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F requent technological innovations and price declines adversely affect sales of extended warranties (EWs) as product
replacement upon failure becomes an increasingly attractive alternative. To increase sales and profitability, we pro-

pose offering flexible-duration EWs. These warranties can appeal to customers who are uncertain about how long they
will keep the product as well as to customers who are uncertain about the product’s reliability. Flexibility may be added
to existing services in the form of monthly billing with month-by-month commitments or by making existing warranties
easier to cancel with pro-rated refunds. This paper studies flexible warranties from perspectives of both customers and
the provider under customers’ reliability learning. We present a model of customers’ optimal coverage decisions and
show that customers’ optimal coverage policy has a threshold structure under some mild conditions. We further show
that flexible warranties can result in higher profits and higher attach rates in a homogeneous market as well as in a heter-
ogeneous market with multiple segments differing in various dimensions.
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1. Introduction and Related Literature

As manufacturers face decreasing profit margins on
hardware products, post-sales services like extended
warranties (EWs) are increasingly important to their
profitability. In addition to providing higher margins
than hardware, services help to extend the useful life
of products, generate a profitable revenue stream of
consumables and accessories over the product’s life-
time, and provide an opportunity to improve cus-
tomer loyalty and brand image.
Attach rate refers to how many complementary

goods and services (e.g., EWs) are attached and sold
together with each primary hardware product. For
electronic products, the attach rate of EWs at the mar-
ket level is typically a single-digit percentage. Gallego
et al. (2009) describe several challenges that manufac-

turers face in improving the attach rate of EWs for
their base products. Among these is a perception for
some customers that EWs are not very attractive
although retailers are pushing hard to sell them (also
see a survey on ConsumerReports.org 2009). This per-
ception may be partly due to the fact that most war-
ranties are offered at a uniform price regardless of
how products are used. Some customers, because of
their usage rates, operating environments, or other
factors, may be susceptible to more product failures
and thus be more expensive to support than others.
Another challenge to sell EWs is the combination of

falling hardware prices and rapid technology
improvements experienced in some industries. A
good example is the personal computer (PC) industry.
As prices decline, customers may find that replacing a
failed product compares favorably to buying an EW
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or paying out of pocket for repairs. Typically, the
decision tilts more toward replacement when the
replacement product has new features and is offered
at an attractive price.
To address these challenges, service providers may

want to consider introducing flexible-duration EWs
that can appeal to a broader range of customers. Flexi-
bility may be added to existing services in several
different ways. For example, manufacturers or third
parties could offer an EW with coverage commit-
ments and payments made on a periodic basis, e.g.,
monthly or quarterly. Unlike a traditional, fixed-dura-
tion EW, which requires customers to commit to and
pay up front for one or more full years of coverage, a
flexible-duration EW allows customers to choose the
duration of coverage with finer granularity and pay
on a periodic basis for the coverage. Without creating
much confusion, we call the new warranty a flexible
EW from now on.
Flexible EWs are available on the market today. For

example, Sprint offers an Equipment Service & Repair
Program (ESRP) for smart phones at $7.00 per month.
ESRP can be added to devices within 30 days of acti-
vation or upgrade and can be canceled anytime at no
cost but without possibility of reactivation in the
future. AT&T offers a similar program at $6.99 per
month. Monthly WarrantyTM, a third-party service
provider, offers EWs with monthly payments and
with the flexibility to control their coverage duration
for TVs, appliances, electronics, cameras, and PCs.
A flexible EWmay appeal to customers for a variety

of reasons. Periodic billing can attract customers with
cash-flow constraints or high time-discounting rates,
who would prefer low monthly or quarterly pay-
ments to a large lump-sum payment. There is evi-
dence from the monthly prices offered by providers
that customers are even willing to pay a premium for
the combination of flexibility and monthly billing.
Moreover, customers who buy low-priced products
may have severe budget constraints and may opt to
allocate all or nearly all of their budget at the time of
purchase to the product itself. A flexible EW with
deferred monthly payments does not compete
directly with the product budget and may be more
palatable than a warranty with a large up-front pay-
ment. Beyond its cash-flow advantages, a flexible EW
allows customers to hedge against several kinds of
uncertainty. Those who are uncertain about their
future financial states will value the flexibility to
terminate coverage at any time. Customers may also
be uncertain of how much they will like the product.
And in industries with rapid technological innova-
tions, such as consumer electronics, customers may
not know how soon they will wish to upgrade to a
newer product with more features. Customers might
also be unsure of the product reliability and therefore

the necessity of coverage; a flexible EW allows the
customer to learn about the product’s reliability over
time without a costly long-term commitment.
This study focuses on two of the factors that make

flexible EWs attractive: the customers’ uncertainty in
the timing of replacement and their ability to learn
about product reliability. We discuss flexibility in the
form of a monthly warranty, with monthly pay-
ment and month-by-month coverage commitments,
although the results apply to any choice of period
length in commitment and payment schedule and
indeed to cancelable warranties that are paid with an
up-front lump-sum payment and provided with pro-
rated refunds at the time of cancelation. We illustrate
that flexible EWs can result in higher profits and
higher attach rates in a homogeneous market as well
as in a heterogeneous market with multiple segments
differing in various dimensions. In particular, we find
that flexible EWs can be more profitable than tradi-
tional EWs in markets where some customers have
low initial estimates of the product failure probability
but adjust their estimates over time through their
experience with the product.
In the warranty literature, research has largely

focused on base warranties, although interest in EWs
is now burgeoning as post-sales services are being
recognized as important to manufacturers’ revenue,
margin, and customer loyalty (see, e.g., Cohen et al.
2006). Among studies on EWs, some address how
EWs provide a signaling function for product quality,
whereas others illustrate how heterogeneity among
customers can enable segmentation of the EWmarket.
For example, Padmanabhan and Rao (1993) consider
pricing strategies in the presence of heterogeneous
risk preferences and customer moral hazard. Lutz
and Padmanabhan (1994) consider income variation
among customers, whereas Lutz and Padmanabhan
(1998) examine how customers’ differing utility of a
functional product enables market segmentation.
Other studies discuss customer usage heterogeneity
in the context of warranty pricing, including Hollis
(1999), Moskowitz and Chun (1994), and Padmanab-
han (1995).
The EW literature contains very little prior research

on EWs with flexible duration. Jack and Murthy
(2007) study the pricing of flexible EWs in a Stackel-
berg game setting, with the manufacturer as the
leader and a customer as the follower. The manufac-
turer sets the price of the EW per unit time and the
customer chooses the start time for the EW and
replacement time for the product. Wang et al. (2010)
present a model of flexible EWs in which customers
dynamically choose how to respond to a failure (i.e.,
with a repair or a replacement) to maximize the total
discounted utility derived from the products. The fact
that customers can choose between repair and
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replacement upon failure is one of the factors that
impede fixed-term EW sales for inexpensive prod-
ucts, particularly in markets where technology is
improving rapidly, and is part of what makes flexibil-
ity in warranty duration more attractive. Hartman
and Laksana (2009) consider the design and pricing of
a number of renewable EW contracts including unre-
stricted and restricted warranties. In their study, a
customer is assumed to have perfect information
about the product reliability, and her optimal strategy
can be found by solving dynamic programs. The opti-
mal menus of contracts are chosen to maximize the
warranty provider’s profits for homogeneous and
heterogeneous markets.
Our study explores advantages of flexible duration

in support services. Unlike the previous work related
to flexible EWs, it models customers’ dynamic learn-
ing of the product reliability over time, based on fail-
ure observations. In this setting, a monthly warranty
premium can be thought of as an option value embed-
ded in the flexible EW that enables customers to learn
the reliability of the product over time without
committing to buy a costly long-term warranty. The
second contribution beyond the prior art is the incor-
poration of uncertainty into the timing of customers’
product replacement. Replacement timing may be
exogenously determined when market developments
such as technology breakthroughs or dramatic price
drops primarily drive product replacement decisions.
The assumption of uncertain replacement timing is
consistent with the uncertain timing of these events.
In addition, this study analytically demonstrates the
profitability of the flexible EW compared to the
traditional EW in homogeneous and heterogeneous
markets.

2. The Customer’s Problem

In this section, we study a flexible EW with month-
by-month commitments and a monthly premium m.
The warranty provider (he) imposes two restrictions
on a flexible EW purchase: (i) if a customer (she) pur-
chases coverage, it must be started before the product
reaches a pre-specified age; and (ii) the flexible EW
cannot be resumed once it is discontinued. These
restrictions are consistent with the practice of most
warranty providers, who require extended coverage
to begin when the product is still under the base war-
ranty and require renewals to occur while the previ-
ously purchased flexible EW is in effect. Such
restrictions are appropriate for a provider who finds
it technically infeasible or cost prohibitive to verify
that a customer’s product is functional before allow-
ing extended coverage. To simplify the exposition of
the study, we further assume that the flexible EW
must begin at the beginning of the planning horizon.

This assumption is not restrictive, as one can simply
assume that the customer’s planning horizon in this
model begins at the end of the base warranty.
The customer may be uncertain about how long she

will own the base product. This uncertainty may
come from several sources. She may be unsure how
much she will like the product or how soon a better
product will be available on the market that induces
her to upgrade. The randomness in her possession
before a replacement depends also on the product
reliability, as customers may be more likely to replace
a failed product than a functional one. We model
uncertainty in the length of the customer’s possession
as follows. Let qiðtÞ be the month t termination proba-
bility, where i 2 {0,1} denotes the state with i = 0
representing a failure and i = 1 representing a func-
tional product. More specifically, q0ðtÞ (respectively,
q1ðtÞ) is the probability that the customer will aban-
don the product at the end of month t, given that she
has not replaced it prior to that month and that the
product fails (respectively, does not fail) in that
month. Notice that this formulation essentially allows
a random horizon that is bounded above by T + 1.
Without loss of generality, T can be assumed to
exceed the time that the customer abandons the prod-
uct with probability one. A special case is the fixed
time horizon model as qiðtÞ ¼ 0 for t = 1,2,…,T,
i = 0,1, and qiðT þ 1Þ ¼ 1 for i = 0,1.
We assume that at most one failure can occur in

each month. Although the results extend to the case
of multiple failures per month, we make the single
failure assumption to simplify exposition. Let It be a
failure indicator random variable, taking value 1 if
there is a failure in month t and taking value 0
otherwise. For notational convenience, let I t ¼
fI1; I2; . . .; Itg denote the failure history up to month
t. Let p1 be the customer’s initial belief of the failure
probability in month 1. In the remainder of this study,
failure probability refers to the probability that a
product fails in a month unless otherwise stated. In
each month, the customer updates her estimate of the
product failure probability based on her initial belief
and the product’s prior failure history, following an
updating scheme. Denote pt as the estimated failure
probability in month t. Let ptþ1ðI tÞ represent the esti-
mated failure probability in month t + 1 for failure
history I t, where ptþ1ð�Þ is an updating scheme in
month t + 1. We make the following assumptions
about the updating scheme ptþ1ðI tÞ.

ASSUMPTION 1. The failure probability updating process
is Markovian.

More precisely, the failure probability update
depends only on the present state, i.e.,
ptþ1ðI tÞ ¼ Htþ1ðpt; ItÞ, where Htþ1ð�; �Þ is an updating
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function. We define pþtþ1 ¼ Htþ1ðpt; It ¼ 1Þ and
p�tþ1 ¼ Htþ1ðpt; It ¼ 0Þ: The quantity pþtþ1 (respec-
tively, p�tþ1) represents the failure probability estimate
at the beginning of month t + 1 when the month t fail-
ure probability estimate was pt and a failure occurred
(respectively, did not occur) in month t.

ASSUMPTION 2. The failure probability updating method
satisfies

(a) Htþ1ðpt; 1Þ � Htþ1ðpt; 0Þ for any t and
0 � pt � 1;

(b) Htþ1ðpt; ItÞ is increasing in pt for all t and
It 2 f0; 1g.

Throughout this study we use “increasing” to sig-
nify “non-decreasing,” and “decreasing” to signify
“non-increasing.” Assumption 2(a) is equivalent to
pþtþ1 � p�tþ1, and it says that the estimated failure prob-
ability is higher for the next month if a failure occurs
in the current month. Assumption 2(b) is equivalent
to the condition pþtþ1 � p0þtþ1 and p�tþ1 � p0�tþ1 for any
pt � p0t, meaning that the estimated failure probability
in a given month is increasing in the previous
month’s failure probability estimate. Note that the
updating scheme Htð�; �Þ need not assume stationarity
and Htð�; �Þmay be different from Hsð�; �Þ for t 6¼ s.
Customer risk aversion is typically assumed in

determining premium insured for large losses, where
customers’ utility functions tend to manifest concave
curvature. However, the magnitude of losses from
failures of many consumer products is relatively
small, not enough to render concave curvature in cus-
tomers’ utility function. In addition, warranties are
different from other insurance in that the provider
does not need to charge a risk premium to make a
profit. This is particularly true when the warranty
provider has economies of scale in repairing products.
For these reasons, we adopt an environment where
the customer is risk neutral and focus on other rea-
sons for buying and selling warranties, such as infor-
mation asymmetry in product failure probabilities
and scale economies in providing repair services.
We consider a customer who has just purchased a

new product and would like to minimize her total
expected cost of supporting the product over a ran-
dom planning horizon bounded by T + 1. She must
choose whether to begin a warranty coverage in the
first month and whether to continue the coverage for
her product in each month thereafter. When the cov-
erage is discontinued or the product is abandoned,
there are no further decisions to be made for the prod-
uct in the future. Thus, the model focuses on the cus-
tomer’s decisions during the lifetime of a single
product. The customer decides whether to continue
warranty coverage based on her estimate of the prod-
uct failure probability. She will continue coverage if

the total expected cost is not greater than that of
canceling the flexible EW, which is often referred to
as the participation constraints in the literature of
principal–agent problems. For mathematical conve-
nience and analytical tractability, we assume that
repairs occur immediately and the product is
returned to the customer by the end of the same
month. This assumption may be more consistent with
the actual repair time than the typical instantaneous
repair assumption made in continuous time models.
The repair cost of an uncovered failure in month t is a
random variable Ct to the customer. We assume that
its mean c ¼ ECt is independent of t and is known to
the customer and the warranty provider. Under
Assumption 1, the total expected cost from the current
month to the end of the horizon depends on the cur-
rent estimated failure probability and is independent
of the failure process realization before this month.
Let RtðptÞ be the customer’s minimum total expected
cost over the remaining horizon {t,t + 1,…,T + 1},
given that her estimated failure probability at the
beginning of month t is pt and that she does not buy
coverage in this month.
Then, the customer’s total expected cost of termi-

nating coverage at state ðt; ptÞ for any t = 1,2,…,T is

RtðptÞ ¼ ptð1� q0ðtÞÞðcþ Rtþ1ðpþtþ1ÞÞ
þ ð1� ptÞð1� q1ðtÞÞRtþ1ðp�tþ1Þ:

ð1Þ

We assume that customers do not need to repair
failed products after the planning horizon, so the
boundary conditions are RTþ1ð�Þ ¼ 0: Under some
mild conditions, RtðptÞ in Equation (1) can be simpli-
fied.

LEMMA 1. If q0ðtÞ ¼ q1ðtÞ, denoted by q(t), for t = 1,2,
…,T, and the updating scheme is a martingale with
respect to the failure process, i.e., E½ptþ1jI t� ¼ pt, then
RtðptÞ ¼ ptc

PT
i¼ t

Qi
j¼ tð1� qðjÞÞ:

All the proofs in this study are relegated to the
online Appendix. Common updating schemes such as
the Beta updating scheme (see, e.g., Stigler 1986) and
the exponential smoothing mechanism (see, e.g.,
Brown and Meyer 1961) result in martingales that sat-
isfy Assumptions 1 and 2. In the special case where the
updating scheme is a martingale and q0ðtÞ ¼
q1ðtÞ ¼ 0 for t = 1,2,…,T, RtðptÞ ¼ ðT þ 1� tÞptc:
Let BtðptÞ be the customer’s minimum total

expected cost over {t,t + 1,…,T + 1}, given that her
estimated failure probability at the beginning of
month t is pt and that she buys coverage for month t.
Let WtðptÞ be the customer’s minimum total expected
cost over {t,t + 1,…,T + 1}, given that she had war-
ranty coverage in month t�1 and that her estimated
failure probability at the beginning of month t is pt.
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The customer’s minimum total expected cost of
continuing warranty coverage is given by

BtðptÞ ¼ mþ ptð1� q0ðtÞÞWtþ1ðpþtþ1Þ
þ ð1� ptÞð1� q1ðtÞÞWtþ1ðp�tþ1Þ:

ð2Þ

The optimal decision is the action with the smaller
expected cost, i.e.,

WtðptÞ ¼ minfBtðptÞ; RtðptÞg; ð3Þ

with boundary conditions WTþ1ð�Þ ¼ 0: For t > 1,
Equation (3) reflects the customer’s choice in each
month between continuing warranty coverage and
incurring total expected cost BtðptÞ and terminating
coverage and incurring expected support costs
RtðptÞ over the remainder of the planning horizon.
For t = 1, Equation (3) corresponds to the customer’s
choice of whether or not to start coverage.
Without loss of generality, we assume that

ð1� q0ðTÞÞc � m; otherwise, the customer never buys
coverage in month T because the expected cost of the
pay-as-you-go service is cheaper. The quantity
RtðptÞ � BtðptÞ is the total benefit of continuing the
flexible EW in month t, given that the estimated fail-
ure probability is pt:

PROPOSITION 1. Under Assumptions 1 and 2, if q0ðtÞ is
increasing in t, then RtðptÞ � BtðptÞ is increasing in
pt for t = 1,2,…,T. Moreover, RtðptÞ � BtðptÞ �
ðð1� q0ðtÞÞc�mÞ=q0ðtÞ if q0ðtÞ [ 0.

Proposition 1 says that the total benefit of contin-
uing the flexible EW is increasing in the estimated
failure probability pt, and, moreover, it is bounded
above. With these properties, we can now show that
the optimal policy has a threshold structure.

THEOREM 1 (THRESHOLD POLICY).

(a) If the customer was covered in the previous month,
it is optimal to continue coverage in month t if
and only if RtðptÞ � BtðptÞ � 0. (She is indifferent
between continuing coverage and terminating cov-
erage when the inequality becomes an equality.)

(b) Under Assumptions 1 and 2, if q0ðtÞ is increasing
in t, then there exists a sequence of failure proba-
bility estimate thresholds fp�t : t ¼ 1; . . .;Tg such
that it is optimal to continue coverage in month t
if and only if the estimated failure probability
pt � p�t : Moreover, p�t � m=ðð1� q0ðtÞÞcÞ:

The optimal thresholds are independent of
failure realization, so they can be pre-computed.
Proposition 2 shows that the threshold policy also
holds under conditions beyond those specified in
Theorem 1(b).

PROPOSITION 2 (THRESHOLD POLICY). Under Assump-
tions 1 and 2, if q0ðtÞ � q1ðtÞ for t = 1,2,…,T�1, then
RtðptÞ � BtðptÞ is increasing in pt and the customer’s
optimal coverage policy also has a threshold structure:
There exists a threshold p�t in month t such that it is
optimal to continue coverage in month t if and only if
pt � p�t :

In particular, if there is no difference between the
termination probabilities for functional and failed
products, i.e., q0ðtÞ ¼ q1ðtÞ for t = 1,2,…,T � 1, the
optimal policy always has a threshold structure under
Assumptions 1 and 2. However, the condition
q0ðtÞ � q1ðtÞ for t = 1,2,…,T�1 may be less likely to
hold in practice as customers are generally more
likely to replace a failed product than a functional
one, i.e., q0ðtÞ [ q1ðtÞ. Moreover, the optimal policy
does not have a threshold structure for general termi-
nation probabilities. The following is such an exam-
ple, although somewhat contrived, in which the
optimal policy does not have a simple threshold
structure.

EXAMPLE 1. Consider a three-month problem (T = 2).
Suppose the updating scheme is ptþ1ðI tÞ ¼ pt
and thus the estimated probability in the next
month is the same as in the previous month no
matter what happens. Apparently, the updating
scheme satisfies Assumptions 1 and 2. Assume
q0ð1Þ ¼ 100% and q1ð1Þ ¼ q0ð2Þ ¼ q1ð2Þ ¼ 0%;
meaning that the customer replaces the product if it
fails in month 1; otherwise the customer keeps it
until the end of the horizon. Note that the termina-
tion probabilities violate the conditions q0ð1Þ � q0ð2Þ
and q0ðtÞ � q1ðtÞ for t = 1. Let c = $100 and m = $5.
Then, R2ðpÞ ¼ 100p and W2ðpÞ ¼ minð5; 100pÞ, so it
is optimal to buy coverage in month 2 if and only if
p ≥ 5%. According to Equations (1) and (3), the
expected cost of not buying coverage in month 1
is R1ðpÞ ¼ ð1� pÞR2ðpÞ ¼ 100pð1� pÞ and the
expected cost of buying coverage in month 1 is
5 þ ð1� pÞW2ðpÞ: It is optimal to buy coverage in
month 1 if and only if 5 þ ð1� pÞW2ðpÞ �
100pð1� pÞ: Consequently, it is optimal to forgo cov-
erage in month 1 if p < 5%. For p ≥ 5%, it is optimal
to buy coverage in month 1 if and only if 5 + 5(1�p)
≤ 100p(1�p), which is equivalent to 10.6% ≤ p
≤ 94.4%. So, the optimal policy in month 1 is to buy
coverage if and only if 10.6% ≤ p ≤ 94.4%. This con-
dition does not have a simple threshold structure.
The intuition is that for very low failure probability
estimates, the customer will not buy coverage
because she is unlikely to experience a failure,
whereas for very high failure probability estimates,
she will not buy coverage either because she is very
likely to abandon the product in period 1 due to a
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failure, so her monthly premium would be wasted.
For more moderate failure probability estimates she
will buy coverage.

2.1. Beta Updating Scheme
As a specific example of the failure probability updat-
ing scheme, consider the special case where the cus-
tomer has a prior b(a,b) and she updates after each
month as follows. Let a1 ¼ a and b1 ¼ b. Given at
and bt at the beginning of month t, then atþ1 ¼ at þ It
and btþ1 ¼ bt þ ð1� ItÞ. As a result, at the beginning
of month t + 1 the expected failure probability is
ptþ1 ¼ atþ1=ðatþ1 þ btþ1Þ: The expected failure proba-
bility in month t + 1 is pþtþ1 ¼ ðat þ 1Þ=ðat þ bt þ 1Þ
if a failure occurs in month t; p�tþ1 ¼ at=ðat þ bt þ 1Þ if
no failure occurs in month t. This is the so-called Beta
updating scheme (see, e.g., Stigler 1986). Note that the
Beta updating scheme is non-stationary. The estimate
ptð�Þ depends on t, i.e., ptð�Þ is different from ptþ1ð�Þ. It
is easy to verify the following.

LEMMA 2.

(a) The Beta updating scheme ptþ1 ¼ atþ1=ðatþ1þ
btþ1Þ satisfies Assumptions 1 and 2.

(b) The Beta updating scheme is a martingale.

Let Nt be the total number of failures prior to month
t. The following theorem describes the threshold
structure of the optimal policy in terms of Nt under
the Beta updating scheme.

THEOREM 2 (OPTIMAL POLICY). If the optimal policy has
a threshold structure with thresholds p�t , then there exist
a sequence of thresholds fx�t : t ¼ 1; 2; . . .;Tg for the
Beta updating scheme such that it is optimal for the cus-
tomer to continue coverage in month t if and only if
Nt � x�t .

2.2. Stationary Updating Schemes
In this subsection, we consider the case that the failure
updating scheme is stationary, i.e., time independent,
and derive further structural properties of the cus-
tomer’s optimal coverage policy under this assump-
tion.

ASSUMPTION 3. The failure probability updating scheme
is stationary.

Under Assumptions 1 and 3, ptþ1ðI tÞ ¼ Hðpt; ItÞ,
where H(�,�) is a stationary function. Before consider-
ing the monotonicity of the thresholds in the optimal
coverage policy, we present some monotone properties
of the cost functionsWtðpÞ and RtðpÞ with respect to t.

PROPOSITION 3. Under Assumptions 1–3, if both q0ðtÞ
and q1ðtÞ are increasing in t, then

(a) RtðpÞ, BtðpÞ, and WtðpÞ are decreasing in t for any
0 ≤ p ≤ 1.

(b) RtðpÞ � BtðpÞ is decreasing in t for any 0 ≤ p ≤ 1.

Proposition 3 says that the benefit of continuing cov-
erage, which is captured by the term RtðpÞ � BtðpÞ, is
decreasing when it approaches the end of the planning
horizon. Theorem 3 below shows that the thresholds in
a customer’s optimal policy are increasing in time t.

THEOREM 3 (MONOTONICITY OF THRESHOLDS). Under
Assumptions 1–3, if both q0ðtÞ and q1ðtÞ are increasing
in t, then the thresholds in the customer’s optimal
coverage policy are increasing in t, i.e., p�1 � p�2 �
� � � � p�T ¼ m=ðð1� q0ðTÞÞcÞ:

In other words, the customer’s likelihood of contin-
uing the flexible EW coverage decreases as it gets clo-
ser to the end of the horizon. Although the thresholds
are increasing, each month’s threshold is bounded
above by the estimated failure probability based on
the threshold in the previous month. Let p�þtþ1 be the
updated failure probability in month t + 1 if a failure
occurs in month t given that the estimated failure
probability is p�t at the beginning of month t, i.e.,
p�þtþ1 ¼ Hðp�t ; 1Þ:

PROPOSITION 4. Under Assumptions 1–3, if q0ðtÞ is
constant, q1ðtÞ is increasing in t and pþtþ1 � pt for all
0 � pt � 1, then p�tþ1 � p�þtþ1:

Proposition 4 tells us that if it is optimal for a cus-
tomer to buy coverage in month t and, furthermore, if
a failure occurs in that month, then it will be optimal
for her to continue coverage in the next month as well
because her updated failure probability estimate will
exceed the threshold p�tþ1 in month t + 1. This sug-
gests that the customer would keep the flexible EW
after a covered failure unless the failure occurs during
the last month T of the planning horizon.

2.2.1. Exponential Smoothing Mechanism. An
example of a stationary failure probability updating
scheme is the exponential smoothing mechanism (see,
e.g., Brown and Meyer 1961). Assume that the prior
failure probability estimate is p1 and the customer
updates it as follows:

ptþ1 ¼ pt þ aðIt � ptÞ for t ¼ 1; 2; . . .;T � 1; ð4Þ
where a is constant and 0 ≤ a ≤ 1. The parameter a
reflects the degree of inertia in the failure probabil-
ity estimate; lower values of a correspond to more
weight on the previous failure probability estimates.
The probability estimate in the next month only
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depends on the current probability estimate and the
failure observation in the current month. The cus-
tomer compares the failure observation with the
estimated failure probability and makes a linear
adjustment, so the exponential smoothing mecha-
nism can also be called a linear adjustment scheme.
Then, pþtþ1 ¼ ð1� aÞpt þ a if a failure occurs in
month t; p�tþ1 ¼ ð1� aÞpt otherwise. Expanding the
recursion (4) yields,

ptþ1 ¼ ð1� aÞtp1 þ
Xt�1

i¼0

að1� aÞiIt�i: ð5Þ

Recall that in the Beta updating scheme, the esti-
mate of the failure probability in the next month
depends on the number of observed failures up to
the current month, and all failures have the same
weight regardless of recency. However, in the
exponential smoothing mechanism, the more recent
failures weigh more.

LEMMA 3.

(a) The exponential smoothing mechanism satisfies
Assumptions 1–3.

(b) The exponential smoothing mechanism is a martin-
gale.

Thus, all the results for general and stationary
updating schemes hold for the exponential smoothing
mechanism. As discussed before, if q0ðtÞ ¼ q1ðtÞ ¼ 0
for t = 1,2,…,T, then RtðptÞ ¼ ðT þ 1� tÞptc by
Lemma 1 and it is independent of the adjustment fac-
tor a.
The following proposition demonstrates additional

structural results for the customer’s coverage decision
process under the exponential smoothing mechanism.

PROPOSITION 5. If q0ðtÞ ¼ q1ðtÞ for t = 1,2,…,T, then
the following results hold under the exponential
smoothing mechanism.

(a) Both BtðptÞ and WtðptÞ are decreasing concave in
a for 0 � pt � 1 and t = 1,2,…,T.

(b) The thresholds p�t are decreasing in a for t = 1,2,
…,T.

Proposition 5 says that the higher the adjustment
factor, the more likely the customer is to buy the flexi-
ble EW in the first month for any given prior probabil-
ity estimate.

3. The Provider’s Problem

In this section we will study the provider’s problem
assuming that customers use the optimal coverage
strategy. We show how to compute the provider’s
expected profit for any given flexible EW and then
investigate its profitability against the traditional EW.

We assume that the provider has scale economies
in repairs. Let bC be the repair cost to the provider for
a failure with cost C to the customer, where b is
constant and 0 ≤ b ≤ 1. Denote termination probabili-
ties from month t to the end of the horizon
by Qt :¼ fðq0ðiÞ; q1ðiÞÞ : i ¼ t; t þ 1; . . .;Tg. Let
ptðpt;m;QtÞ be the provider’s total expected profit per
customer from month t to the end of the horizon,
given that the customer’s estimated monthly failure
probability at the beginning of month t is pt, the
monthly premium is m, and the termination probabil-
ities are Qt. Note that ptðpt;m;QtÞ also depends on the
true failure probability k. The recursive equations for
ptðpt;m;QtÞ can be formulated as follows.
If RtðptÞ � BtðptÞ � 0, which can be implied by

pt � p�t from Theorem 1, then the customer continues
buying the flexible EW in month t:

ptðpt;m;QtÞ¼ mþkð1�q0ðtÞÞðptþ1ðpþtþ1;m;Qtþ1Þ�bcÞ
þð1�kÞð1�q1ðtÞÞptþ1ðp�tþ1;m;Qtþ1Þ;

if RtðptÞ � BtðptÞ\ 0, which can be implied by
pt \ p�t , then the customer stops buying the flexible
EW in month t:

ptðpt;m;QtÞ ¼ 0;

with boundary condition pTþ1ð�; �; �Þ ¼ 0. Then, the
total expected profit from a customer is p1ðp1;m;
Q1Þ, where p1 is the customer’s prior estimate of the
monthly failure probability and Q1 represents the
termination probabilities from month 1 to the end of
the horizon.
The dynamic equations for the expected profit of

the flexible EW are complicated in general, but essen-
tial analytical results can be obtained under certain
mild conditions.

ASSUMPTION 4. The termination probabilities are inde-
pendent of the product failure status, i.e., q0ðtÞ ¼ q1ðtÞ
for t = 1,2,…,T, denoted by q(t).

We expect the termination probabilities to be lower
if the product is working, so we can think of this
assumption as providing both lower and upper
bounds on expected profits. We obtain an upper
bound on expected profits if the termination probabil-
ity for a working product is inflated to be equal to that
for a failed one. A lower bound on profits can be
obtained when we lower the termination probability of
a failed product to be equal to that of a working one.

3.1. Homogeneous Market
Wefirst consider a homogeneousmarket, where all cus-
tomers have the same characteristics in terms of prior
estimate, learning scheme, true failure probability,
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termination probabilities, etc. The problem, faced by
the flexible EW provider, is to determine the monthly
premium tomaximize his total expected profit:

max
m � 0

p1ðp1;m;Q1Þ: ð6Þ

Denote the optimal monthly premium by m�ðp1Þ ¼
argmaxm� 0 p1ðp1;m;Q1Þ; then p1ðp1;m�ðp1Þ;Q1Þ is
the optimal expected profit. The profit function
p1ðp1;m;Q1Þ may not be unimodal, but the optimal
monthly premium m�ðp1Þ is bounded so it can be
efficiently found by some non-linear optimization
algorithms. Moreover, it is straightforward to show
that kbcmintð1� q0ðtÞÞ � m�ðp1Þ � R1ðQ1Þ. This is
because the customer will not purchase the flexible
EW if the monthly premium is higher than the cost of
not buying the warranty, and the flexible EW is not
profitable if the premium is lower than the minimum
support cost for each period.
Consider a traditional EW with duration T months

in the same homogeneous market and let StðQtÞ be
the total expected support cost of the traditional EW
to the provider for a customer from month t to the
end of the horizon, given that the customer’s termina-
tion probabilities are Qt. The recursive equations for
StðQtÞ are as follows:

StðQtÞ ¼ kð1� q0ðtÞÞðbcþ Stþ1ðQtþ1ÞÞ
þ ð1� kÞð1� q1ðtÞÞStþ1ðQtþ1Þ;

ð7Þ

with boundary conditions STþ1ð�Þ ¼ 0:
Under some mild conditions, the support cost

StðQtÞ has a simpler expression, which significantly
simplifies the profit comparison between the flexible
and the traditional EWs.

LEMMA 4. Under Assumption 4,

StðQtÞ ¼ kbc
XT

i¼t

Yi

j¼t

ð1� qðjÞÞ:

In a homogeneous market where only a traditional
EW or a pay-as-you-go repair service is available, a
customer buys the traditional EW if and only if its
price is not greater than the expected cost of not pur-
chasing the flexible EW, which is R1ðp1Þ and can be
found by solving the recursive equation (1) with ter-
mination probabilities Q1: The problem, faced by the
traditional EW provider in a homogeneous market, is
to choose the warranty price r to maximize his total
expected profit:

max
r� 0

ptðp1; r;Q1Þ; ð8Þ

and the indicator function 1(z) = 1 if z is true;
1(z) = 0 otherwise. Apparently, the optimal price
is equal to the customer’s willingness to pay R1ðp1Þ

if the traditional EW is a profitable business in
this homogeneous market, and the optimal profit
can be re-expressed by maxr� 0 ptðp1; r;Q1Þ ¼
maxfR1ðp1Þ � S1ðQ1Þ; 0g.

PROPOSITION 6. Under Assumptions 1 and 2, the optimal
profit of the traditional EW is increasing in the prior
estimate of the monthly failure probability p1. Moreover,
if q0ðtÞ is increasing in t or q0ðtÞ � q1ðtÞ, the optimal
profit of the flexible EW is increasing in p1 as well.

We are now ready to compare the optimal profits of
the flexible EW and the traditional EW in a homoge-
neous market, where the customer updates the failure
probabilities following certain updating schemes.

THEOREM 4. Under Assumptions 1, 2, and 4, in a
homogeneous market where customers follow martingale
updating schemes and pþtþ1 � p�tþ1 is independent of pt,
there exists a threshold po1 such that the flexible EW is
strictly more profitable to the provider than the
traditional EW if and only if the prior estimate of the
monthly failure probability p1 is less than po1.

The expression of the threshold po1 can be found in
the proof of Theorem 4 in the online Appendix. Both
the Beta updating scheme and the exponential
smoothing mechanism are martingales, and pþtþ1 �
p�tþ1 is independent of pt, so in a homogeneous market
where the customer has a low prior failure probability
estimate, the customer’s willingness to pay for the tra-
ditional EW is low as well and the traditional EW
may result in little or no profit, so the flexible EW can
be more profitable. The following example illustrates
the comparison between the flexible EW and the tra-
ditional EW.

EXAMPLE 2. We consider the warranty provider’s
problem with a time horizon T = 12. The customer
updates the estimate of the failure probability
according to the exponential smoothing mechanism
with different adjustment factors a = {0.3,0.5,0.7}.
The expected repair cost is c = $100 to the customer
and is bc = 0.6�$100 = $60 to the provider. The ter-
mination probabilities are q0ðtÞ ¼ q1ðtÞ ¼ 0 for
t = 1,2,…,6 and q0ðtÞ ¼ q1ðtÞ ¼ 5% for t = 7,8,…,12.

For the monthly failure probability x%, we define its
equivalent nominal annual failure probability as 12�x%.
Assume that the true monthly failure probability
is k = 2% or the equivalent nominal annual failure
probability is 24% (more precisely, the equivalent actual
annual failure probability is equal to 1� ð1� 2%Þ12
¼ 21:5%). Solving optimization problems (6) and (8)
gives the optimal profits for the warranty provider
from the flexible and traditional EWs, respectively.
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Figure 1 illustrates the profit comparison for the
traditional EW and the flexible EWs with different
exponential smoothing adjustment factors a 2
{0.3,0.5,0.7}. If the prior estimate of the monthly fail-
ure probability p1 is lower than 1.25%, the traditional
EW earns no profit. In contrast, the flexible EW
always results in profit from each customer, and the
profit is non-trivial even for a very low prior failure
probability. The profit of the traditional EW is strictly
increasing in p1 at a constant rate for p1 [ 1:25%
because maxr� 0 ptðp1; r;Q1Þ ¼ R1ðp1Þ � S1ðQ1Þ, S1ðQ1Þ
is independent in p1, and R1ðp1Þ is linearly increasing
in p1 by Lemma 1. The profits of the flexible EWs with
different adjustment factors are all increasing in p1
but at a lower rate than the traditional EW. The flexi-
ble EW is more profitable than the traditional one for
sufficiently small prior failure probability. For exam-
ple, if the prior monthly failure probability is less
than 1.88% or the prior nominal annual failure proba-
bility is less than 22.56%, the flexible EW is strictly
more profitable than the traditional one in a homo-
geneous market, where customers update the failure
probability estimate following the exponential
smoothing scheme with adjustment factor a = 0.3.
From Figure 1, we see that the profitability thresholds
for the flexible EW against the traditional EW are
po1 ¼ 2:13% and po1 ¼ 2:10% for adjustment factors
a = 0.5 and a = 0.7, respectively.
A profit comparison with different adjustment fac-

tors shows that the profit is increasing in the adjust-
ment factor if the prior failure probability is
relatively low (lower than 1.75% in this example).
The monotonicity of the profit is not clear if the
prior failure probability is relatively high. Figure 1
demonstrates that the profit of the flexible EW for

adjustment factor a = 0.5 is higher than the profits
for a = 0.3 and a = 0.7 when p1 is greater than 2%.
The profit comparison for different adjustment fac-

tors seems to contradict Proposition 5, which indi-
cates that the customer’s purchase threshold is
decreasing in the adjustment factor. However, Propo-
sition 5 shows the static monotonicity of the cus-
tomer’s optimal policy, while the provider’s profit not
only depends on the optimal policy but also relates to
how the failure probability may dynamically evolve.
The evolution estimate of the failure probability may
be decreasing or lower than the threshold according
to the updating scheme (5) if the true failure probabil-
ity is very low and the adjustment factor is relatively
high, so customers may drop the flexible EW rela-
tively early.
Unlike the prior estimate of the failure probability,

increasing true failure probability adversely affects
the provider’s profit. The following example illus-
trates the comparison between the flexible and tradi-
tional EWs with respect to the true failure probability
in a homogeneous market.

EXAMPLE 3. We continue with Example 2 and com-
pare the profits of the flexible and traditional EWs
with respect to the true failure probability. Assume
that the prior estimate of the monthly failure proba-
bility is 3%, i.e., p1 ¼ 3%. Figure 2 illustrates the
profit comparison.

The optimal profit of the traditional EW is maxfR1ðp1Þ
�S1ðQ1Þ; 0g ¼ maxfðp1 � kbÞcPT

i¼t

Qi
j¼tð1� qðjÞÞ; 0gby

Lemmas 1 and 4, so it is linearly decreasing in k for
k � p1=b, i.e., k ≤ 3%/0.6 = 5%; it is equal to zero for
any k > 5%.
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The profits of the flexible EWs are all decreasing
with respect to the true monthly failure probability
but at a much lower rate than the traditional EW for
all adjustment factors a 2 {0.3,0.5,0.7} in the expo-
nential smoothing mechanism. The flexible EW is
strictly more profitable than the traditional EW for
any k > 3.2% with the adjustment factor a = 0.3. The
thresholds of the profitability for the flexible EW are
2.75% and 2.2% with adjustment factors a = 0.5 and
a = 0.7, respectively. Figure 2 also demonstrates that
in this example the profit of the flexible EW is
increasing in the adjustment factor a for any
0 ≤ k ≤ 12%.
If customers underestimate the true failure proba-

bility, their willingness to pay for warranties is low,
so the traditional EW may earn little or no profit.
However, the profit of the flexible EW does not
decrease much because customers correct their esti-
mates based on observed failures, and they may keep
buying the flexible EW for longer period of time.
We also discuss the profitability of the flexible EW

against a menu of multiple traditional EWs with dif-
ferent coverage durations. Our studies demonstrate
that the single flexible EW may outperform multiple
traditional EWs. We leave the analysis to the online
Appendix.

3.2. Heterogeneous Market
Next, we consider a heterogeneous market with heter-
ogeneity along various dimensions. We illustrate the
profitability of flexible EWs through analytical results
and numerical examples. For tractability, assume that
there are two market segments: type-L and type-H
customers. Market segment n, n 2 {L,H}, has a prior
failure probability estimate pn1, termination probabili-
ties Qn

1 :¼ fðqn0ðiÞ; qn1ðiÞÞ : i ¼ 1; 2; . . .;Tg, and pro-
portion cn with cL þ cH ¼ 1. Without loss of general-
ity, assume that type-H customers have higher prior
failure probability, i.e., pH1 � pL1. The true monthly
failure probabilities are denoted by kL and kH for
type-L and type-H customers, respectively.
To investigate the profitability of the flexible EW,

we evaluate the performance of the traditional EW in
a heterogeneous market where only a traditional EW
or pay-as-you-go repair service is available. A type-n
customer buys the traditional EW if and only if its
price r is not greater than the cost of not purchasing
warranty Rn

1ðpn1Þ; which can be found by solving
recursive equation (1) with termination probabilities
Qn

1, n 2 {L,H}. The support cost for the warranty
provider is Sn1ðQn

1Þ, which can be found by solving (7)
with termination probabilities Qn

1 and true failure
probability kn, n 2 {L,H}. The problem faced by the
traditional EW provider is to choose the warranty
price r to maximize his total expected profit over the
two market segments:

max
r� 0

�
cL r� SL1 QL

1

� �� � � 1 r � RL
1 pL1
� �� �

þ cH r� SH1 QH
1

� �� � � 1 r � RH
1 pH1
� �� ��

:
ð9Þ

If the termination probabilities are the same for
type-L and type-H customers, i.e., QL

1 ¼ QH
1 , then the

type-H customer’s willingness to pay for the tradi-
tional EW is higher, i.e., RH

1 pL1
� �

[ RH
1 pH1
� �

. The opti-
mal price of the traditional EW should be the
willingness to pay of type-L or type-H customers if
offering the traditional EW is a profitable business, so
problem (9) becomes

maxfRL
1 pL1
� �� cLSL1 QL

1

� �� cHSH1 QH
1

� �
;

cH RH
1 pH1
� �� SH1 QH

1

� �� �
; 0g:

PROPOSITION 7. Under Assumptions 1, 2, and 4, in a
heterogeneous market of two market segments with
martingale updating schemes and the same termination
probabilities, the optimal traditional EW captures both
segments L and H if and only if pH1 \ ðpL1 � cL kLbÞ=cH:

Proposition 7 says that the optimal traditional EW
captures both segments if and only if the segments
are not very different in their prior probability.
Note that Proposition 7 is independent of type-H
customers’ true failure probability, and segments L
and H may follow different martingale updating
schemes. If the provider offers a traditional EW
with a uniform price to both market segments, the
customers with low priors may not buy coverage.
We remark that when customers are heterogenous
to a large degree (e.g., pH1 � pL1 � cLkLb

� �
=cH), it

is optimal for the traditional EW only to capture
market segment H. Moreover, the condition
pH1 \ pL1 � cLkLb

� �
=cH can be rewritten as pH1 \

pL1 � kLb
� �

=cH þ kLb by using cL þ cH ¼ 1. Then,
we see that the higher the proportion of type-H cus-
tomers, the more likely the optimal traditional EW
only captures type-H customers; the lower kL or b,
the more likely the optimal traditional EW captures
both the market segments because the coverage cost
is lower.
For the flexible EW in this heterogeneous mar-

ket, the expected profit to the flexible EW pro-
vider with monthly premium m from market
segment n is pn1 pn1 ;m;Qn

1

� �
, which can be found by

solving the dynamic programs discussed before
with kn; pn1 ;Qn

1, n 2 {L,H}. The provider’s prob-
lem is to choose the monthly premium m to maxi-
mize his total expected profit over the two market
segments:

max
m� 0

cLpL1 pL1 ;m;QL
1

� �þ cHpH1 pH1 ;m;QH
1

� �� �
: ð10Þ
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Denote the optimal monthly premium to problem

(10) by m� pL1 ; p
H
1

� �
, i.e.,

m� pL1 ; p
H
1

� � ¼ argmax
m� 0

cLpL1 pL1 ;m;QL
1

� ��

þcHpH1 pH1 ;m;QH
1

� ��
:

A flexible EW offers an opportunity to all customers
to obtain coverage while learning about the product
reliability at a reasonable cost and thus can appeal
to a broader market and earn more profit for the
provider.
Customers can differ in multiple dimensions,

including true failure probability, prior failure proba-
bility estimate, termination probabilities, and learning
schemes. To isolate various effects, we consider the
flexible EW’s profitability in a heterogenous market
with respect to one of the factors at each time.

3.2.1. Heterogeneity in Prior Estimate. We first
investigate the heterogeneity in the prior estimate of
the monthly failure probability, assuming that all
other factors including the true failure probability are
the same for both type-L and type-H customers. So we
omit superscripts L or H in the true failure probabili-
ties and termination probabilities. As customers buy
EWs to cover the risk of future repair cost in the event
of product failures, their prior estimates about the
product reliability are among the most important fac-
tors influencing the warranty purchase decisions.
According to the literature (see, e.g., Erdem et al. 2008
and Chen et al. 2009), customers’ prior estimates
about the product reliability depend on brand value,
product price, customers’ usages, habits, gender,
income level, etc.

THEOREM 5. Under Assumptions 1, 2, and 4, in a
heterogeneous market of two segments L and H with
martingale updating schemes and where pþtþ1 � p�tþ1 is
independent of pt, there exist two points p̂H1 and �pH1 such
that the flexible EW is strictly more profitable to the
provider than the traditional EW if and only if type-H
customers’ prior failure probability estimate pH1 falls into
an intermediate range p̂H1 \ pH1 \ �pH1 .

Note that p̂H1 and �pH1 may depend on type-L custom-
ers’ prior failure probability pL1, market segment pro-
portion cL (or cH), and other model primitives; their
expressions can be found in the proof of Theorem 5 in
the online Appendix. From Proposition 7, the tradi-
tional EW captures only the type-H customers if and
only if pH1 � pL1 � cLkb

� �
=cH, so there are two scenar-

ios for comparing the profitability of the flexible EW
to the traditional EW in this heterogeneous market. If
pH1 \ pL1 � cLkb

� �
=cH, the traditional EW captures both

the market segments, and the optimal price is the will-

ingness to pay of type-L customers. The profit of the
traditional EW is independent of the prior estimate of
the failure probability pH1 of type-H customers as long
as pH1 \ pL1 � cLkb

� �
=cH. The profit of the flexible EW

is increasing in pH1 by Proposition 6, so there exists a
threshold p̂H1 such that the flexible EW is strictly more
profitable than the traditional EW for any pH1 [ p̂H1 : If
pH1 � pL1 � cLkb

� �
=cH, the traditional EW only serves

type-H customers. The profits of the traditional EW
and the flexible EW are both increasing in pH1 , but the
former is increasing faster, so there exists an upper
bound �pH1 on pH1 below which the flexible EW is
strictly more profitable than the traditional one.
Theorem 4 indicates that in a homogeneous market

with only type-H customers, there exists an upper
bound po1 such that the flexible EW is strictly more
profitable if and only if pH1 \ po1. In a heterogeneous
market, Theorem 5 states that there is an upper bound
�pH1 on pH1 for the profitability of the flexible EW over
the traditional EW. Comparing the two upper
bounds, it is straightforward to see that �pH1 � po1,
because type-L customers may contribute some profit
to the flexible EW although they do not purchase the
traditional one.

EXAMPLE 4. We extend the profitability analysis of
the flexible EW to a heterogeneous market of two
segments with proportions cL ¼ 25% and cH ¼
75%. Both type-L and type-H customers follow the
exponential smoothing mechanism with adjustment
factor a = 0.3. Assume that the true monthly failure
probability is k = 2%, the same as in Example 2. We
will fix the prior monthly failure probability of type-
L customers at pL1 ¼ 2:5% (its equivalent nominal
annual failure probability is 30%) and study the
profitability variation with respect to pH1 , the prior
monthly failure probability of type-H customers.

In this example, we allow pH1 to vary in a large

range; we do not restrict that pH1 [ pL1. From Propo-
sition 7, the optimal traditional EW captures both

segments if and only if cLpL1 þ cHkb\ pH1 �
pL1 � cLkb
� �

=cH, i.e., 1:53%\ pH1 \ 2:93%. In Figure 3,

for any pH1 � 1:53%, the traditional EW only cap-
tures type-L customers, and the profit is constantly

equal to $3.5; for 1:53%\ pH1 � 2:5%, the traditional
EW captures the two segments and the price is
equal to the willingness to pay of type-H customers,

so the total profit is increasing in pH1 ; for

2:5% � pH1 \ 2:93%, the traditional EW also earns
both segments but the total profit is constant
because the price is constantly equal to the willing-

ness to pay of type-L customers; for pH1 � 2:93%, the
traditional EW only captures type-H customers and

the profit is linearly increasing in pH1 .
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Figure 3 also illustrates that the profit of the flexible
EW is increasing in the prior estimate of the monthly
failure probability of type-H customers. The flexible
EW is strictly more profitable to the provider than the
traditional EW if and only if the prior failure probabil-
ity pH1 falls into an intermediate range
0:88%\ pH1 \ 2%. Recall in Example 2 that the thresh-
old for profitability of the flexible EW is po1 ¼ 1:88%
in a homogeneous market, which is lower than the
threshold 2% in this heterogeneous market. This is
indeed consistent with the above argument.

3.2.2. Heterogeneity in True Failure Probability. We
have studied a heterogeneous market with two seg-
ments differing in the prior estimates of their failure
probabilities. In reality, customers may also be hetero-
geneous in other dimensions, like the true failure
probability, learning schemes, and termination proba-
bilities.
Heterogeneity in true failure probabilities may arise

when customers vary in their usage intensity or oper-
ating environments. To analyze the profitability of the
flexible EW in a heterogeneous market of two seg-
ments differing in the true failure probability, we
assume that all other factors are the same. So we omit
superscripts L orH in the prior estimates and termina-
tion probabilities. Note that while the expected costs
are perceived the same to the two segments, their
actual support costs are different to the warranty pro-
vider. Similar to Theorem 4, the following result holds
for this heterogeneous market.

THEOREM 6. Under Assumptions 1, 2, and 4, in a
heterogenous market with two segments differing only in
the true failure probability, where customers follow
martingale updating schemes and pþtþ1 � p�tþ1 is

independent of pt, there exists a threshold p#1 such that
the flexible EW is strictly more profitable than the
traditional one if and only if their prior failure

probability p1 is less than p#1 .

The following example illustrates the profit com-
parison in such a heterogeneous market, where cus-
tomers differ only in their true failure probabilities.

EXAMPLE 5. We modify Example 2 to account for a
heterogeneous market of two segments with propor-
tions cL ¼ 75% and cH ¼ 25%. Type-L and type-H
customers update their estimates following the
exponential smoothing mechanism with the same
adjustment factor a = 0.3. The true monthly failure
probabilities are kL ¼ 3% and kH ¼ 10% for type-L
and type-H customers, respectively. (Equivalently,
the annual expected numbers of failures are 0.36
and 1.20 for the two types of customers, respec-
tively.) We assume that the prior estimates are the
same for type-L and type-H customers, denoted by
p1. In this example, we will vary the prior estimate
p1 to compare profits of traditional and flexible EWs
in this heterogeneous market.

If the prior estimate of the failure probability is
less than 5%, the traditional EW earns no profit
because type-H customers underestimate the failure
probability and their willingness to pay is not
enough to cover their support cost. However, the
flexible EW always receives non-trivial profit by
offering reliability learning opportunities to custom-
ers, especially to the type-H customers who would
realize that they were initially too optimistic and
would continue coverage for a relatively long period
of time. Figure 4 demonstrates that the flexible EW
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Figure 3 Profit Comparison in a Heterogeneous Market Differing in
Prior Estimate
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Figure 4 Profit Comparison in a Heterogeneous Market Differing in
True Failure Probability
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is more profitable than the traditional one in a fairly
large range of prior estimates in this heterogeneous
market. There exists a threshold p#1 ¼ 7:25% such
that the flexible EW is more profitable than the tra-
ditional one for any prior estimate less than 7.25%.
In a heterogeneous market with segments differing

in the true failure probabilities, their perceived sup-
port costs are the same, so they will behave the same
if the manufacturer only offers the single traditional
EW (or multiple traditional EWs; see the discussion in
the online Appendix). In contrast, the flexible EW can
achieve market segmentation through customers’
dynamic reliability learning and coverage continua-
tion decisions based on their own experience with the
product.

3.2.3. Warranty Menu. Because a flexible EW
offers many advantages, it may attract a broad range
of customers. But for a warranty provider who also
sells a traditional EW with one or more fixed dura-
tions of coverage, the introduction of a flexible EW
will likely cannibalize some or all the demand of the
traditional EW. Therefore, the flexible EW should be
carefully designed and priced to avoid eroding profits
of existing traditional EWs and indeed to improve
profitability.
We continue our discussion of the heterogeneous

market and consider an EW menu that includes a tra-
ditional EW and a flexible EW. Under the assumption
of individual rationality, each customer will select the
option with the lowest total expected support cost.
Moreover, if the customer selects the flexible EW, she
will make a coverage decision in each month strategi-
cally to minimize her expected cost as discussed
before. Therefore, the problem for the warranty pro-
vider is to find the flexible EW premium m and the
traditional EW price r to maximize the total expected
profit:

max
m� 0;r� 0

�
cL
�
r� SL1 QL

1

� �� � � 1 r � WL
1 pL1
� �� �

þ pL1 pL1 ;m;QL
1

� � � 1 r[WL
1 pL1
� �� ��

þ cH
�
r� SH1 QH

1

� �� � � 1 r�WH
1 pH1
� �� �

þ pH1 pH1 ;m;QH
1

� � � 1 r[WH
1 pH1
� �� ���

;

ð11Þ

where Wn
1 pn1
� �

is the minimum cost of the flexible
EW to a customer in market segment n and can be
found by solving recursive equations (1–3) with
termination probabilities Qn

1, n 2 {L,H}. In prob-
lem (11), we break the tie in the way that a customer
will buy the traditional EW if she is indifferent
between the flexible and traditional EWs.
Note that the minimum cost under the flexible EW

Wn
1 ðpn1Þ has taken into account the non-purchase alter-

native, so problem (11) considers four possible cases:

Each type of customers may buy either the traditional
EW or the flexible EW. For instance, if the manufac-
turer intends to sell the flexible EW to type-L custom-
ers and sell the traditional EW to type-H customers,
the problem can be formulated as follows:

max
m� 0;r� 0

cLp1 pL1 ;m;QL
1

� �þ cH r� SH1 QH
1

� �� �

s:t:; r[WL
1 pL1
� �

and r�WH
1 pH1
� �

;

where r [ WL
1 pL1
� �

and r � WH
1 pH1
� �

are the corre-
sponding incentive compatibility constraints for this
particular case, indicating that type-L customers will
purchase the flexible EW and type-H customers will
buy the traditional EW.
The optimization formulations for the other three

cases are similar, and all the four cases are addressed
by the indicator functions in problem (11). In general,
it is hard to tell who will buy which EW in the optimal
EW menu under any arbitrary market heterogeneity
or any market segmentation because customers’ self-
selection and the calculation of the flexible EW profit
under each EW menu involve solving several
dynamic programs. The following example numeri-
cally compares the profits of the EW menu to the
traditional or flexible EW alone.

EXAMPLE 6. Again, we consider a heterogeneous
market consisting of two market segments, type-L
and type-H customers, with different true failure
probabilities, prior failure probabilities, and termina-
tion probabilities. The time horizon is T = 12 and
the expected repair cost is c = $100 for customers
and bc = 0.6c = $60 for the provider. The termina-
tion probabilities for type-L and type-H customers
are qL0ðtÞ ¼ qL1ðtÞ ¼ qH0 ðtÞ ¼ qH1 ðtÞ ¼ 0 for t = 1,2,
…,6; qL0ðtÞ ¼ qL1ðtÞ ¼ 5%; qH0 ðtÞ ¼ qH1 ðtÞ ¼ 15% for
t = 7,8,…,12. The true monthly failure probabilities
are kL ¼ 4% and kH ¼ 8% for type-L and type-H
customers, respectively. (The equivalent nominal
annual failure probabilities are 48% and 96% for the
two types of customers.) The type-H customers’
prior estimate of the monthly failure probability is
pH1 ¼ 5% (the equivalent nominal annual failure
probability is 60%). The type-L customers’ prior esti-
mate of the monthly failure probability varies
between 3% and 10% (see Table 1). Type-L and
type-H customers update their estimates using the
exponential smoothing mechanism with the same
adjustment factor a = 0.3.

The provider offers an EW menu consisting of a
flexible EW and a traditional EW; customers choose
the option (including non-purchase) with the lowest
total expected support cost. Table 1 shows the opti-
mal EW menu and customers’ choices with respect to
different prior estimates pL1 of type-L customers’
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monthly failure probability, in this heterogeneous
market of two segments differing in the true failure
probability, prior estimate, and termination probabili-
ties. For pL1 � 4:5%, the optimal EW menu only con-
sists of the flexible EW and both segments buy it; for
5:0% � pL1 � 9:0%, the optimal warranty menu
includes both the flexible and the traditional EWs,
and the type-L customers buy the traditional EW and
the type-H customers purchase the flexible one; for
pL1 � 9:5%, the optimal EW menu only consists of the
traditional EW and only the type-L customers buy it.
Figure 5 demonstrates the profit comparison among

a flexible EW, a traditional EW, and an EW menu.
Obviously, the EW menu performs at least as well as
each EW alone. In particular, when the type-L cus-
tomer’s prior estimate is in an intermediate range, i.e.,
5:0% � pL1 � 9:0%, it is optimal to offer a combination
of a traditional EW and a flexible EW, targeting type-
L and type-H customers, respectively. Moreover, the
EW menu generates strictly more profit than a flexible
EW or a traditional EW alone.

4. Conclusion

As product margins decline in increasingly compet-
itive hardware markets, EWs with high margins

and high revenues are becoming critical to manu-
facturers’ profitability. Beyond direct profits, post-
sale services are a critical lever for influencing
customer loyalty, and in commodity product busi-
nesses, service quality and variety are important
competitive differentiators. Through the sale of
innovative and attractive post-sales services, a man-
ufacturer can enable its customers to reduce prod-
uct support cost and can increase customers’
loyalty. Attractive EW offerings can increase service
attach rates and enhance profitability.
In this study, we have demonstrated that a flexible

EW is attractive to a broader range of market seg-
ments and can significantly improve the provider’s
profit through market expansion to customers who
upgrade more frequently or abandon the hardware
earlier. Moreover, unlike the traditional EW that only
captures customers whose prior failure probability is
high, a flexible EW is also attractive to customers with
low prior failure probability, as it offers an opportu-
nity to learn the true failure probability and correct
their estimation at a reasonable price while being cov-
ered under warranty.
Through analytical results and numerical examples,

we show that if the provider only offers one type of
warranty coverage—either the traditional EW or the
flexible EW—the flexible EW can capture more cus-
tomers and earn more profit than the traditional one.
Furthermore, we also show that if the provider offers
a menu of both traditional and flexible EWs, it is opti-
mal to offer the traditional EW at a relatively higher
price to customers who keep the hardware longer and
offer the flexible EW at a premium price to customers
who will upgrade the hardware sooner. The menu of
traditional and flexible EWs can capture even more
market segments and earn higher profit. The superi-
ority of the EW menu over the individual offerings is
robust to the market composition.
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Table 1 Optimal EW Menu
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