cases.

Case 1: k < ((Mu,. In this case, we have ¢, =1 and two potential equilibria with (¢”,¢F) =
(¢W,1) or (gm,0). The equilibrium (¢4, 1) always exists, whereas (¢,,,0) exists only when k > C,,uy.
Otherwise, when both customers believe that the retailer holds the inventory level at g,,, store-only
customers will purchase as k < (,,u;,. Meanwhile, when the retailer expects store-only customers’
purchasing, she will order qg). Thus, the self-fulfilling prophecy fails. Nevertheless, we next show
that (¢%’,1) Pareto-dominates (q,,,0) regardless of whether (g,,,0) is an equilibrium or not.

Under (qg), 1), the market segmentation is (gES, ¢m) = (1,1), whereas under (g¢,,,0), it is (gfgs, Om) =
(1,0). Clearly, the retailer’s expected profit under the former is larger than that under the latter.
Because py, > p,, we have q,, < iy, + 0, ® 1 (1 — ;—Z) = ¢, and the corresponding fill rate is (,, < (,.
Thus, by Lemma 2, (,, < Qz()l), which implies that customers will gain a higher utility from the
equilibrium (g%’ 1).

Case 2: u, > k> ngl)ub. In this case, we can verify that ¢,, =1 and there is only one equilibrium
(q",67) = (gm; 0).

Combining the above cases will yield the desired results. [

Proof of Theorem A1l. We prove the results by comparing retailer’s expected profits in various
areas as illustrated in Figure Al.

o k<min{¢V,{n}up (ie., Area (I)). By Proposition 1(i) and Proposition 2(i), the retailer’s

expected profits in the BASE and BOPS models are respectively given by

Iz = max{p,E[min(D,, + Dy, q)] — cvq};
q

Hp = mgx{pr[min(Ds7 )] = cvq + poE[min(D,,, (¢ — D) )]}
Because p, > p,, we have

Iy = méxx{pr[min(Dm Q)] = cvq + poE[min(D,,, (¢ — D) ")]}
< m?x{pr[min(DS, q)] — g+ ppE[min(D,,, (¢ — D) ")]}

- HB‘
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o ((Muy <k < (omuy (Le., Area (II-1)). By Proposition 1(i) and Proposition 2(ii), the retailer’s

expected profits in the BASE and BOPS models are respectively given by

g = max{p,E[min(D; + D,,,q)] — csq};
q

Hp = m{?X{poE[min(Dmv(I)] — g}

Then, IIz > 1Ip as p, < py.
o (onup < k (ie., Area (II-2)). Because (,,, > (,, this case in the BASE model corresponds to
Proposition 1(iii). Thus, IIz = 0. Because IIp is always nonnegative, Iz <IIp.

Therefore, we can obtain the desired results by combing the above cases. [

Proof of Proposition A3. Similar to the proof logic of Propositions 1 and 2, we can characterize

the customers’ choice as follows.

Customer Choice. Given customers’ belief on the fill rate é , we can analyze the resulting

market segmentation as follows.

(i) fk<wup—u,+tand k < éub, both store-only customers and omni-customers will go to the
offline channel. Then, the total demand for the B&M store is D, + D,,,, and those omni-
customers who find a stockout will switch to the online channel.

(ii)) If k <wup—wu,+tand k > fub, store-only customers will exit the market, and omni-customers
will go to the offline channel. Then, the total demand for the offline channel is D,,.

(iii) If k> wup—u,+t and k < é’ub, store-only customers will go to the B&M store, whereas omni-
customers will go to the online channel. Then, the total demand for the online channel is D,,
and that for the offline channel is D,.

(iv) If k >up —u,+t and k > Cup, store-only customers will exit the market, and omni-customers
will go to the online channel. Then, the total demand for the online channel is D,, and that
for the offline channel is 0.

In summary, given customers’ belief on the fill rate f , the resulting market segmentation is given

by

(1,1) ifézuib and k <wup —u, +1,

_ (O,l)if§<uﬁandk§ub—uo+t,

(¢sa¢m) = P kb (Al?)
(1,0) if ¢ > - and k> wup — o +t,
(0,0) if ¢ < £ and k> w, —u, +1.

Retailer’s Optimal Decision. We now analyze the retailer’s optimal decision given his beliefs
on the market segmentation ((Z)S, ¢m). By the above analysis on the market segmentation, we can
see that the feasible market segmentation (¢, ¢,,,) will be (1,1), (1,0), (0,1), and (0,0). Thus, we

discuss the following four cases.
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(i) If (¢, ) = (1,1), the retailer’s expected profit is m(q) = pyE[min(D, + Dy, q)] — c4q + (po —

¢)E[(D,, — Dﬁri’gmq)ﬂ . The resulting optimal order quantity is ¢ = ¢., and the corresponding

fill rate is ¢ = (..
(ii) If (¢s,ém) = (0,1), the retailer’s expected profit is m(¢) = pyE[min(D,.,q)] — ¢q + (po —
¢o)E[(D,, —q)*] . The resulting optimal order quantity is § = g,. Define the corresponding fill

E{DmJZo}
E[Dm]

(iii) If (¢s,dm) = (1,0), the retailer’s expected profit is 7(q) = p,E[min(D,,q)] — ¢q + (po —

rate of the local store by (, =

¢,)E[D,,] . The resulting optimal order quantity is ¢ = ¢, and the corresponding fill rate is
Cs-
(iv) If (¢s, dm) = (0,0), the retailer’s expected profit is (q) = (p, — ¢o)E[Dy] . The optimal order
quantity is ¢ =0 and the fill rate is 0.
Therefore, given retailer’s belief (<ZBS7 ®m), the optimal order quantity g and the corresponding fill

rate ¢ are given by

(0056 I (Boshm) = (1, 1),

= (QO7 go) if (¢sv¢m) = (07 1)7

@=Y (40,8 i (B0r ) = (1,0), (A15)
(0.0) it (9r.60) = (0.0)

RE Equilibrium. We now turn to analyze the RE equilibrium, which is denoted by (¢, ¢%).

DEerFINITION A5 (RE EqQuILIBRIUM UNDER BOPS WHEN u, < uy).

A RE equilibrium ((, f , s, (ZBS, g) should satisfy the following conditions:

(i) Given ¢ and ¢,,, ¢, satisfies Equation (A17);

(i) Given ¢, and ¢, (,C) satisfies Equation (A18);

(iii) ¢=¢ and ¢, = o,.

According to Definition A5, we consider the following four cases.

Case 1: k<wuy—u,+t and k < (.u,. By (A17), we have ¢,, =1, and thus by (A18), we have
three potential equilibria, i.e., (g.,¢.), (¢o,(,) and (0,0). Similar to Proposition 1, one can verify
that all are RE equilibria and that (g.,(.) is Pareto-dominant. Thus, ¢” = ¢, and ¢! =1.

Case 2: k <wu, —u,+t and k > (. up. Again, we have three potential equilibria, i.e., (g.,(.),
(g0, C») and (0,0). However, as k > (.uy, the store-only customers will exit the market and thus,
(ge,C.) is not a RE equilibrium. Notice that the equilibrium (0,0) means that the retailer does not
store any inventory in the B&M store so that omni-customers have to choose the online channel.
If p, — ¢y, > p, — o, it is more profitable for the retailer to serve omni-customers through the offline
channel and thus, (q,,(,) dominates (0,0). Thus, there exists only a unique equilibrium, i.e., ¢ = ¢,

and ¢F =0. On the other hand, when p;, — ¢, < p, — ¢,, it is more profitable for the retailer to serve
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omni-customers through the online channel and thus, (0,0) dominates (g,,(,), i.e., the only unique
equilibrium is ¢ =0 and ¢ =0.

Case 3: k>u, —u,+t and k < ( up. In this case, ¢,, =0 and there are two potential equilibria,
i.e., (¢s,¢) and (0,0). Both are RE equilibria. The former is Pareto-dominant and thus ¢ = ¢,
and ¢f =1.

Case 4: k> wu, —u,+t and k > ( up. In this case, ¢,, =0 and there are two potential equilibria,
ie., (gs,(s) and (0,0). However, as k > (suy, the store-only customers will exit the market and thus,
(¢s,¢,) is not a RE equilibrium. The only equilibrium is (¢”,¢F) = (0,0).

Summarizing the above four cases leads us to the proposition. [

Proof of Theorem A2. The results can be derived by comparing retailer’s expected profits in
various areas. We consider the following five cases.

Case 1: k < min((.up, Comty — U, + t) (ie., Area I-1). On the one hand, by the equilibrium

analysis in Online Supplement A, the retailer’s expected profit in the BOPS model is given by

. Dy,
1_[P = ml?x {pr[mln(Ds + Dm7 Q)} — g+ (po - CO)E[(Dm - Mq)Jr]} :
On the other hand, the retailer’s expected profit in the BASE model is

15 = max{p,E[min(D,, + Dy, q)] — cvq}.
q

Clearly, HB S Hp.
Case 2: (nup — U, +t < k <min(t,(up) (i-e., Area I-2). By Proposition 1(ii) and Proposition
A3, the retailer’s expected profits in the BASE and BOPS models are respectively given by

1_IB = mqax{pr[min(st Q)] — g+ (po - CO)E[Dm]};
IIp = max{p,E[min(Ds + D, q)] — cvq + (po — o) E[(Dyn,
q
Clearly, Iz <Ilp, as Assumption (M) implies that
mgx{pr[min(Ds, Q)] — g+ (po — ¢o)E[D,,] } < m;ix{pb]E[min(DS + D, q)] — g}

Case 3: max((smup — Up + t, (up) < k <min(t, Cup) (i-e., Area I-3). By Proposition 1(iii) and
Proposition A3(i), the retailer’s expected profits in the BASE and BOPS models are given by

Iy = man{(po —¢o)E[Dn]};

1_[P = max{prE[min(Ds + Dmv Q)] —Gq + (po - CO)E[(Dm
q
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Then, it directly follows that 7z < 7p as
D
___Tm o\t
D+ D. a)" 1}
> m?x{pr[mm(Dm, q)] —Cpq + (po - CO>E[(Dm - q>+]} > (po - CO)E[Dm]~

HP = m{?X{pb]E[mln(DS + Dm7 Q)] — Gq + (po - CO)E[(Dm

Case 4: max(Conup — Up + 1, up) < k <t+u, — u, (i.e., Area II-2). By Proposition 1(iii) and
Proposition A3(ii), the retailer’s expected profits in the BASE and BOPS models (when p, — ¢, >
Po — o) are given by Iy =max,{(p, — ¢o)E[Dy,]} and Ilp = max,{pyE[min(Dy,, q)] — cvq + (po —
¢o)E[(D,, —q) "]}, Then, it directly follows that IIg < IIp. On the other hand, when p, — ¢, < p, —¢,,
we have that Iz <IIp.

Case 5: Cup <k < (onup —u,+t (i-e., Area II-1). By Proposition 1(i) and Proposition A3(iii),
we have Iz = max, {p,E[min(Ds + D,,,q)] — cpq} and Ip = max,{p,E[min(D,,,q)] — cvq + (po —
¢o)E[(D,, — q) "]}, respectively.

We can easily verify that when p, — ¢,, we have [Ip < Ilg; whereas when p, = oo, llp > Ilp.
Moreover, Ilp is increasing in p, and Ilp is independent of p,. Therefore, there exists a unique

dz(c,) such that
s {EIin(D, + D, )]~ o} = mas{nEmin (Do, )] - g + (B(c) — ) ELDn — )T}

If such dg(c,) violates Assumption (M), we just let dg(c,) =py — ¢ + A + ¢,. Consequently, BOPS
benefits the retailer if and only if p, > dg(c,). O
Proof of Proposition A4. Customers’ choices are the same as those in Proposition 1, and
thus, we obtain .
(1,1) if ¢ > weTttE,
(Bor ) = { (1,0) if £ < ¢ < mamth, (AL9)
(0,0) if ¢ < £.

We start the analysis with retailer’s decisions as follows.

Retailer’s Optimal Decisions. We have the following three cases.

(i) If (s, dm) = (1,1), the retailer’s expected profit is 7(¢) = p,E[min(D,, + D,,q)] — cq +
rE[D,, + D;] , and the resulting optimal order quantity is ¢ = ¢s,,. Then, the corresponding
fill rate is ¢ = Com.

(ii) If (@5, dm) = (1,0), the retailer’s expected profit is m(q) = pyE[min(D,,q)] — cpq + (po —
¢,)E[D,,] +7E[D,] . Then, the resulting optimal order quantity is ¢ = ¢, and the correspond-
ing fill rate is ¢ = (.

(iii) If (¢s,dm) = (0,0), the retailer’s expected profit is 7(q) = (po — ¢o)E[D,] , and the resulting
fill rate is 0.
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RE Equilibrium. The equilibrium analysis is similar to Proposition 1. Under the condition p, —
Co <pp—Cy,+ A, we can obtain the desired equilibria by checking the definition of RE equilibrium.

O

Proof of Lemma Al. Part (i) is similar to Lemma 2 as r > 0. We now prove parts (ii) and
(iii) as follows.

(ii) From Equation (A10), ¢c¢(0,1) satisfies the first order condition as

on(q)  O[(r+ c,)Emin(D,,,q)] — cvq _

0.
dq dq
Clearly, q¢(0,1) >0 if and only if 7+ ¢, > ¢.

(iii) By the optimality condition, go(1,1) satisfies the first order condition

or(q)  OlpsE[min(Dy,q)] — cpq + (r + ¢o)E[min(D,,, (¢ — Ds)™)]

dq dq
[(r + ¢o)E[min(D,,, q)] — c»q

> )
= 3(]

which implies that go(1,1) > gc(0,1). As the fill rate increases in the order quantity, it follows that

CC(L 1) > CC(Ov 1)'
Finally, we prove (¢(1,1) > (,. Notice that ¢-(1,1) satisfies the first order condition

On(q) _ O[E[py min(Dy, q)] — coq+ (r + ¢o)Emin(Dy,, (¢ — Ds) "))
J0q dq

=0,

and g, satisfies

Or(q) _ OE[py min(Ds,¢)] - cyq + coBmin(Dyn, (g = D)")] _
Jdq dq '

Because r > 0, it is obvious that ¢o(1,1) > ¢,, and thus, (¢(1,1) >¢,. O

Proof of Proposition A5. Customers’ choices are the same as those under BOPS in Section
4 of 7. We next analyze the retailer’s optimal decisions.

Retailer’s Optimal Decision. The feasible market segmentation (¢s, ¢,,,) will be (1,1), (1,0),
(0,1), and (0,0). Omni-customers who experience a stock-out case in the B&M store will go to
the online store and unsatisfied store-only customers will be lost. Thus, we have the following four
cases.

(i) If (g, dm) = (1,1), the retailer’s expected profit is 7(q) = p,E[min(D,,q)] — ¢q + (o +

r)E[min(D,,, (¢ — D,)")] + (po — ¢o)E[D,,] + 7E[D,]. The resulting optimal order quantity
d=qc(1,1), and the corresponding fill rate is (¢(1,1).
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(ii) If (¢s,dm) = (0,1), the retailer’s expected profit is 7(q) = (¢, + r)E[min(Dy,, q)] — coq + (po —
¢,)E[D,,] . Then, when r + ¢, > ¢, the resulting optimal order quantity ¢ = ¢¢(0,1), and the
corresponding fill rate is (¢(0,1); when r + ¢, < ¢, =0 and the fill rate is zero.

(iii) If (Q@s,¢m) = (1,0), the retailer’s expected profit is 7(q) = p,E[min(Dy,q)] — c»q + (po —
¢o)E[D,,] + rE[D,]. The resulting optimal order quantity is § = ¢,, and the corresponding fill
rate is (.

(iv) If (¢, ) = (0,0), the retailer’s expected profit is 7(q) = (po — ¢o)E[D,,] , and the resulting
fill rate is O.

RE Equilibrium. Given customers’ purchasing behavior and retailer’s ordering policy, by check-
ing the definition of RE equilibrium as that for Proposition 2, we can obtain the desired result.

O

Proof of Theorem A3. The results can be derived by comparing retailer’s expected profits in
various areas.

e k£ < min((c(1,Dup, Comup — u, + t) (ie., Area (I-1)). Because u, > w,, k <
min(Cco (1, Dup, Comty — uo + t) < min((e(1, 1)uy, t). By Proposition A5(i), the retailer’s expected

profit under BOPS is given by
IIp = max {pr[min(Ds, q)] — evq + (co +7)E[min(D,,, (g — D) )] + (po — ¢o)E[D,,] + TE[DS]} )
q
By Proposition A4(i), the retailer’s expected profit in the BASE model is

p = max{p,E[min(D,, + D;,q)] — cyq+ rE[Ds + D,,]}
q

= max {pr[min(st Q)] +pr[mln(Dma (q - Ds)+)] — g + T]E[Ds + Dm]} .
q
Then, when p, —c, — 0, i.e., p, — ¢,, we have IIg > Ilp as

p = max{pEmin(D,,q)] = csq + (¢, + rE[min(D, (g D)) +rE[D,]}

S max{pr[min(Dsa Q)] — Gq +pb]E[min(Dma (q - Ds)+)] + TE[DS + Dm]} = HB’
q

where the inequality holds by ¢, < ¢, <p, and E[min(D,,, (¢ — Ds)")] <E[D,,].
If po—co = py—cp +r+ A, we have IlIg <Ilp as

Iy = mgx{pr[min(Ds, Q)] — g+ (co +7)E[min(D,,, (g — Ds) )]+ (pp — ¢ + 7 + A) f, + 71}
= mac{pEfmin(D,, )] coq + (¢ + PEfmin(Dy, (g~ D.)*)])

+ mgX{pr[min(Dm + Dy, q)] — cvq} — mgX{pr[min(Ds, Q)] — cvq} + 1 (fon + 1ts)
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> max{pyE[min(D,, + Dy, q)] — c»q} + r(ttm + ps) =p.
q

Therefore, as IIp is increasing in p,, there exists a threshold d¢ € [c,, ¢, + Py — ¢, + 7 + A] such
that when p, < d¢, lIg > Ilp, and when p, > é¢, Il <IIp. Moreover, as 1I, —1I. is decreasing in
r, we have that:

® (omUp—U,+t <k <min(¢,sup) (i-e., Area (I-2)). By Proposition A4(ii) and Proposition A5(i),
the retailer’s expected profits in the BASE and BOPS models are respectively given by

1_IB = mqax{pr[min(Ds: Q)] — Gq + (po - CO)E[Dm]} + Tls;

p = mqax{pr[min(Ds, q)] — g+ (co +7)E[min(D,,, (¢ — Ds) )] + (o — ¢o)E[D,n] + s}

Clearly, HB S Hp.
o max(Contp — Uy +t, (sup) < k <min(t,(c(1,1)u,) (i.e., Area (I-3)). By Proposition A4(iii) and
Proposition A5(i), the retailer’s expected profits in the BASE and BOPS models are given by

Iy = mgx{(po —¢o)E[Dpl};

IIp = m?x{pr[min(Ds, q)] — cvq + (co +7r)E[min(D,,, (¢ — D)) + (po — ¢o)E[Dy,] + s }-

Then, it directly follows that Iz <Ilp.

o max(Contp — Uo +t,(c(1,1)uy) < k <t (i.e., Area (II-2)). By Proposition A4(iii) and Proposi-
tion A5(iii), the retailer’s expected profits in the BASE and BOPS models are respectively given
by

Iy = mqax{(po —¢o)E[Dp]};

My = max{(co +r)E[min(Dm, )] = &sq + (Po = o) E[Di]}.

Clearly, I1g <Ilp.
o (o(1,Dup <k <(emup —u, +t (ie., Area (II-1)). By Propositions A4(i) and A5(iv), we have

11 = max{pEfmin(D, + Do, 0)] — v} + s + )

> max{pyE[min(D; + Dp, q)] = coq} = (po — o) E[Drn] = Tp.
q

Combing all above cases leads to the desired result. [J

Proof of Proposition A6. Let 6 be the customers’ belief on the fill rate and (gZA)m,gZ;S) be
the retailer’s belief on the proportions of omni-customers and store-only customers who purchase
offline. We first characterize customers’ channel choices and retailer’s optimal decision in terms of

these private beliefs.



29

Customer Choice. Given customers’ belief on the fill rate, let (¢,,, ,) be the resulting propor-
tions of omni-customers and store-only customers who purchase offline. Customers’ utilities from
purchasing online and offline channels are given by (A11). Then, customers’ channel choices are as
follows: 1) store-only customers purchase the product if U > 0; otherwise, exit the market, or 2)
omni-customers purchase the product from the offline channel if and only if U% , > max(0,U~ )
and from the online channel if and only if U7 , > max(0,U% ). In particular, we can further char-
acterize customers’ choices, (¢s, Py, ), in different parameter regions as follows.

(i) If Cup — k+ (1= ) (uy —t) > (uo — t), then both store-only customers and omni-customers will
choose the offline channel, i.e., (¢5, ., ) = (1,1). The omni-customers will switch to the online
channel when experiencing a stockout.

(i) If up—t > Cup— k4 (1—C)(uo—1t) >0 and Cu, — k > 0, then store-only customers will go to the

B&M store, whereas omni-customers will choose the online channel. That is, (¢s, ¢.,) = (1,0).

(iii) If Cuy — k < 0, then store-only customers will exit the market, and omni-customers will choose
the online channel. That is, neither type will go to the B&M store, i.e., (¢5, ¢ ) = (0,0).

Therefore, given customers’ belief on the fill rate é , the resulting market segmentation (¢, ¢,,) is

expressed as

(=,
(¢s:m) =4 (1,0) ?f w SkC< (=1’ (A20)
( 70) if C < 171,

Retailer’s Optimal Decision. Given retailer’s beliefs (q@m,és) on customers’ choices, let ¢
and ¢ be the optimal order quantity for the B&M store and the corresponding resulting fill rate,
respectively. As customers are homogeneous, there are only three possible values of (qgs, qgm): (1,1),
(1,0), and (0,0). We now analyze the retailer’s optimal decision for the three cases.

(i) If (¢, bpm) = (1,1), the retailer’s expected profit is m(q) = pyE[min(D,, + D,,q)] — cyq + (po —

Co)E[(Dm — 5 ffDS q)*]. Then, the optimal order quantity is § = ¢., and the corresponding fill
rate is ¢ = (.
(ii) If (@s, dm) = (1,0), the retailer’s expected profit is m(q) = pyE[min(D,,q)] — cyq + (po —

¢,)E[D,,]. Consequently, the optimal order quantity is § = ¢,, and the corresponding fill rate

(iii) If (@s, dpm) = (0,0), the retailer’s expected profit is m(q) = (p, — ¢o)E[D,,]. Therefore, the
retailer will order nothing for the B&M store and the resulting fill rate is zero, i.e., § =0 and

{=0.
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In summary, given the belief (qgs,qgm), the retailer’s optimal decision of § and the corresponding

fill rate ¢ can be characterized as

(ge Co) if ()
@0 =1 (2::C.) if (D)
(0,0) if (60:6)

RE Equilibrium. Next, we analyze the RE equilibrium, denoted by (¢Z, 2, $?), by connecting

(17 1)7
(1,0), (A21)
(0,0).

customers’ choices with the retailer’s optimal decision. The concept of RE equilibrium states 1)
customers’ belief on the fill rate is exactly the realized fill rate, and 2) retailer’s belief on customers’
choices is just consistent with the realized one. Specifically, we define the RE equilibrium as follows.

DErFINITION A6 (RE EQuiLIBRIUM UNDER BASE). A RE equilibrium

(G By Do Dy b, 1)
should satisfy the following conditions:

(i) Given ¢, (¢, ém) satisfies Equation (A20);

(ii) Given (@, dm), (7,C) satisfies Equation (A21);

(iii) ¢=C¢ and (¢, bm) = (bs; Im).

By Definition A6, we know that there exist only three potential RE equilibria, i.e., (¢Z, 92, ¢2) =
(ge,1,1), (gs,1,0), and (0,0,0). In the following cases, we first verify whether these potential equi-
libria satisfy the conditions of RE equilibrium. When there exist multiple RE equilibria, we choose
the one which is Pareto-dominant.

Case 1: k < (.(up — (u, — t)). In this case, we first show that (g.,1,1) and (0,0,0) are RE
equilibria, whereas the existence of (gs,1,0) as an equilibrium depends on whether (u, >k >
Csup — (u, —t) or not. The justification of a RE equilibrium for those cases is similar to Proposition
1.

We next show that the equilibrium (g., 1,1) always Pareto-dominates others. Clearly, the equi-
librium (0,0,0) is dominated, as it generates zero payoff for both the retailer and customers. Now,
we compare the equilibria (g.,1,1) and (gs,1,0). From Proposition 1, we know that 75(qs|(1,0)) =
75(¢s|(1,0)) < 75(gsm|(1,1)) < T5(gsm|(1,1)), in which the last inequality holds due to the addi-
tional profits from omni-customers’ switching behavior.

The domination of omni-customers’ utility and store-only customers’ utility follows the argument
of Proposition 1. Therefore, the Pareto-dominant equilibrium is ¢ = ¢., and (¢Z,¢2) = (1,1).

Case 2: (up >k > (.(up — (u, —t)). Similar to Case 1, one can show that both (gs,1,0) and
(0,0,0) are equilibria and that (gs,1,0) is Pareto-dominant. Thus, ¢® = ¢, and (¢Z,¢2) = (1,0).
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Case 3: k> (u, and k> (. (up — (u, —t)). In this case, one can verify that there exists just one
equilibrium, (¢”,¢Z,¢2)=(0,0,0).
By combining the above cases, we can obtain the desired results. [

Proof of Theorem A4. The first case is similar to the one in Theorem 1, and we omit its
proof.

o (oup <k <(.(up—u,+t). In this case, the retailer’s expected profit in the BASE model can

be written as

D m

p = mgx{pr[min(Dm + Dy, Q)] — g+ (po - Co)E[(Dm - mQ)+]}

= max {pr[min(Ds, q)] + pE[min(D,,, (¢ — Ds)")] — coq + (po — o) (E[Dy] — E[min(D,,, airmDst)] } :

Then, we have
1:[B g (po - CO)E[D?TL] = 1_IP-

o k <min((yup, C(up —u,+1)). Because u, > up, k <min((yup, (e (up —uo+1)) < min((,up, t). By

Proposition 2(i), the retailer’s expected profit in the BOPS model is given by
Iy = max {peE[min(D, q)] — csq + cE[min(D,,, (¢ — D) )]+ (po — ¢o)E[Dpi] } -
When p, — ¢,, we have mp > mp as

Iy = m(?x{pr[min(Ds, Q)] — csq + ¢ E[min(D,,, (¢ — D,)")]}

< mgxx{pr[min(Ds, q)] — cvq + poE[min(D,,, (g — D) 1)} =1,

in which the inequality holds by ¢, < ¢, < py.

Note that for any given ¢, D,, and D, we can prove the following inequality:

Dy,

mmin{Ds +DmaQ} 2 min(Dma (q - Ds)+)7

by considering the following three cases:

(a) if ¢> D, + D,,, we have that Dﬁ%m min{D, + D,,,q} = D,, =min(D,,,, (¢ — Ds)");

(b) if Dy <q < Ds+ D,,, we have that Dfﬁ?m min{D,+ D,,,q} = Dsﬁ%m q>q—Ds;=min(D,,, (¢—
Dy)");

(c) if ¢ < Dy, we have that Dﬁ%m min{D, + D,,,q} = Dﬁ%mq >0=min(D,,, (¢ — D,)").
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Therefore, we have E[min(D,,, %q)] > E[min(D,,, (¢ — Ds)")]. It follows that when p, — py.

This is because

My < max{pE[min(Ds, q)] = sq + (P = po + o) E[min(Don, (¢ = Do) )]} + (o = o) EDn

= m?X{pr[min(st Q)] —Cq + COE[miH(Dm, (q - Ds)+)]} + (po - CO)EDm = HP-

Because IIp — I is increasing in p,, it ensures that there is a threshold in [c,,p;], lower than
which we have IIp < I15. Moreover, we can verify that when p, — p, — ¢, + ¢, + A and ¢, — A < ¢,

Iz < Ip. This is because

I < m?x{pr[min(Ds, Q)] —Cpq + (pb — Do+ CO)E[min(Dmv (q - DS)+)]} + (po - CO)EDm
— max{pEmin(D,.q)] - g + (s~ A)Efmin(D,.. (g - D))} + (o, - ) )ED,

= mqax{pr[min(Ds, q)] — cvq + ¢, E[min(D,,, (¢ — D) )]} + (po — ¢o)ED,,, =1Ip.

Thus, there exists a threshold §z(c,) € [co, Py — ¢ + €0 + A] such that when p, < 6z(c,), Iz >1p,
and when p, > 6r(c,), Il <Ilp.

Thus, this completes the proof. [
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