Online Appendix to “Flexible-Duration Extended
Warranties with Dynamic Reliability Learning”

Appendix A: Proofs

Proof of Lemma 1. Suppose that R, 1(piy1) :pt+1cZiT:t+1 H;=t+1(1 —q(j)). Then,

Ri(pe) =pe(1=q(t))(c+ Rerr(piy1)) + (1= pe) (1 = q(t)) Rega (i)
=p(1—q()c+ (1 —q() (PeRet1 (1) + (1 =) Risa (1)
=p(1—q(t))e+ (1= a(®) (ppir + (1 =p)pis) X1y [ljm i (1= a(5))
=p(1—q(t))e+ 1 —a®)pe Xy [Tm (1= a(i) =pee X0, I (1 - a(5))-

The fourth equality holds because the updating scheme is a martingale and p,p;,; + (1 —p.)p;p1 =p:. O

Proof of Proposition 1. For notational convenience, let M, (p,) := R;(p;) — W;(p;). From equations (1)-(3),
M,(p;) = max {R;(p;) — Bi(p:), 0}, (12)

where Ry(p,) — B.(p:) = (1= qo(t))psc —m+pe(1 = qo(t)) Mys1(pfi1) + (1= pe) (1 = q1(t)) M4 (pry1). Suppose
that Ry11(pit1) — Bia1(pes1) 1Is increasing in p;y1, s0 M,11(ps41) is increasing in p,yq. For any p, < p;,
pi1 >ty and p,, > pi7, from Assumption 2. The situations are different for go(t) =0 and go(t) >0, so
we will discuss them separately.

Case 1: ¢o(t) =0. Then,

(Ri(pe) — Be(p1) — (Re(p;) — Bi(p})) = (00 — p)c+ oo (Myga (1) — Maga (051)) + (e — 0)) Moy (9751)

+ (1 =p)(1 = (1) (Mys1(pri1) — Mepa(pi51)) — (00— P,) (1 = qu () Mg (p51)

> (pe —pi)et (e —14) (Mo (P F1) — (1= q1(8)) Misa (P111)) > 0.
The first inequality holds because M, 1(p/,1) > M,y1(pit,) and Mii1(pyy1) > Mi1(pi;,); the second
inequality holds because p, > p; and M1 (p51) > Myy1(9i51) > (1— 1 (¢)) M1 (9151).

Case 2: qo(t) > 0. Suppose M, 1(p;41) < % Then,

(Ri(pe) — Bi(pe)) — (Re(py) — Be(p1)) = (pe — pi) (1 — qo(t)) e+ pe(1 = qo(t)) (Mt+1(pt++1) - Mt+1(p;i1))

+ (0 = P (1= o(t)) Mera (P 0) + (1 =) (1= a1 (8) (M1 (pi1) — Misr (01541))
= (pe =) (1 — @1 () Mg (pi4)
> ((L=ao(®)e+ (1= o) Musr(pifr) — (1= qr() Misr (pi51)) (pe — 1)

> (1= o(0)e— ()Mo (32)) (e~ ) > (1= do(0))e — go(t) - L=mletie=m) (p, )

> ((1=qo(t))e— (1 =qo(t+1))c+m) (p. —pi) = ((q0(t +1) = go(t))c+m) (p. — p}) 2 0.
The first inequality holds because M, 1(p/ ;) > M,11(pit,) and Myiq1(py ) > M,11(p/3,); the second
inequality holds because M, 1(p,f,) > M,41(p,51) > 0; the third inequality holds because M, 1(pit1) <
(1 = go(t + 1))c — m)/qo(t + 1); the last inequality holds because go(t + 1) > go(t). So R.(p;) — Bi.(p:)



is increasing in p, and M,(p,) is also increasing in p, from equation (12). Because qo(t) < qo(t + 1) and
Myp1(pes1) < (1= qo(t+1))c—m)/qo(t+ 1), then from equation (12)

Ri(p) = Bu(pe) < (1= go(t))epe = m+ (1= g () = (ao(t) — a1 (1))pr) - B=2oE e

(1= qot))e— (a0(t) = g1 (1)) - A=leithern ) p, — 4 (1 - gy (1)) - LselpEjene

1— 1))ec—m 1— c—(1— 1))m
(L= go(B))e —m+ (1= go(t)) - H=ta ayem = Lzl i )

IN

(A=go(t))e=m  (1=qo(t))c=m
qo(t+1) - a0(t) ’

The first inequality holds because
(1 =qo(t))e—(qo(t) — a1 (2)) - % > (L—qo(t))c—qo(t) - %
= (1=qo(t))e—((1—qo(t+1))c—m)=(qo(t+1) — qo(t))c+m =0.
From equation (12), M,(p;) < % O
Proof of Theorem 1. Part (a) is obvious from equation (3). For part (b), let

IN

p::inf{pt ZO:Rt(pt)_Bt(pt) ZO}, (13)

where pf = oo if the set is empty. Because R,(p;) — B;(p;) is increasing in p, from Proposition 1, then
R.(p:) — Bi(p;) >0 for any p, > p; and R,(p,) — B;(p;) <0 for any p, < pf. Thus, the optimal policy has a
threshold structure: it is optimal to keep buying the flexible EW if and only if p, > p;. Because M, 1(p;+1) >0

for any 0 <p¢1 <1, then for any p, > ==,

Ru(p) = Bu(pe) = (1= qo(t))pec —m+pe(1 = qo () Mit1 (pi1) + (1= pe) (1 = 41 (8) My (piy1)
> (1—qo(t))prc—m>0.
Because R;(p:) — B:(p:) is increasing in p;, then p; < T aeaye from equation (13). O
Proof of Proposition 2. Suppose R;y1(piy1) — Bir1(piy1) is increasing in p; 41, 0 My 1(pyy1) is increasing
in p;11 from equation (12). For any p} < p;, pt+1 > pt+1 and p,, > p,;, from Assumption 2. Then,
(Re(pe) = Bi(pe)) = (Re(p)) = Be(p}) = (pe = P1) (L = @0 (t))e +pe(1 = g0 (1)) (Mesr (1) — Mesa (p111))
+ (P =P (L= qo(t)) Mia (P 0) + (L =) (L= a1 (8) (Mir1 (prsr) — Mo (07541))
= (pe = i) (1 = qu(£)) My (Piy 1)
> (pe —p,) (1= qo () Megr (pih 1) — (1 — qu(8)) Moy (9/51))

> (pe —p) (1= (1)) (Mt+1(pt+l Mt+1(pt+1)) >0.
The first inequality holds because M, 1(p/,1) > M,y1(pit,) and Myi1(pyy1) > Mii1(pi;,); the second

) -
) -

inequality holds because go(t) < g1 (t); the last inequality holds because p, > p}, and M1 (p,F1) > M,41(pi51).
0
Proof of Lemma 2. (a) Let N, =a, —a; = a; — a denote the number of failures that occur up to month
t. Then, p;y1=(a+ Nyy1)/(a+b+1t). So, the Beta updating scheme is Markovian. Since

(a—i—b—l—t—l)pt—f—lt_ n I, —p:
a+b+t T

Pt+1 =

then p:rle > P> Diiq; P:r+1 and p,,; are both increasing in p,.



(b) For the Beta updating scheme,

1—p,
a,+0by +t

Dt

e

E[pt+1|It] :ptp;:tl + (1 _Pt)P;+1 :Pt(Pt + ) + (1 _pt)(pt

so it is a martingale. O
Proof of Theorem 2. Since the optimal policy has thresholds p; for the estimated failure probabilities
and the estimate is updated following p, = (a + N;)/(a+ b+t — 1), the optimal policy also has a threshold

structure on the number of observed failures IN;. Then, the optimal z; can be found by solving

* M a+x *
$t:mln{l’t€N1M2pt}. (14)

The threshold z} can also be expressed as follows: z7 = [(a + b+t — 1)p;| — a, where [y] is the smallest
integer number that is greater than or equal to y. [
Proof of Proposition 3. (a) Suppose that R,;1(p) > Riy2(p), Ber1(p) > Biaa(p) and Wiy (p) > Wieia(p)
for any 0 <p < 1. Because ¢o(t) < qo(t+1) and ¢1(¢) < ¢ (t+ 1), from equations (1)-(3),
Ri(p) =p(1 = qo(t))(c+ Reqa(p™)) + (1 =p)(1 = qu(t)) Resa (p7)
>p(1=qo(t+1))(c+ Rega(pT)) + (1 =) (A = q1(t+1)) Res2(p™) = Rera (p),
Bi(p) =m+p(1 —qo(t))Wera(p™) + (1 —p)(1 — () Wera (p7)
Zm+p(l—qo(t+1))Wep2(p™) + (1 = p)(1 = 2 (t+1))Wesa(p7) = By (p),
Wi(p) =min{B,(p.), R.(B.)} = min{Bi1(pit1), Rep1(Biv1)} =Wera(pisa),
where p* (resp., p~) represents the failure probability estimate in the next month when the failure
probability estimate was p and a failure occurred (resp., did not occur) in the current month. Thus,

R.(p), B:(p) and W,(p) are all decreasing in ¢ for 0 <p <1.

(b) It is obvious that Ry (p) — Br(p) > Wry1(p) — Rri1(p) =0. Suppose that R;11(p) — Bi+1(p) > Riya(p) —
By ya2(p) for any 0 <p<1. Then, M, 1(p) > M;12(p) for any 0 <p <1 from equation (12).
Ri(p) = Be(p) = (1= qo(t))pc—m+p(1 = qo(t)) Metr (p) + (1 = p)(1 — qu (£)) Misa (p7)
> (L=qo(t+1))pc=m+p(l —qo(t+1))Myy2(p™) + (1 =p)(1 = qa (t+ 1)) Miy2(p7)
=Ri11(p) — Biya(p)-
The inequality holds because qo(t) < qo(t + 1), ¢1(t) < @1t + 1), Rip1(pT) — Biya(pT) > Rip2(p™) —
Bii2(pT) and Ry11(p7) — Bey1(p7) > Riv2(p™) — Biy2(p™). Thus, R.(p) — B:(p) is decreasing in ¢ for
any 0<p<1. [J
Proof of Theorem 3. Because R,(p) — B;(p) is increasing in p from Proposition 1 and it is decreasing in
t from Proposition 3, then p} is increasing in ¢ from equation (13). O
Proof of Proposition 4. Denote qo(t) = qo(t+ 1) =---=qo(T) = qo. Assume that p;}; <pj,, for some ¢.
Then, p;}; < p,’:fl < pj,1, where the first inequality holds because of Assumption 2. From equations (12) and

(13), Myt1(pes1) = max {Rit1(Pis1) — Big1(Pis1), 0} =0 for any p;1 <pjy;. Then,

Ri(p;) — Bi(py) = (1 — qo)pic—m~+pi(1 — qo) M1 (1) + (1 = po) (1 — a () My (pr51) = (1 — qo(t))pc —m.



The second equality holds because M, 1(p;f,) = M,+1(p;7,) = 0. Then, p} = from equation (13).

(1*77‘;0)6
Because p; <pi, <--- <pp = Gl from Theorem 3, then p; =pj,, =--- = pi = 7. Since P > e
for 0 <p, <1, then p;}, > p; =pj,, which contradicts the assumption that p;f; <p;,,. O

Proof of Lemma 3. Part (a) is straightforward. For the exponential smoothing mechanism,

ELPt+1|Iz] :Ptp;’_+1 + (1 *Pt)Pt_.H :Pt((l - a)pt + 04) + (1 *pt)(l - Oé)pt =Pt

so it is a martingale. O

Lemma 5 (a) (Thomson (1994).) A continuous function f(-) on set C is concave if and only if f (15¥2) >

7“”);“”) for any y1 and y2 on C.
(b) If f(-) is a concave function, then f(y1) — f(y2) > f(y1+€) — f(y2 +¢€) for any y1 > y2 and € > 0.
(c) 1 1) is @ concave function, then 6 (1) +(1—0)f(y2) > 0£(s4) + (1~ ) (44) for any v <1 <2 < i

such that 0y, + (1 — 0)ys =0y + (1 — 0)y,, where 0 <9 <1.

Proof of Lemma 5. (a) See page 121 on Thomson (1994).

(b) Because f(-) is concave, y; = —2=Y2— . (y; +¢) +

y1—y2+e

yp and yp +€= () + Ay,

€
y1—y2+te y1—y2+e y1—y2+te

then

flyr) = =2 fys +e) +

— y1—y2+te

yl,;2+5'f(y2) and f(y2+€)_m flyr+e)+ 1= fy,).

e
Thus, f(y1) + f(y2+€) = (Y1 +€) + f(12)-

(c) Let z=0y; + (1—0)ys =0y, + (1 — 0)yb. So ys = (z— 0y1)/(1— 6) and g}, = (2 — 6y}) /(1 — 6). Then,
05 (1) + (1= 0)f(y2) =05 (4) = (1= 0) (4) = O(F () — Fwi)) + (1= 0) (£ (572) - £ (5724))
20(s o) 4 o)) 00 (0 () 1 ()
= () - (0o (it ) +0-07 (55)) 20

The first inequality holds because of part (b) and z > y;; the second equality holds because y, + 574 =

2204 the last inequality holds because f(-) is concave and 6(y; + 574) + (1 — 0)(%) = %. O
Proof of Proposition 5. (a) Denote qo(t) = q1(t) = ¢(t) for each ¢t = 1,2,...,T. Because R,(p;) =
pcS H;:t(l —q(4)) and it is independent of «, it is sufficient to prove that B, (p,) is decreasing concave
in a, which is equivalent to showing that p, W11 ((1 —a)p,+a)+ (1 —p,) W1 ((1—a)p,) is decreasing con-
cave in a.. For any o < o, p,(1—a)pi+a)+(1—p)(1—a)p, =p: (1 — " )ps + ')+ (1 —p:) (1 — ' )p; = ps
and (1—a)p, <(1—a)p: <p: <(1—a')p, + ' < (1 —a)p; + . Because Wy y1(pi41) is concave in p,41,

from Lemma 5,

PeWir1 (L —a)pe+ ) + (1 = p ) W1 (1 — a)py) < pWegr (1 —a')pe + ) + (1 = p) Wi (1 — o)py).



Thus, both B,(p,) and W,(p,) are decreasing in «. For the concavity of W, (p;) with respect to «, consider
PeWita ((1 - %ﬂt,)pt + %ﬂl) + (1 =p)Wia ((1 - %)Pt)

> 2 (Weaa (1= a)pet 0) + Wira (L= @' )p+a) + 152 (W (1= @)pe) + Wia (1 = a')p))

= %(ptWt+1((1 —a)p;+a)+ (1 —p )W (1 - a)]%)) + % (ptWt+l((]- —a)pr+ )+ (1 —p) Wi (1 — a’)pt)).
The inequality holds because W, 1(p;11) is concave in p,; ;. Therefore, both B,(p,) and W,(p,) are

concave in «.

(b) Because R,(p;) is independent of o and B, (p;) is decreasing in «, then R,(p;) — B,(p;) is increasing in
«. From Proposition 1 and equation (13), pf is decreasing in « for all ¢. O

Proof of Proposition 6. We first show that m;(p;,m, Q;) is increasing in p; by induction. Suppose that
o1 (Pey1,m, Qer1) I8 increasing in p,y;. For any two points p; > p}, if p, < p}, then m(p,,m,Q;) =0 <
e (pe,m, Qy); if pl > pr, we have

T (Pe,m, Qi) =m + A1 —qo(t)) (ﬂt+1(p;"+1,m, Qiy1) — Bc) +(A=N1=q )T (P, m, Qigr)

>m+ A1 = qo(t) (w1 (pr1,m, Qegr) = Be) + (1= N (1 = 1 () Tes1 (D171, M, Qegr) = m(ph, m, Q).
The inequality holds because p:_+1 > p;j_—l? Pry1 = Py and 7Tt+1(pj—+1’m7 Qiy1) 2 7rt+1(p1/£——i_¢—1am7 Qiv1),
7Tt+1(pt_+17m’ Q1) > 7Tt+1(17;17ma Qi41). Thus, max,,>o m (P, m, Qi) > MaX,, >0 T (p), M, Q).

For the monotonicity of the profit for the traditional EW, we only need to show that R;(p;) is increasing
in p; because the support cost S;(Q;) is independent of p;. The value R;(p;) — B1(p:1) is increasing in p;
for any m by Propositions 1 and 2. For the special case with monthly premium m =0, B;(p;) =0 for any
p1, 80 Ryi(py) is increasing in p;. O

Proof of Theorem 4. We will show that the flexible EW is strictly profitable if and only if p; < p$, where

p§ is expressed as follows

pi =it {p1>0: m(prm (p1), Q) < (1 = A)e XL, T, (1= q(i) } -

The customer’s maximum willingness-to-pay for the traditional EW is Ry (p;). Since 71 (p1,m*(p1), Q1) >0,
the flexible EW is more profitable if and only if 7y (py,m*(p1), Q1) > Ri(p1) — S1(Q1). For the existence of
the threshold, we will show that 7 (py,m, Q1) — (Ri(p1) — S1(Q1)) is decreasing in p;, which is equivalent
to showing that m (py,m, Q1) — Ri(p1) is decreasing in p; because S;(Q;) is independent of p;.

Suppose that 71 (pey1,m, Qip1) — Riy1(piy1) is decreasing in p, 1. For p, < pi, m(p;,m, Q;) — Ri(py) =
—peeS L, H;zt(l —q(j)), which is decreasing in p,. For p, > p,
me(pe,m, Qi) — Re(pr) =m + A(1 —q(t)) (mﬂ(p;q_l,m, Q1) — ﬁc) +(1 =1~ q(t))7rt+1(pt’+1,m, Q1)

= (1= q(t))(c+ Rer1(pi1)) — (1= o) (1 = () Resr (prir)
=m— (1= q(t))(ABe+pic) + M1 = q()) (Ter1 (P11, Qerr) — Reva (piy1))

+(1=N) 1= q(t)) (meg1 (Pry 1My Qeg1) — Regr(piir)) + (L= () (A= pe) (Res1 (pi1) — Resa (1))
=m— (1= q(t))(ABe+pic) + ML = q(t)) (Ter1 (P17, Qerr) — Reva (py1))

+ (L =21 =) (Tesr (Prgr.m, Qisr) = Resr (1)) + (1= a(0) N =p) (01 = Py )e iy Tmir (1= a(4)-



The last equality holds by Lemma 1. Since p/,, — p;,; is independent of p,, then (1 —q(t))(A — p)(pfi1 —
p;+1)cZiT:t+1 H;:Hl(l — q(j)) is decreasing in p,. Because both m,1(p1,m, Qit1) — Rea(pfy,) and
Tep1(Peg1, My Qey1) — Reya(py 1) are decreasing in p,, then m,(p,, m, Q) — R, (p;) is decreasing in p,. Therefore,
m1(p1,m, Q1) — Ry (p1) is decreasing in p;. Next, we will show that 7y (p1,m*(p1), Q1) — R1(p1) is decreasing
in p;. For any p| <p;, then,

(m1(p1,m* (p1), Q1) = Ba(p1)) — (ma(ph, m* (p1), Q1) — Ba(p)))

< (m(pr,m*(p1), Q1) = Ra(p1)) — (w1 (ph, m*(p1), Q1) — Ri(p})) <0
The first inequality holds because 71 (p},m*(p}), Q1) > 71 (py,m*(p1),Q1); the second inequality holds
because 71 (p1,m, Q1) — R1(p1) is decreasing in p;. Therefore, m (p1,m*(Py1), Q1) — R1(p1) is decreasing in
p1. Thus, 71 (p1,m*(p1), Q1) > Ri(p1) — S1(Q1) for p; <p3. O

Proof of Theorem 5. We will show that the thresholds p¥ and pi’ can be expressed as follows

N « i . L «
Py =sup {pf >0: mi(pt',m* (o}, p), Q1) < 5w (pf = AB)e o1, T (1= q(4)) — 2w - mu(ph,m (pf,p{’),Qf)}7

5
B =inf {pff =05 m(p,me (b, i), Q1) < (0 = AB)e S, Ty (1 = a(3) — 2 - ma ok (o011, @F) }
Under Assumption 4, SF(QF) = S (Q) =ABc >, H;:1(1 —q(j)) by Lemma 4. From Proposition 7, it
is optimal for the traditional EW only to capture market segment H if and only if p > (p} — A\g~*)/+".
We will consider the two cases separately.
If pf > (pt — ABy%) /7", the traditional only captures segment H, and that the flexible EW is more

profitable is equivalent to
vEmi(pt,m* (pf,pl"), Q1) + " m(pi’,m* (pr,p1"), Q1) =" (RY (p1') — ST'(Q1)) -

By the same argument as in the proof of Theorem 4, we can show that m;(pi,m, Q) — RF(pl) is
decreasing in p! for any m. We will next prove that v*m; (p%, m* (p}, i), Q%)+~ (w1 (pt!, m* (p}, pi), Q) —
R (pf!)) is decreasing in pi’. For any pi? <pf{,

(75 (0% A1), @F) 447 (s (4 (v 1), Q1) = RE(04) ) = (7m0, m” (0, p17), QF)
(e (T e (o ), QF) — R (1))

< (vLm(pf,m*(pf,p{’% QY) +7H (mu(pt,m” (p1,p1"), Q1) —R{’(pf))) - (vLﬂl(pim*(pfvp{’),Qf)

™ (m (o (o, pA1), Q) — RY (1)) )

= (s (0 (0 1), QU) = RE (1)) = (ma (0o (0, p11), Q1) = RE (1)) ) <0,

The first inequality holds becanse Emi(ph,me(pb,pll), QF) + A (mi (o, m* (ph,pl1), OF) <
vem(pt,m*(pt,p ™), Q) + A7 (m(p™,m*(pf,p"),QF); the second inequality holds because
mi(pf,m, Q) — R¥(p¥) is decreasing in pi for any m. Therefore, ~*m (pf,m*(pt,p¥),OF) +
YH (71 (pf,m*(pt, pi), Q) — R (p¥')) is decreasing in p{’ and there exists a threshold p{! such that the
flexible EW is more profitable if (pl — A\gy%) /vH <pf < pt | where pt is

p{{ = inf {p{I >0: ﬂl(p{[’m*(pfap{[)> Q?) < (pf - )\»3)02221 H§'=1(1 - q(])) - :YY*ILJ 'Fl(pf7m*<pf7p{{)a Qf)} :



If pff < (p¥ — ABy%) /4™, the traditional EW captures both segments L and H, and that the flexible EW

is more profitable is equivalent to

yEm(ph,me (ph,pi!), QF) + 9" m (pi,m* (pf, pi1), Q) > R (p) — 51(Q1) = (pF — AB)e - =, (1 —g(4))-

The profit of the traditional EW is independent of the prior p as long as pf > p* and we only need to show

that vZm (pk, m*(pl, pl), OF) + v" i (pi, m* (pL, pt), QF) is increasing in pi. Similarly, for any pi < pi,

we have

(751 (ko (0, p11), @) + 4 ma (ptt (021, Q1) ) = (o (b (b, 1), @F) + 4 ma (0, m* (vt i), Q1) )

> (it me (o8, i), @F) + 9 ma (ol (b, i), Q1) ) = (o ma (b, m (b, 1), @F) + 9 ma (0, m” (ot i), Q1) )
=y (ma(plf (0 1), QI = i (0 m* (9 pi), Q1)) = 0.

The first inequality holds because m*(p¥,pi’) is the optimal monthly premium in the heterogeneous mar-

ket of two segments with prior estimates of failure probabilities (p},pi’) and v (pf, m*(pF, pif), OF) +
Yim(ptm* (pr, 1), Q1) = v mi(pr, m*(py, i), Q1) + Y mi(pi’,m*(p1, pi"), Qf'); the second inequality

holds because m;(pf,m), Q) is increasing in p for any m by Proposition 6. Therefore, there exists a

threshold p#’ such that the flexible EW is strictly more profitable if p¥ < p¥ < (pf — A\8~%) /v, where

~ * i . L «
pi =sup {p{’ >0: m(pf,m* (pf,pl"), Q) < Jr(pf = AB)e X [T= (1 —q(4)) — 27 - mi(pf,m (pf,p{’),Qf)}-

O

Proof of Proposition 7. The maximum willingness-to-pay of type-L and type-H customers are
RI(pl) and Rf(pi'), respectively. Under martingale updating schemes and Assumption 4, R} (p}) =
pred H;:1<1 —4q(5)), n € {L,H}. Moreover, R¥(p) > R¥(p}) because pi > pl. From Lemma 4,
SHQE) = AHBe T, T, (1 — (7)) and S7(QI) = A#8e 7, TTE_, (1 - (7).

When the traditional EW captures two market segments, the optimal price is r = R¥ (p}) and the profit is
7t = (RE(pE) — SE(QL)) + v (RE(pY) — ST(QF)); when it only captures segment H, the optimal price
is r = R (p) and the profit is 7, =7 (R¥ (p) — SF(QF)). That =i, > wt, is equivalent to v R¥ (pil) <
RE(pt) — 4% SE(QF). If the termination probabilities are the same for type-L and type-H customers, i.e.,

L= 9% then 7t > % can be further simplified to pif < VLA -

Proof of Theorem 6. Note that the thresholds of the optimal policies for the two segments are also the
same but the purchase durations are different due to different true failure probabilities. Denote the expected
cost to both types of customers as R;(p;) if buying pay-as-you-go services. For the traditional EW provider,
denote the expected support cost to a type-L (resp., type-H ) customer as ST (Q;) (resp., ST (Q1)). The total

expected profit is equal to

v (Ru(p1) = SH(Q1)) + 47 (Ri(pr) — SF(Q)).

Let 7% (p,m, Q,) (vesp., m(p,, m,Q,)) be the flexible EW provider’s expected profit per type-L (resp.,

type-H) customer. Similar to the case in a homogeneous market, 7 (p,,m, Q;) and w7 (p;,m,Q,) can be



found by solving the following dynamic programs.
If R;(p;) — B:(p;) >0,

ﬂ-tL(pt?ma Q) =m+ )‘L(l —qo(t)) (7Tt+1(pf+1, m, Qiy1) — 50) +(1— )‘L)(l —q1 (t))Werl(P;-lamv Qit1),

7 (pe,m, Qi) =m+ M (1 —qo(t)) (weqr (P 1, m, Qigr) — Be) + (1= M) (1 — qu (8)) g (pry 1, my Qiga)-
If Ri(p:) — Bi(p:) <0, wf(ps,m, Q;) = (ps, m, Q;) = 0.

Similar to the proof of Theorem 4, we can easily show that v* (7 f (p1,m, Q1) — Ri(p1)) +v" (7f (p1,m, Q1) —
R1(p1)) is decreasing in p;. Therefore, there exists a threshold p! for the profitability of the flexible EW
compared to the traditional EW in a heterogeneous market with two segments only differing in the true
failure probability. O
Appendix B: Single Flexible EW vs. Multiple Traditional EWs

As an alternative to offering a flexible EW to differentiate customers and achieve market segmentation, a
provider may instead offer multiple traditional EWs with different coverage durations at different prices. In
this section we consider this alternative and compare the profitability of a single flexible EW versus multiple
traditional EWs in a heterogeneous market.

Suppose that the provider can offer two traditional EWs with durations 7" and 7 respectively, assuming
7 < T. Using the same notations, the willingness-to-pay for the traditional EW with duration 7 can be
expressed by R} (p}) — E[R?,,(p?, )] and the support cost to the warranty provider is S7(Qf) — S, ,(Q7, 1)
for a type-n customer, where E[-] denotes the expectation with respect to p?, ,, n € {L, H}. Again, each
customer will select the alternative with the lowest total support cost under the assumption of individual
rationality.

The provider’s problem is to determine prices for the two traditional EWs, denoted by r and 7, respectively,

to maximize the total expected profit:

max Y (0= Sp(Q) 1(r < Bp(ph).r < v+ BIRZ A ()]) + (rr — S(Q)

r20,r7>0,, 77 11y (15)

+S:+1(Q:L+1)) : l(rT + B[R} (p41)] S By (p7), e + B[R (P710)] < 7') },
where the indicator functions 1(-) state the incentive compatibility constraints under which customers will
select the alternative with the lowest support cost.

We assume that a customer will buy the traditional EW with longer duration if she is indifferent in
the total expected support cost between the EWs with durations 7" and 7. We will show the profitability
comparison by the following numerical example.

EXAMPLE 7. We continue with Example 4 in a heterogeneous market of two segments with proportions
~vE =65% and v = 35%. The termination probabilities are: ¢ (t) = ¢F(¢) =0 for t =1,2,...,6; ¢5(t) =
25%, gt (t) =5% for t =7,8,...,12; &' (t) = 15%, ¢F (t) = 5% for t =1,2,...,12. We will fix the prior monthly
failure probability of type-H customers at pi’ = 3% and study the profitability variation with respect to p¥,

the prior failure probability of type-L customers.



Figure 6 Single Flexible EW vs. Two Traditional EWs in a Heterogeneous Market
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Figure 6 shows the profitability comparison between a single flexible EW and two traditional EWs with dif-
ferent durations. For 0 < p¥ < 1.5%, the optimal traditional EWSs are priced such that only type-H customers
buy the warranty with duration 7" and the total profit are constantly equal to $3.05; for 1.6% < p¥ < 1.9%,
type-L customers purchase the traditional EW with duration 7 =6 and type-H customers buy the one with
duration T'=12; for 1.9% < p¥ <2.7%, both the segments buy the traditional EW with duration T = 12; for
pl > 2.7%, the optimal combination of two traditional EWs only captures type-L customers.

As shown by Figure 6, there are clearly instances where the flexible EW is more profitable than a menu
of traditional EWs with varying lengths, i.e., 1.1% < p¥ <1.9%. For example, when pf = 1.5%, the profit
of a single flexible EW is $4.55, which is 41% improvement than the menu of two traditional EWs. This
underscores the finding that the flexible EWs are advantageous when the market contains customers who

initially underestimate the failure probability. [





