Online Appendix to
“Socially Beneficial Rationality:

The Value of Strategic Farmers, Social Entrepreneurs and

For-Profit Firms in Crop Planting Decisions”

A. Continuous Decisions

We allow a farmer’s planting quantity ¢ to be any fraction between 0 and 1. In period ¢, as a
strategic farmer bases his planting decision ¢; on the market price p; in the current period and a
naive farmer bases his decision ¢}' on the market price p;_; in the last period, their individual
objectives are, respectively,

ma —c)q? and ma _1—0)qr.
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Note that the market price here in a period is determined by the total output of all farmers in

that period as in (3).

LEMMA A.1. In any period t,

0 if pr <ec,
g, =4 any q€[0,1] if p; =¢c, (A1)
1 if py > c.
0 if po1 <c,
g =< any q€1[0,1] if pr_1 =c, (A.2)
1 Z'fpt,1 > c.

The market dynamics is the same as specified in Proposition 1.

Proof of Lemma A.1. A naive farmer’s planting decision as (A.2) can be directly derived
according to the definition of a naive farmer. For a strategic farmer, although he is aware of the
fact that decisions from all strategic farmers can collectively affect the near-future market price
p¢, his individual decision ¢; has no impact on p;, because his land size is infinitesimal relative to
the entire population. Hence, a strategic farmer’s planting decision follows (A.1).

Since the set of strategic farmers with p; = ¢ and naive farmers with p,_; = ¢ is of measure zero,
the total amount of crop produced by all farmers as specified in (2) does not change. Therefore,
the market dynamics still follows Proposition 1 even when continuous decisions are

considered. [



B. Backward-Looking Farmers

In this extension, we assume farmers lack full information (e.g., 2, @ and F'(-)) and thus cannot
use (3) to rationally anticipate the near-future market price p;. Instead, in each period strategic
farmers predict the market price on the basis of the average price in the last two periods, i.e.,

A Pt—11Pt—2

Dy . This is a simple but widely used adaptive forecasting method (see Chopra and

Meindl 2013, Chapter 7), as it is easier to obtain the necessary information about historical

prices than future prices. The strategic farmers’ perceived utility becomes

s 4 Pi—1+Di—2
P —c="—"" ¢

. (B.1)

We adopt the convention that p; = py for any ¢ < 0. By the same decision and price processes as

in (2)-(3) with p; replaced by p;, for any ¢ > 1, we have

Pi-1+ Di—2 )

pt:Q—b(l—a)F(pt_l)—baF( 5

(B.2)

PROPOSITION B.1. Suppose Assumptions 1-3 hold and there exist backward-looking strategic

farmers (o> 0). If b<¢, then the market price converges to the limiting market price, i.e.,
lim p; = p.
t—o00

Proposition B.1 tells us that as long as there are backward-looking strategic farmers and the
market price is not sensitive to the total supply (i.e., b < ¢), the market price converges to the
same value as if the strategic farmers had full information and were forward-looking. This implies

that looking into the past can be as efficient as looking into the future in a stationary market.

C. Impact of Bankruptcy

In this subsection, we consider the scenario that farmers may go bankrupt and quit the farming
business if their loss exceeds the capital or savings. Let L denote the maximal cumulative loss
that farmers can afford. To be self-contained, we restate Proposition 4 in Appendix II as follows

and prove it in Online Appendix K.

PRrROPOSITION C.1 (IMPACT OF BANKRUPTCY). Suppose Assumptions 1-4 hold and those
farmers who exit the market due to bankruptcy never come back. Then the market price still

converges, but the limiting market price is (weakly) higher than p.

Next, in Section C.1 we will describe the market dynamics if we allow farmers to exit the market
due to bankruptcy, and then in Section C.2 we will present some numerical experiment results

from which we draw managerial insights.



C.1. Market Dynamics

In this subsection, we explicitly show what happened in each cycle when we incorporate farmer
exiting to the model. For ease of exposure, we just show the case when g(a) < 1.

If no farmers exit in cycle ¢ and all previous cycles, then the price dynamics until cycle ¢ is the

same as (5). That is,

paic1 =D+ [—g(a)]* " (po — ) > P,
pai =P+ [—g()]* (po — p) < P.

Note that py;_; is decreasing and py; is increasing. Observe also that the naive farmers with
production cost p; < ¢ < pg;—1 will suffer a loss ¢ — py; in period 2i. Moreover, for a naive farmer
with production cost py; < ¢ < pg;_1, the total loss until cycle 7 he has suffered is Zle(c — pay).
For a naive farmer with production cost py;_1 < ¢ < pa;_3, the total loss he has suffered is

f;i(c— par) and he does not suffer any loss in cycle i because he did not plant in cycle i. For a
naive farmer with production cost ps;_» < ¢ < po;, the total loss he has suffered is Z;;i (c—pa)
and he does not suffer any loss in cycle ¢ because he earns surplus in cycle .
Suppose cycle j is the first cycle that naive farmers begin to exit the market. That is,
Z{ﬂ(pzj,l — px) > L. In period 27, by the definition of j, we have py; =p+ [—g(a)]* (po — D).
Solving Y7_ (¢ —py) = L yields ¢ > %(L + 7 py), indicating that the farmers with
%(L + Zle Par) < ¢ < poj_; suffer an overall loss exceeding L and thus exit the market. Let
ey =3 (L+ S7_ par). Next we have two cases.
Case 1: Suppose cy; < p. Then as Part 2 in the proof of Proposition C.1, we could show
Cj = C2j4+1 = Cx and the market price remains higher than p.
Case 2: Suppose co; > D.
In period 27 +1, the farmers with ¢ < p,; plant the crop. Since py; < p < ¢35, the exited farmers do
not affect this period’s production quantity. Hence, paj 1 =p+ [—g(a)]* T (py — p) > p. No
farmers exit in this period. Hence, cgj41 = Caj.
In period 2j + 2, the farmers with ¢ < p,;41 are supposed to plant the crop. Note that the ones
with ¢ > ¢9;41 have exited the market, so paji2 =Q — abF(paji2) — (1 — @)bF (min{ps;i1, caj41})-
The naive farmers with pyj o < ¢ <min{ps;i1,ce;i1} suffer a loss ¢ — pyjio. Solving

7 (c—pu) > L yields ¢ > 1L+ S27F ! py), indicating that the farmers with
jﬁ(L + Ef: par) < ¢ < cg;41 suffer an overall loss exceeding L and thus exit the market. Let
Cojio = J%(L + Zf:ll Par) = Jﬁ(] - Coj + Pajra). Again, one needs to compare cy;4o with p. If

C2;+2 < D, then the price converges and we are done. Otherwise, the dynamics is as follows.



In period 2j + 3, the farmers with ¢ < py;4o will plant the crop. Since pyjio <P < c2j42, the exited
farmers do not affect this period’s production quantity. Hence,

Pajis = — abF(paji3) — (1 — @)bF (poji2) = Q — abF (pajis) — (1 — ) 2pajio > p. No farmers exit
in this period. Hence, cy;45 = caj12.

Continuing in this fashion, we could show for any & > 0, if ¢y 1o(k—1) > D, then cojion—1 = Coj42(6-1)
and in period 2j + 2k, the farmers with ¢y 0, < ¢ < cgj40r—1 Will exit the market, where

Coj+ok = jﬁ (L + Zi;k pgl). Furthermore,

P2j+2k = Q- abF(p2j+2k) - (1 - a)bF(min{p2j+2k717 02j+2k71})a

DP2j+2k+1 = Q- @bF(p2j+2k+1) - (1 - Oé)gp2j+2k'

As it can be seen, the price dynamics is quite complicate when the farmer exit is incorporated. In
fact, when g(a) < 1, there are two forces that make the price converge. One is due to the
existence of strategic farmers who can predict the near-future price and alleviate naive farmers’
herding behavior. The other is due to farmers’ exit which reduces the number of naive farmers
and thus reduces thee impact of their irrational behavior. These two forces are interwined with
each other, and it becomes hard to explicitly track how many naive farmers are left in the market
in each period (e.g., ¢; needs to be updated in each cycle) and thus explicitly write down the
price dynamics equation (e.g., ¢; needs to be compared with the last period price to see whether

the exited farmers affect the production quantity).

C.2. Numerical Study

Given the complexity of the market dynamics described above, in this subsection we resort to
numerical experiments to draw managerial insights when we allow farmers to exit due to
bankruptcy. We numerically find that when the fraction of strategic farmers a or a farmer’s
budget L is not very small, the farmers’ exit behavior has very limited impact on the market
price dynamics, and thus the model with farmers’ exit tends not to alter the long-term welfare
results derived for our basic model. We summarize our findings into the following observations
and discussions.

OBSERVATION C.1. When the fraction of strategic farmers « is not very small, the market
price converges in a way that farmers who exit the market (if any) are all high-cost farmers
(whose cost is above p) and the market price converges to p.

To give an example, Figure 1 shows the market dynamics across different o when farmers have

limited budget.



Figure C.1 Numerical comparison of different scenarios across various «.
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As shown in Figure C.1, with @ =0.15 the market converges slowly, and naive farmers gradually
go bankrupt (from cycle 3 to cycle 6) after running out of their budgets. But in this case only
high-cost farmers, whose cost is above p, exit the market due to bankruptcy. Therefore, farmers’
exit behavior does not change the limiting market price. When a = 0.3, the market converges
even faster, and no farmers exit the market due to bankruptcy. However, when =0 (i.e., in the
absence of strategic farmers), some low-cost farmers (whose cost is below p but not very low) go
bankrupt in periods 2 and 4 in the first two cycles, due to the limited budget and highly
fluctuating market price. As fewer and fewer farmers remain in the market, the supply in even
periods decreases since period 2, resulting in an increasing market price in periods 4 and 6. This
process leads to a permanent supply shortage and a market price that is higher than p starting
from the 6th period in the 3rd cycle. This also explains why the market price may converge to a
value higher than p as stated in Proposition C.1 above.

OBSERVATION C.2. When the fraction of strategic farmers « is very small, the limiting market
price is higher than p and the limiting market price depends on L in a way that is very difficult
to derive explicit expressions. In addition, the limiting market price is not monotone in L and is
close to or the same as p for L that is not very small.

In Figure C.2 we show the market price dynamics under various budget levels with o =0 (which
removes the effect of o). We find the limiting price under budget L =6 is smaller than that under

L=4and L=8.



Figure C.2 Numerical comparison of different scenarios across various L.
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When L is getting larger, the limiting price cannot be far away from p. In particular, it can be
proved that when b = ¢ the market price converges to p as long as the budget L is greater than
(p—po). That is, the farmer exit does not affect the long-term welfare results as long as the

budget is enough to support farmers with cost ¢ < p for just the first cycle.

D. Other Forms of Contracts

In the main model, we assume the SE offers a fixed buyout price contract and the farmers accept
the contract only if the fixed price p° is strictly higher than the market price in the last period. In
this section, we first relax the fixed buyout price assumption and consider that the SE offers a
time-varying buyout price contract, and then consider a long-term contract in which case the
type-S farmers commit to cultivate the crop and sell it to SE at p° in every period once they

accept the contract.

D.1. Time-varying Contract

Let p°:={p3,pS,...,0%,...} be the time-varying pricing policy. For any given sufficiently small
€ >0, define T'(p°; €) :=min{t" : |p;(p°) — p| <e,t >t'}. The objective is to find a time-varying
price contract that achieves the fastest convergence to p while the SE does not incur any loss at

any time. For any given sufficiently small €, the SE aims at solving:
ming  T(p%e) (D.1)
st.  m(p°®) >0 for all ¢,

where 7, is defined in (9).



PROPOSITION D.1. Suppose Assumptions 1-6 hold.? The optimal solution to SE’s problem

(D.1) for any sufficiently small € is

(1—a)b,_

(P9i_1,P5;) = <ﬁ+ T ab (p—pzz-_z),0> for any i>1. (D.2)

As implied by Proposition D.1, SE’s time-varying price contract is accepted by farmers only in
odd periods (i.e., period 2i — 1 for any i), when the latest market price py; » is less than p and
thus less than p3, ;. Compared to the optimal price p in the static contract (Proposition 6), the
optimal price p$, ; in the time-varying contract is higher and thus attracts more type-S farmers
to plant the crops to offset the shortsighted behavior by naive farmers. Hence, it accelerates the
price convergence. To avoid any loss, the SE has to reduce the price p3, ; over time to ensure
that it is no more than the corresponding realized market price. In the limit, as ¢ approaches oo,
the price p3, _, converges to p from above. Moreover, if the constraint m; > 0 can be relaxed, i.e.,
SE is able to endure losses, the market limiting price can be achieved in one period when « is

sufficiently large.

PROPOSITION D.2. Suppose Assumptions 1-4 hold and the SE has a sufficiently large budget
and can endure losses. At any odd period t, if o> i:ﬁﬁ, then the SE can set p] = ﬁ_%*l + pi_1
to stabilize the price in one period; if a < %7 then the SE sets p} = ¢ to achieve the highest
rate of the price convergence.

Besides its complexity and inconvenience in revising the contract terms, another potential risk
associated with a time-varying contract, as opposed to committing to a fixed buyout price, is that
the SE could be more speculative and abuse the contract when offering it, in order to earn more
profits in the short term. For instance, the SE could contract with farmers at a price even lower
than p but strictly higher than p;_; at the beginning of an odd period ¢ and sell at a higher
market price in the end of that period. This could dramatically slow down the market

convergence and result in lower farmer welfare. Therefore, monitoring and regulating SE’s

behavior can be necessary.

D.2. Long-Term Contract
Consider that the SE offers type-S farmers a long-term contract in which a constant buyout price
p° is specified. If a type-S farmer accepts the contract, he commits to cultivate the crop and sell it

at p° to the SE in every period. It is reasonable to assume that a type-S farmer with production

2 For this result, Assumption 6 can be relaxed to a > ;.



cost ¢ will accept the contract if p® > ¢, and do not otherwise. (We will verify shortly it is indeed

incentive compatible for type-S farmers to do so.) Then the market price evolves as follows:
pe=Q—baF(p°) —b(1—a)F(pi—1). (D.3)

We replace the definition of p; by (D.3) and find that Proposition 6 still holds if we relax the
individual welfare constraint in the SE’s problem (10) to that the total individual welfare in each
cycle (as opposed to each period) is nonnegative. As a result, the optimal long-term contract is
also beneficial to both the SE and farmers. However, promoting this contract could be difficult.
First, naive farmers may hesitate to make any long-term commitment, as they likely find it
difficult to assess its value over the long run. Furthermore, this contract may not seem incentive
compatible: In view of conceivably higher future market prices than the offered contract price,
the farmers may not be willing to be locked in at the contract price.

The following proposition shows that the extent, to which SE’s long-term buyout contract can
help reduce the price fluctuation, varies, depending on the buyout price p°® and the size of type-S

farmers «.

PROPOSITION D.3. Suppose Assumptions 1-5 hold. Define &= ;Z%;ﬁ?)

(i) If a > &, thenpt:Q—oz%p"—b(l—oz) for any t>1.

ab(p®—p)
c+(1—a)b”

(it) If oy < a < &, then limy_,oopy =P —

(i4i) If o <min{ay,a}, then the market price process does not converge.

Similar to Proposition 6, we could show under some conditions, p°* = p is the unique optimal
solution to SE’s problem (10). In that case, the market price converges to p and the SE receives a
positive profit in each cycle over any finite horizon and the profit per cycle diminishes to 0 in the
limit. In the meantime, both type-S and type-N farmers, with production cost ¢ > ¢, receive
(weakly) higher welfare due to the market stabilization in the presence of SE, while the ones with
¢ < ¢ may receive a lower welfare, compared to the surplus that farmers would have received in

the absence of SE.

E. Proof of Propositions 1, 2, and 3

Before the proof of Proposition 1, we first introduce two lemmas.

LeEMMA E.1. Suppose Assumptions 1-3 hold and g(a) < 1. For any i >0, if p; <¢, then

Dir1 < C.



Proof of Lemma E.1. If p; <¢, then by (3) we have
pi =Q—ba’ —b(1—a)F(pi—1) > Q—ba’ —b(1—«a), by which we obtain

Q—(1—a)b

E.1
1—|—a% (E.1)

Di =

Now we show p;;; < ¢ Suppose for a contradiction that p;,; > ¢, then it follows by p; < ¢ and (3)

that pj,1=Q—ab—(1-— a)%pi <Q—ab—(1- a)éw, where the last inequality holds

c 1+o¢%
because of (E.1). To end the proof, it suffices to show Q —ab— (1 — a)%% < ¢, which will
arrive a contradiction. We have

bQ—(1—a)b 1—a)b
Q—ab—(1—04)7&—5:(52—17—5){1—&}

c c+ab

3 <0
c l—i-ag

= )

where the last inequality holds because 2 <b+ ¢ and g(a) = % <1. O

LEMMA E.2. Suppose Assumptions 1-8 hold and g(«) > 1. If py;_1 > ¢, then for any j >0,

Pai+2j =P —g(a)(C—p) <€ and paitzj41 =2 — b(a +(1— a)%) >c.

Proof of Lemma E.2. We first derive the expression of py;. It follows by py; 1 > ¢ and (3) that
pai = —b(1 — ) — baF'(pa;). Suppose po; > ¢ for a contradiction. Then py; = — b < ¢, which
contradicts our supposition. Hence it must be the case that py; < ¢. Therefore,

_ Q—(1—-a)b

p2i =2 —b(1 — ) — ba*2:, by which we obtain py; = = —==p—g(a)(c—p) <c.

Next we derive the expression of po; 1. It follows by p,; < ¢ and (3) that

D2it1 = Q- bO[F(pQH_l) — b(l — Oé)@ (EQ)

Suppose for a contradiction that ps; 1 <& Then (E.2) reduces to py;y1 = Q—baP2t —b(1 — o) 222,
_ Q-(-a)bpy; _ 9(1*(1*20‘)%)“1*0‘)2%

by which we obtain ps; 1 = el (el . However,
-2+t i
P2it1 —C= (1—0—04?)2 —sz(ﬁ—b—c)(l—g(a))zo,

where the last inequality holds because Q <b+ ¢ and g(«) > 1. This contradicts our supposition
that ps; 41 < €. Therefore, it must be the case that ps; 1 > ¢. Hence (E.2) reduces to

P2iy1 = —ba —b(1 — ) P2

Continuing in this fashion, we could show that for any j >0, ps;12; =p— g(a)(¢ —p) < ¢ and

D2i+2j+1 :Q—ba—b(l—a)ple‘LZJ > C. U
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Proof of Proposition 1. Part 1: We study the case when g(«) < 1.
Given py < ¢ in Assumption 2, Lemma E.1 implies that p; < ¢ for any ¢ > 0. Thus (3) reduces to

P = — a%pt —(1- a)%pt_l. Some algebras show that

— Q)= _ — )z
2 (-wr + 1-a);
_1+a% 1+ab Pe-1=p 1—|—0¢%

2 }t(po —p) =0+ [—9(a)]'(po — D).

If g(a) < 1, then lim; .. p; = p. If g(a) =1, then p, alternates between py and 2p — py.

Part 2: We study the case when g(a) > 1.

We first show there exists an i’ > 0 such that p,;_; > €. Suppose for a contradiction that there
does not exists such an ¢, then for any ¢ we have p, < ¢. Thus as in Part 1, we have for any t < j,
pe=p+ [—g(a)]"(po — p). Note that g(«) > 1, so there must exist an i’ > 0 such that p,y_, >¢
because py < p, leading to a contradiction.

Therefore, it follows by Lemma E.2 that the market price alternates between two constant
prices. [

Proof of Proposition 2. Note that py;_1 > po;. We divide the farmers based on their
production cost endowment. (a) Suppose ¢ < py;. By (1), we have ul; | =pai 2 —c=ps; —c>0
and ul;, =pa;_1 — ¢ > pa; — ¢ > 0. Therefore, the farmer plants the crop in both periods. Thus
w™(c) = %(pgi_l —c)+ %(pzi —c)= %(in—l + p2;) — ¢ > 0. One can check that u§, ; >0 and u$, > 0.
Hence, the strategic farmer plants in both periods too and thus w*(c) = 3 (p2i—1 + p2i) — ¢ > 0. (b)
Suppose pa; < ¢ < pg;—1. We have ul;, | =po;_o —c=po; —c <0 and ul; =ps;—1 —c > 0. Therefore,
the farmer plants the crop only in period 2i. Thus w™(c) = %(pzi —¢) < 0. It is easy to check
U3, =pa2i—1 —c >0 and uj;, = ps; —c < 0. Hence, the strategic farmer plants only in period 2¢ — 1
and thus w*(c) = %(pgi,l —¢)>0. (c) Suppose ¢ > po; 1. We have ul, | =poi_ o —c=py —c<0
and ul; = po;—1 — ¢ < 0. Therefore, the farmer does not plant the crop in any period. Thus
w™(c) =0. It is easy to check w*(c)=0. O

Proof of Proposition 3. Part (i)(a): In the presence of strategic farmers, the naive and
strategic farmers enjoy the same price in each period. Since strategic farmers can predict future
prices based on which their planting decisions are made, it is easy to see they always obtain a
(weakly) higher surplus than the naive farmers with the same production cost.

Part (i)(b): In the model with naive farmers only, we use p}' and w!(c) to denote the price in
period t and the welfare of naive farmers with cost ¢ in cycle 4, while in the model with strategic
farmers we use p;, and w!*(c).

If « =0, by Assumption 4, we have g(«) > 1. According to Proposition 2, the naive farmers’

n n
_ P2i1tPa

welfare in the absence of strategic farmers is as follows: (a) If ¢ <p%, ,, then w?(c) 5

(b) If py;_, <c<ph;_,, then w}(c) = %(pgz —¢)<0. (c) If ¢>py;_;, then wi'(c) =0.
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When g(a) < 1, the prices in cycle i are (pa;_1,p2:). In this case, the naive farmers’ welfare is as
follows. (a) If ¢ < pg;_s, then w*(c) = p“%ﬂm —¢>0. (b) If py; 2 <c<py_1, then

wi* () = 5(p2i — ) <0. (¢) If ¢> pay_1, then w!*(c) =0.

Next we compare w!(¢) with w?*(c). Note that ph; o, < pai_2 <pai_1 <ph_; and ph; < py; for each
cycle i. (i) If p3;_y < ¢ < pai—a, then wl'(c) = 3(py; — ¢) and w}*(c) = 3 (p2i—1 — ¢) + 5(p2i — ¢). Since
p2i > p; and pa; 1 > ¢, it is easy to see wi*(c) > wyi(c). (il) If paio < <pgi—y, then

w’

K3

(¢) = 2(p5; — ) and w?*(c) = 5(p2i — ¢). We have w]*(c) > w?(c) because po; > p;. (iii) If
Pai—1 < ¢ < phi_y, then w?(c) = $(p3; — ¢) <0 and w}*(c) = 0. Clearly, w?*(c) > w}(c). (iv) If
c¢>pb_4, then w!(c) =w*(c) = 0. Therefore, the naive farmers with production cost not too low
(to be specific, ¢ > p3,_,) obtain a higher surplus than that without strategic farmers.
Part (i)(c): We first derive w!(c). If & =0, by Proposition 1, we have the alternating prices are
(20— po,po) if b=c and (2 —2(Q—1b),Q—b) if b>¢ and i >¢'. By Part (i)(b), we know if
c < ph_,, then
w?():p;_ﬁp&_c:{f—c b ifb=c,

2 —(Q—E(Q—b)—l—Q—b)—c it b>c.

2

(E.3)

Next we show w!*(c). If g(a) < 1, by Proposition 1, we have p, = p+ [—g(«)]"(po — p). By Part 1b,
we know if ¢ <pf, , <py;_o, then

wp(e) = PP e 2 op ot [g(@))* (o - Pl - ()]} —e> e,

Hence, w!(c) > w?(c) if b=¢. As for b> ¢, it is hard to compare.

Part (ii)(a): Since the price is stabilized at p in the long run, each strategic farmer obtains the
same surplus as the naive farmer with the same production cost.

Part (ii)(b): When g(a) < 1, the price is stabilized at p. In this case, the naive farmers with ¢ < p
cultivate in both periods and thus obtain lim; ., w!*(c) = p — ¢, while the rest do not cultivate
and thus obtain lim; ., w}*(c) =0.

In the absence of strategic farmers, the price eventually alternates between two constant prices
lim; o p3,_; and lim, , ., p%,. By Proposition 2, we have (a) If ¢ <lim; ., p3;, then

lim; o0 pgi— 1 +lim; o pgi
2

lim; ,, w!(c) = —c¢; (b) If lim; o p; < e <lim; ,, p},_,, then

lim; oo wi(c) = %; (c) If ¢ > lim; o0 P;_ 4, then lim; . w?(c) =0.
Note that lim; ., py; < p < lim; ,o, ph;_;, so one can check lim; ., w!(c) <lim; ., w!*(c) for any
¢ > lim;_, ., p3;. Therefore, the naive farmers with production cost not too low (i.e., ¢ > lim; ., p5;)

obtain a (weakly) higher surplus than that without strategic farmers.
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Part (ii)(c): Suppose ¢ < lim;_,, p3;. We obtain lim; ., w?*(c) = p — ¢, while lim; ,., w?(c) is given

by (E.3). Note that
2¢ b(c—0b), Q

b _ b
Q- 2(Q-0)+Q-b-2p=0+ (1= )(Q-b)— ;- —0=""—"(—7

so lim; o, w*(c¢) <lim;_, o w!(c) where the equality holds only when b= c.

Part (iii): We show under some conditions the total welfare of all farmers is improved.

If =0, then by Assumption 4, we have g(«) > 1. Proposition 1 shows that the alternating prices
(p%;_1,p5;) are (2 —po,po) if b=c and (2 —2(Q2—b),Q—b) if b>c.

For the farmers with production cost ¢ < p?;, let B; denote their welfare difference between in the
presence and in the absence of strategic farmers, then we have

Pgi n n . =
_ Pai1t Dy 1 0 if b=¢,

B - - C—\— — 7d =

! /0 {p S C)}ac { L (E—b)(1— L) (Q-b)<0 ifb>g,

1
2¢ c+b

\ -

where the last inequality holds because b > ¢ and b < Q) < b+ ¢. For the farmers with production
cost ph, < c <p, let By denote the welfare difference between in the presence and in the absence of
strategic farmers, then

P 1 1 P bcde >0, if b=r¢,
BQZ/ {P—C—Q(pgi—c)}dc:{fp% % . _
Ph;

¢ 1--L)2>0 ifb>ec

c+b

For the farmers with production cost p < ¢ <p%, ,, let B3 denote the welfare difference between in

the presence and in the absence of strategic farmers, then

Pgi_l 1 1 sz 1 ]_
B3:/ 0—*(p;Z—C) dC:/ ( p2z) dC>O,
. { 2 }c 5 2

where the last inequality holds because ¢ > p > p%,. For the farmers with production cost
c>ps,_4, let B, denote the welfare difference between in the presence and in the absence of
strategic farmers. It is easy to see that B, =0.

Clearly, if b=¢, then Z?Zl B; > 0 and thus the aggregate welfare of all farmers in the presence of

strategic farmers is higher than that in the absence of strategic farmers. Suppose b > ¢, we have

b Q Q
Byt By = 1 (1= == ) (b 262 + (262 — 26 — 3bc) —— ) >0,
1+ Dby= 402 e+ b C + +(C C)E—i-b
where the last inequality holds by - =3 < % which is true because p — (2 — b) > %

Given B3 >0 and B, =0, it follows immediately that Z?zl B; > 0. This completes the proof of
Part (iii). O
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F. Proof of Proposition 5

Each part of Proposition 5 corresponds to each of the following three Lemmas.

LEMMA F.1. Suppose Assumptions 1-5 hold and p° > p.

1. Suppose a > .

_ ab(p®—p)
=P~ (o

(a) If a > ay, then lim; . p;
(b) If a« < ay, then the price process does not converge.

2. Suppose a < ay.

_ o ab’=p)
=pP—- E+(11)7a1))b'

(a) If a > g, then lim; . p;

(b) If a < ay, then the price process does not converge.

Proof of Lemma F.1. Part 1: Suppose a > «g, which is equivalent to
Q—agpo—(l—a)gpo <p°. (F.1)
Part 1(a): We will show p, converges if a > «; and does not converge if & = a;. Note that a > oy
is equivalent to b(1 —«) <é.
We first show by induction that for any ¢ > 1

byt Y
T oy (A=) p<s’, (F.2)

C

N Q- Oz%p"
pt:{l_ (—(1—0<)E) }
from which whether p; converges can be checked immediately. By (8),
pr=0— a%p” —(1— a)%po < p°, where the equality holds because py < p < p° < ¢ and the
inequality holds because of (F.1). This establishes that (F.2) holds when t = 1.

Suppose (F.2) holds when ¢t =i — 1. Next we will show (F.2) holds when ¢ =4. One has

p; =0 — agp" —(1— a)gpm [by p° <¢and p;1 <p° <
b, b byi-1 Q—Oé%po byi-1

:Q—aép—(1—04)5{{1_(_(1_04)5) }WJF(_O_O‘)E) po}

:{1_(_(1—a)i)i}m+(—(1—a)i)ipo

O !

(-t +(-a)t 1-(-(1-a)?)

T e M

=t Ij)(i)—Z)(i — e ! _1(+_<§1__ac;10) v by pp < and (1 - ) <1]
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This completes the induction. Therefore, if o > oy which is (1 — a)% <1, then

Calpe wb(p®—7 ,
limy oo P = 1?_(10‘7_05)% =p— Efi’;_a’)’i. If o = oy, then the price alternates between Q — a2p® — pq

and pg.

Part 1(b): We will show the price does not converge when a < ay. Note that b(1 — «) > ¢.

We first show there exists an i > 0 such that p; > p°. Suppose for a contradiction that p; < p° for
any i >0, then as in Part 1(a), we obtain (F.2). Since (1 —a)% > 1, there must exist an ¢ such
that p; > p°, contradicting our supposition.

Define j =min{i:p; > p°, p;i, <p°,Vk=1,...,i}. That is, period j is the first time that the price
goes above p°. Note that p; =Q —a2p® — (1 —a)2p;_; > p° and p;_; < p (otherwise, p; > p°
cannot hold), so it follows the proof of Part 2(b) that p, does not converge.

Part 2: Suppose a < a, which is equivalent to

b b
Q—aépo—(l—a)épo >p°. (F.3)

_ ab(p®—p)
=pP—- E+(1177a1))b'

Part 2(a): We will show if v >y, that is, b < 7=, then lim, ,c ps
According to Part 1(a), it suffices to show there exists an ¢ > 0 such that p,; < p and
Paiy1 = — a%po —(1-a) %pgi < p°. Then it follows the proof of Part 1(a).

Observe that

b b
O—alp’—(1—a)2(Q—b)—¢
azp’—(1-a)-(2-b)-c
b ¢ b c
<)—oq——— —_ —_ — —_ —C © D — ——
<0 aéé+bQ (1 Q)E(Q b)—¢ [by p°>p 6+b9]
c—1-a)?/ Q
pr— —1
C (E—i—b > ~
<0. [by b< and Q < ¢+ (F.4)

1—

Q

In the following we derive the formula of ps; ;. We have p; =Q — a%po —(1-a) %po > p°, where
the last inequality holds because of (F.3). Moreover,
pr=0—alp’—(1—a)ipy<Q—ap®—(1—a)2(Q—b) <c where the last inequality holds
because of (F.4). It follows by p° <p; <¢ that p, =Q — %pl <Q- %p" <Q- %ﬁ:ﬁ < p° <. Since
Pa <P’ <G p3=0Q— a%po —(1— a)%pg < ¢ where the last inequality holds because p, > Q — b and
(F.4). If p3 < p°, then we are done. Suppose ps > p°, then py =Q — %pg <Q - %po <p<p°<¢c, by
which it follows that ps = Q—a2p® — (1 —a)2p,.

Continuing in this fashion, we obtain that if py;_1 > p°, then py; < p and

b, b b, b b
p2i+1—Q_aép —(1—04)%]921'—9—0%]9 _(1_04)%((2_%2921%1)
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— (1 —(1-«) )Q—agp"—f—(l —a)ingil
—(1-a)2)Q—alp° 2\ —(1-a)?)Q—alp°
B N CBNCa TN LS EL L)

ol

—(1—« Q Qfab ©
(1 a (1) ))b2 Y Recall that we expect to show there

exists an ¢ > 0 such that py; < p and po;1 < p°. To end the proof, it suffices to show

Note that (1 — oz)g—z <1, s0 lim; o0 P11 =

hmz_mo P2it1 <po. One has

R = e e e A (G DL GOy
< 1_(11_0%2{(1— (1-@%)9- (1+ag - (1—a)zz>éib§2} —0.

where the last inequality holds because p°® > ﬂﬂ and (1— )Z;—z < 1. This completes the proof of
Part 2(a).
Part 2(b): We will show if o < oy, that is, b> %,

does not converge.

Again, we have p; =Q — a? p —(1— a) 2po > p°. If p; > ¢, then py, =Q — b, and thus
ps=0—alp’—(1—a)(Q—0) ZQ—a:c—(1—a)(Q—b)za(Q—b)+(1—a)b>Ewhere the first
inequality holds because p° < ¢ and the second inequality holds because {2 > b and b > =-. Thus,
the price will alternate between Q — a2p® — (1 —a)(Q—b) and Q — b and we are done. To end the
proof, we assume p; < ¢ hereafter. Then p, = Q — %pl <Q-— %p" <Q - %ﬁ =p<p°<ec. It follows
that ps =Q—alp’ — (1 —a)ipy = (1 —(1- a)%)Q —alp’+(1- a)g—;pl. One can check

P3 — (1—(1— )Z)Q—alipo—i—((l—a)gz—l)pl
2(1 (1-« Z)Q—ozl;p0+<(1—a)zz-1>p" [byplzpoandbzl_éa>\/16_7a]
(-0-ad)(a-0+ )
> (1 1a2)<§2(1+2)5ib9) [bypozé_ic__bﬂandl(la)gg()]
0.

Continuing in this fashion, we could show if py; 1 < ¢, then ps;11 > po;_1. That is, if there does
not exist an ¢ such that py;_; > ¢, then p,;_; is increasing in 4. This monotonicity and p; > p°
indicates that py;_1 > p°, and thus py; =Q — gpgi,l < p°, decreasing in i. Hence, the price does not
converge. Note that if there exists an 4 such that py;_; > ¢, then similar to the above case that

p1 > ¢, the price will alternate between Q —alp® — (1 —a)(Q2—0b) and @ —b. O

LEMMA F.2. Suppose Assumptions 1-5 hold and p° = p.
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1. If a> «q, then the market price converges to p.

2. Otherwise, the price process does not converge.

Proof of Lemma F.2. Part 1: We will show p; converges if o > a» and does not converge if
a = ay. Note that a > ay is equivalent to (1 —a)b* < 2.
We first prepare some results. Observe that

Q—agpo—(l—a)b(Q—b)—E
¢

c

b ¢ b ¢
—O Q- (1—a)o(Q—b)—¢ o g
ezt maz@-b—e by " =754
c-—1-a)?*s Q
- ¢ (E+b B 1)
<0. by (1 —a)b® <c® and Q< e+ (F.5)
Then we will show by induction that
b3\t b
Dot+1 =P+ ((1 - O‘)g) (P1—D), Paryea=— ZP2t41, (F.6)
We first show (F.6) holds when ¢t =1. One has
b b b b
p=Q—a-p’—(1-a)-pp>Q—a-p—(1-a)-p=p,
c c c c

where the last inequality holds because pg < p. Moreover,
pr=0—alp’—(1—a)ipy<Q—alp®—(1—a)2(Q—0b) < where the last inequality holds
because of (F.5). It follows by p° < p; <& that p, =Q — 2p; <Q— 2p°=p=p° <c. Since

P2 <p°<g,

p3=0—ap’—(1-a)ip=Q—alp’— (1-a)2(Q—tp)=p+ ((1 - a)g—i) (p1 — p) > p where the
last inequality holds because p; > p. Moreover, p3 =) — a%po —(1-a) %pg < ¢ where the last
inequality holds because p, > Q — b and (F.5). Observe that p° =p <p3 <¢, so py = — %pg. This
establishes that (F.6) holds for ¢t = 1.

Suppose (F.6) holds for t =7 — 1. Next we show (F.6) holds for ¢t =i. We have

b b b b b
Poiv1=Q—a-p—(1—a)=-pu=Q—a-p—(1—a)- (Q - ip2i71)
c ¢ ¢ c ¢

b b_ b2

(1-0-a)o-osra-al{pt(1-0%) o)
—p+ (=% (1 —5) > p=p"
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where the last inequality holds because p; > p. Note also that py; .1 =€ — a%ﬁ —(1- Oé)%pm' <c

because po; > Q2 —b and (F.5), S0 pa;0 =0 — %p2i+1. This completes the induction.

Therefore, if o > ay, then (1 — a)g—; < 1, hence lim;_, o o1 =limy o0 P22 = p. If a =y, then
b2 _ b

(1—a)Z =1, hence p; alternates between p; and € — 2p;.

Part 2: We will show if o < g, that is, (1 — a)g—z > 1, then the price does not converge.

We take a brief detour that

¢ b b
S L e
_ b2 b2 B b2
Zc(l—(l—a)g)—i—(l—a)g [byQ§c+bandl—(1—a)C§<0]
=¢C. (F.7)

Then we show there exists an ¢ > 0 such that p,;,; > €. Suppose there does not exist such an 1,

that is, p, < ¢ for any . Note also that

= = o

b
—p=pP=p,
C

b b b
p=0—a-p’—1—-—a)-pp>Q—a-p—(1—a)
¢ ¢ c

then as in Part 2(a) of Lemma F.1, we have

pon = E I (002 - R = (00 %)

where the last equality holds because p® = p. Note that p; > p, so ps;41 is increasing in ¢ because
(1— a)lci—z > 1, by which we know there must exist an i such that py;,; > €.

Let j =min{i: pg; 11 > ¢}. Since paji1 > ¢>p°, Pajio = —bF (p2j1) =2 —b, and

Pajrs = — a%po —(1- a)%pgjﬁ =0 a%po —(1— oz)%(Q —b) > ¢, where the last inequality holds
because of (F.7). It can be checked that the price alternates between Q —a2p® — (1 —a)2(2—b)
and Q—b. O

LEMMA F.3. Suppose Assumptions 1-5 hold and p° < p. Then the price process does not

converge.

Proof of Lemma F.3. Whenever the low price in each cycle falls into the range of [p°, p] which
is a necessary process for convergence, the contract is not effective anymore and thus the price
process will stop converging because the price does not converge when b > ¢ in the model with
naive farmers only and no contract. Therefore, the price does not converge if p° <p. 0O

Proof of Proposition 5 The result follows immediately by combining Lemmas F.1, F.2, and
F.3. O
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G. Proof of Proposition 6, Corollaries 2 and 3

Proof of Proposition 6. We first show under some conditions p°* = p is the unique optimal
solution to SE’s problem (10). We consider three scenarios.
Scenario 1: Suppose p°* > p. Proposition 5 implies that lim,_,.o p;, =p — % < p. Then there
exists a t' such that for any ¢ > ¢/, m,(p°*) = (p: — p°*)qy < 0, which violates the profit constraint in
problem (10). Hence, p®* > p cannot be optimal.
Scenario 2: Suppose p°* = p, then lim;_.., p; = p. In the long run, both types of farmers receive a
surplus as follows. (i) If ¢ <p, then lim; , ., w!(c;p®* =p) =lim;, Wi (c;p** =p) =p—c. (ii) If
¢>p, then lim; , w!(c;p°* =p) =lim; o wi(c;p°* =p) =0.
Scenario 3: Suppose p°* < p. Proposition 5 shows that the price process does not converge.
Moreover, when the lower price in any cycle is lower than p°*, the contract will take effect and
the price will go above p°*. When the lower price goes above p°*, the contract will not take effect
and the price will diverge below p°*. So the lower price keeps going above and below p°*. To
complete the proof, we will show the aggregate welfare of all farmers in every possible case is
lower than that in Scenario 2.
Note that the prices in each cycle i are (pg;_1,p2;) where py; < p < pg;—1. We have two cases.

Case 1: Suppose po;_1 < ¢ for any 7 > 1. In this case, py; = — %pgi_l, SO

b
Poi—1tpai _ Q+1—Ppoi1 _ UHU-Dzm?
2 - 2 2 =p

The type-N farmers’ welfare is as follows. (i) If ¢ < pg;_o, then w!(c; p°* < p) = p%%w —c<p-—c.
(ii) If poi—2 < ¢ < poj_1, then W} (¢;p°* < P) = 5(p2; — ¢). (iil) If ¢ > pa;_1, then @] (¢;p°* < p) =0.
As for type-S farmers, there are two possible subcases. Subcase 1: py;_o < p°*. That is, the type-S
farmers accept the contract in period 2i — 1 and their welfare is as follows. (i) If ¢ <p°*, then

Wi (c;p** < p) = % —c<p—c. (ii) If p°* < e < poi_1, then @i (c;p°* < p) = 1(ps; — ). (iii) If

¢ > pyi_1, then wi(c;p®™ < p) =0. Subcase 2: py;_» > p°*. That is, no type-S farmers accept the

contract in period 2i — 1 and their welfare is the same as type-N farmers.

Comparing with farmers’ welfare in Scenario 2, we obtain

Wl (¢;p”* < p) < lim w (¢;p”* =p) for any 0<c<e
11— 00
w; (¢;p”" <p) < lim @} (¢;p” = p) for any 0<c<e.
Therefore,

¢ 1 1
[t (witer <+ atien <p) de< [ lim (wf(en” =p)+al(p” =p) L
0

i—00 0 1—00
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Case 2: Suppose there exists a j > 1 such that p,;_; > ¢. In this case, p,; = —b, so

Pojr1 =2 — ?(Q —b) > ¢, and thus pyj o = —b. Continuing in this fashion, we obtain that
=Q—b=cand py,1 =0 — f(Q b) for any ¢ > j. That is, no type-S farmers accept the

contract and the price dynamics is the same as the model with all farmers being naive and no SE.

Hence, the aggregate welfare of all farmers is also the same as that with all farmers being naive

and no SE.

Note that the aggregate welfare of all farmers in Scenario 2 is the same as that when price is

stabilized at p with a sufficient number of strategic farmers. Therefore, by Part (iii) of

Proposition 3, we have if b=c or b>c and p— (2 —b) > 2be(b— C)CQ, then

2b2 +3bc—2

¢ 1 ¢ 1
/ lim (ﬁ)f (e;p”" <p)+w!(c;p™ < p)) —dc< / lim (wf(c;p"* =p)+wl(c;p™* = p)) —de.
0 c 0 c

1—> 00 71— 00

Combining the above two cases, we see p°* < p cannot be optimal. This establishes that p°* = p is
the unique optimal solution.
Part (i): We will show the SE receives a positive profit in the short run and the profit diminishes
to 0 in the long run.
According to the proof of Lemma F.2, the market price when p° = p is as follows,
b2y i-1 b

Doi—1 =P+ <(1 - Oé)g) (p1—p)>p and py =0— EpZi—l <p.
In each cycle, since po;_o < p° =p < pa;_1, type-S farmers accept the contract in period 2¢ — 1 and
do not accept in period 2i. Hence, ma;_1(p°; p2i—1) = (P2i—1 — P)q3;_1 > 0 and ma;(p°; pa;) = 0. Using
the fact that lim; ., pe;—1 = P, we conclude that lim; . mo; 1 (p°;pa;i_1) =0.
Part (ii): We make the welfare comparison in both short- and long-run.
We use p; and p}' to denote the price in the presence of SE’s contract and in the model with naive
farmers only, respectively. If & =0, then by Assumption (4), we have g(a) > 1. Proposition 1
shows that the alternating price is (2p — po,po) if b=2¢ and (2 — %(Q —b),Q2—0b) if b> ¢. Hence,

the naive farmers’ welfare w?(c) is as follows. (i) If ¢ <p%. ,, then
n p2z 1+p21 - lszéa

wi'(c) = - b : &
—2(Q=0)+Q—-b) ifb>ec

]

2

1
2
(ii) If py;_o < ¢ < ph;_y, then w}(c) = 5 (p3; — ¢). (iii) If ¢ > p3,_,, then w?(c) = 0. Next we will
derive the welfare of each type of farmers and make a comparison with w]'(c). Note that for each
i

Do < Pai—o <P <Poi—1 <Py, and pl; < po,.



20

Part (ii)(a): We will make the welfare comparison in the short run.

The type-S farmers’ welfare is as follows. (i) If ¢ <p°, then w;(c) = % —c<p—ec. (i) If

p° < < a1, then @;(c) = £ (pa; — ) < 0. (iii) If ¢ > pa;_1, then @;(c) =0. The type-N farmers’
welfare is as follows. (i) If ¢ <pg; o, then

_1)p2i—1c{:p_c if b=e¢,

o-(t-1)L0

ol

—n/ oy D2ic1t Do 02—
ap(e) = D pe o

2 2

———c=p—c ifb>c

(ii) If paj—o < ¢ < pai—1, then @} (c) = 5 (p2i — ¢) <0. (iii) If ¢ > po;_1, then @} (c) =0.

Comparing with w!(c) above, we have that for any ¢ > p3,_, =c,
w; () Zwi'(c) and wj(c) = wj(c).
For any ¢ <py,_,=c,
() <w(e) and wp(c) <wi(c)

where the above equality holds only when b =c.
Part (ii)(b): We will make the welfare comparison in the long run.
In the long run, the price converges to p. Hence, both types of farmers’ welfare is just the same as
that in the model with a sufficient number of strategic farmers. Therefore, the result follows
immediately by Part (ii) of Proposition 3.
Part (ii)(c): Observe that the total welfare of all farmers when p° = — b is the same as that in
the model with all farmers being naive and no SE. So Part (ii)(c) follows immediately by the
optimality of p°* = p to problem (10). O

Proof of Corollary 2 Lemma F.2 implies that if p° = p, then lim;_,. p; = p. Corollary 2 follows
immediately. [J

Proof of Corollary 3. Recall that in the model with naive farmers only, if b= ¢, then the price
alternates between QQ — pg and py. If b > ¢, then there exists an i’ such that in each cycle i >4’ the
price alternates between ) — %(Q —b) and Q —b. Let (ph;_,,p5;) denote the alternating prices in
the model with naive farmers only, and (ps;_1,p2;) denote the price in the presence of SE’s
contract. Note that

Do < Pai—o <P <Poi—1 <Py, and p3; < po;.

(i) Since ¢; < p¥;_,, the proof of Part (ii) of Proposition 6 gives us that

_s P’ +Dpa
w;(e) = 5 —c,
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n D2i—1 + Da; Pai—1+ 2 — %pzz;l Q- (% —1)pai—y

wi(Cl):T—Q: 5 —c = 5 —cy,
n Py + D Pyt Q- gpgi—l . Q- (% —1)ps; 4

wl(c)—f—cl— 5 —c = 5 — .

Since p* = p < pa;i—1, we have Wi (c;) < w(c;). Note that py;_1 > pyi_q, so WF(cr) <w!(cy).

Therefore,
w;(c1) <wl(er) <wl(eq). (G.1)

(ii) If py;_, <co <p, then

_ P° + Pai
wf(CQ): 9 2 — Cg,

P2i—1+D2i . 3
—n _ =y ifpy o, <co <o,
w;'(cz) =

%(pgi —c2) if po;i_0 <o <P,

(pgi - 02) .

DO | =

w; (c2) =

"(cy) = ¢ — 1, and

g

If pb, 5 < co <pai_a, then wi(cy) — w(ca2) = o — ¢y, WP(ey) —
wi(cy) —w!(ez) > ¢a — ¢1, and hence wi(cy) — wi(ey) < W (er) — Wl (er) < w?(er) — wi(es).
)

If pa;_o < ca <P, then one can check w(cy) > w!(co . Therefore, by (G.1), we have

K3

> wi(cy
w3 (e1) —wi(ez) S wi(er) —wi(ez) Swyi(er) — wit(ea).
(iii) If p < co < pf;_,, then

T(p2i —2) <O if p<y <pai-a,
0 if po;1 <o <ph;_4,

)
w; (c1) — w;(c2) S wf(er) — Wi (c2) Swji(er) —wi(cz)-
(iv) If e > pB,_,, then wi(ca) = w!(ca) = w]'(c2) = 0. Therefore, by (G.1), we have

w; (1) — w; (cz) S wj(er) —wit(ez) Swi(er) —wi(ez). O

H. Proof of Proposition 7

Proof of Proposition 7 As shown in Proposition 6, Parts (i) and (iii) hold immediately. To
complete the proof, it suffices to show the firm obtains a higher profit and p is an optimal
solution to problem (12) if b=ec.
Part 1: We will show the firm obtains a higher profit, that is, incurs a lower cost, in both short

and long run.
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Suppose there is no contract, i.e., p° =0, then the price alternates between two prices p3;, , and
ph; (we omit the short divergence periods when b > ¢). Note that if b=¢, then
(P 1, 05:) = (2 —po,po). If b> ¢, then (ph, |, ph)=(Q— %(Q —b),Q2—b). In this case,

faic1(p%5p° =0) + for(p°;p° =0)

n m n n Q—p”i_ m Q_pnl— n
=D5;_1G2i—1+D (d—Q2i—1)+P2id:P2i71%+p (d_%>+p2id
Qd ith=ec,

> n,_ —+ n d:
(Paio 4 750) {(Q—(g—n(g—b))d itb>¢,
where the first equality holds because the market supply in period 2i — 1 can not satisfy the

Q-p3i_y
b )

demand by our assumption that d > lim;_, and the inequality holds because p™ > p7, ;.
Observe that the costs in the short run and in the long run are the same when the price is
alternating forever. Next we will derive the cost when the firm offers a contract with p° =p and
then make a comparison with fo; 1(p°;p° =0) + f2:;(p°; p° = 0) in both short and long run.

Part 1(a): We will make the comparison in the short run.

Suppose the firm offers a contract with p°® = p, then according to the proof of Lemma F.2, the

market price is as follows,

b2y i-1

b
Poi—1 =P+ <(1 - a)g) (p1—p) and py;=Q— Ein—l-

Note that py;_;1 is decreasing in ¢ and lim;_, ., p2;_1 = P, so there exists an ¢’ such that

Poi—1 < —bd for any ¢ >4'. When ¢ > i, we have

faic1(p°;0° = D) + f2i(p%:0° = D)
=q5;_10° + (d— 5, _1)p2i—1 + dp2; < dpai—1 + dpai = d(p2i—1 + p2i)
b b =Qd if b=c,
=d(p2i—1 +Q— =p2i—1) =d(Q — (= — 1)pai— . _
(p2 1+ EP? 1) ( (C )p2 1) {<d(Q—(i—1)(Q—d)) ifb>c
< fai—1(p%;p° =0) + fa(p®;p° =0).

Therefore, the firm incurs a lower cost than that without the contract in the short run.
Part 1(b): We will make the long run comparison.

Given hmz—)oo P2i—1 = hmlﬁoo D2i :ﬁ, it follows that

Qd ifb=c
1. i— O; 027 —|— i O; 027 :2id: _ ’
B fos 1 (p%p° =) + foi(p”;p” = P) = 2P {fbed £b>E

Observe that 256 — {a-C¢-1(Q-b)}= ﬁ(b— &)(2—-b—¢)<0, so
limy o foim1(p%5p° =D) + foi(p%;0° =P) < foim1 (p%;p° = 0) + fo;(p°; p° = 0). Therefore, the firm

incurs a lower cost than without the contract in the long run.
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Part 2: We will show p° = p is an optimal solution to problem (12) if b=¢. We consider two cases.

— 5 ab(@®—p) _ Q—ap’
=Pr c+(1l—a)b —  2—a

Case 1: p°>p= % According to Proposition 5, lim;_, ., p; < p. Assumption

d< % means that the market supply at price p exceeds the demand d, therefore the focal

market supply at price 92%0‘50 which is lower than p also exceeds the demand d. Thus,

%p‘”r (d—ocpf)

: O (o] — O (o} — Q_apo
lm fo;1(p°;p° > D) + f2:(p%p Zp)ZZ{a 7}
71— 00 2—Oé

Taking derivatives to p° yields that the unconstrained optimal solution p°* = %

, which is
smaller than p= % because bd < ) by our assumption. Therefore, the convexity indicates that
lim; oo foio1 (P 0% = D) + f2:(p%; p° = D) <limisoo foi1(p% 0% > D) + f2i(p°;p° > D).

Case 2: p°<p= % If p° < py, then the contract is not effective and the price alternates between

Q —po and pg. If p° > py, then once the low price in each cycle goes above p°, the contract will not
be effective anymore, and thus the price alternates between two constant prices. To summarize,
in Case 2 the price will alternate. Suppose the price alternates between p,;_; and p,;. Note that

Po; = 0 — pa;_1. We have

lim fo, 1 (p%p” <P) + f2i(p%5p° < D)
P2i—1d + p2id = Qd if poi_1 < —bd,
N {p2i1q2i1 +p™(d — qoi_1) + P2id > p2i_1d + po;d = Qd  otherwise.
Note that lim; . foi_1(p°;p° =p) + foi(p®;p° = D) = 2dp = Qd, so
lim; oo foio1 (p%;0° = D) + foi(p°; 0% = P) <Moo f2io1(p%; 0% < P) + f2:(p% p° < D).
Combining the above two cases, we conclude that p®* = p is an optimal solution to firm’s problem

(12)ifb=c. O

I. Proof of Propositions 8 and 9

Before the proof of Proposition 8, we first have the following preparations:

6" =(1-a)P(u" 2 u") = (1= a)P(pt, —c2pl, — (€ —0)

pl,—pP +e pl,—pl +e

= (1-@p(es PPl _ gy p P )
" = (- - PRI,
" =ap(PEIEE)
o =all - PEELEEC)
Thus,
P = 0=+ ) = b1 — ) PRIy p PEE )
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fo-plate +
— Q- b(gM + ) = Q — b+ b(1— )PP 129“ ©) L barPiTPERE) g
A B
Diq1— P t+C +c
pit—pf =b{1-2(1 - )PP 20 F(%)}. (L3)

LEMMA L.1. Suppose Assumptions 1-3 hold and g(a) <1. Then |p? —pP| <& for any t > 1.

Moreover, pf* —pf = —g(a)(pt, —pf ) for any t > 2.

Proof of Lemma I.1. Note that g(a) <1 is equivalent to b(1 — 2a) < é. To show |p —pP| <e¢,
we have three cases.
Case 1: Suppose pt | —p2 | > ¢. Then (1.3) reduces to p/ —pZ =b{1 —2(1 — ) — 204F(”* =i 1.
If pi* — pP > ¢, then p! — pP =b{1 —2(1 —a) — 2a} = —b < ¢, which arrives a contradiction. If
pit — pP < —¢, then p! — pP =b{1—-2(1 - )} = —b(1 — 2a) > —¢, which arrives a contradiction.
Hence, it must be the case that |p! — p?| <.
Case 2: Suppose p;* | —pP | < —¢. Then (1.3) reduces to p;* —pZ =b{1— 2aF(%)}. If
pt —pB > ¢, then p — pP = b(1 — 2a) < &, which arrives a contradiction. If p/* — pZ < —¢, then
pt —pP =b > —¢, which arrives a contradiction. Hence, it must be the case that |p?* —pZ| <c.
Case 3: Suppose |p* | —pP ;| <& Then (1.3) reduces to

pf—pf:b{1—2(1—a)pfl_§1“—2aF(pf_12’tB”)}. (1.4)

If pf —pP > ¢, then p* —pP =b{1—2(1— Q)W —2a} <b(1—2a) <, which arrives a
contradiction. If p/* — pP < —¢, then
pt —pP=0b{1-2(1- a)w} >b{1—-2(1—-a)} =—b(1—-2a) > —¢, which arrives a
contradiction. Hence, it must be the case that |p? — pZ| <eé.
This establishes that [p#* — p?| < for any ¢ > 1. Consequently, (I.4) holds for any ¢ > 2 and

reduces to p/t — pP = —(15;725),[)(]724_1 -ply). O

LEMMA 1.2. Suppose Assumptions 1-3 hold and g(«) > 1. Then there exists an i >0 such that
p?-s-zj —pﬁz‘j < —¢ and pﬁ}-2j+1 _pﬁ-2j+1 > ¢ for any j > 0.

Proof of Lemma I1.2. We first show there exists an i > 0 such that [p/* — p?| > ¢. Suppose for a
contradiction that there does not exist such an 4, that is, |p* —pZ| < for any ¢ > 1. Thus, (1.3)

can be reduced to p#t — pZ = —g(a)(p?, —pP ). Hence,

it — ol | =g(@)|pity —pi |- (15)

Given g(a) > 1, by (I.5), there must exist an i > 0 such that [p/* — p?| >¢.



25

To end the proof, it suffices to show (i) If p/ , —pZ , > ¢, then p/! —pP < —c. (ii) If

pt, —pP | < —¢, then p?t —pf >¢.

We first show Case (i). If p* | — pP | > ¢, then (I1.3) reduces to

pi —pP =b{1—2(1— a) — 20F(PZEFE)} Tf pA — pB > 7 then

pit —pP =b{1 -2(1 — a) — 2a} = —b < ¢, which arrives a contradiction. If |p/! —pZ| <&, then

pt —pB =—g(a)(p?, —pP ) < —g(a)é < —¢, which arrives a contradiction. Hence, it must be the
case that p/! —p? < —¢. The proof of Case (ii) follows a similar way. [

Proof of Proposition 8. Part (i): If g(o) > 1, then it follows Lemma 1.2 that p;* — p? does not
converge. If g(a) =1, by Lemma 1.1, we have p — pZ = —(p | — pZ ), and hence, p* — p? does
not converge. Therefore, p; and p? do not converge.

Part (ii): If g(«) < 1, then it follows Lemma I.1 that
pit —pf =—g(e)(pity — pi1) = [—g(a)] " (p{' = p7). By (L1) and (1.2), we have
| b1

pi =Q=5 = 5l=g()]" (i —pY)
PP =0 bt L [g(a)] o7 D)
and therefore,
fim g = lim pf == 5. O

Before we prove Proposition 9, we first derive some expressions and demonstrate one lemma.
The random yield quantity of two crops in period ¢ are

E[v.P] - Elv.Pll +¢

A =, G = P (U > ulP ) = yaF( 5 ),

B — P = maP (i < uP*) = yaft - F(EOE = 5[%3’3] ey,

A = = (= P > ) = (1 — )P HE T EER T

Dt =300 = (1= )P (u" <ul") =4(1— )L - F(Pf—lzpilﬂ)]

The market clearing prices of Crops A and B are

E['YtPtA] - E[’YtPtB] +c
2

Ptélfptjzl'f‘é

PA=Q—b(Q" + Q") =Q —bav,F( ) = b(1—a)vF( ),

(1.6)
E[vP] — E[wP"l +¢

PE=Q—-b(Q° +QF") =Q —bay[l — F( 5

)] = b(1 =)yl = F(

2
(L.7)
Thus,

E[v.P] —E[.P/] +¢

PA —PP +e¢
P* — PP =bavy,[1-2F( [ 5 (=

N+b(1—apyll —2F(—LS S ()

PtA—l_PtB—)l—i_E

)l
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E[v.P] — E[v.PF] +¢ PA —PE +cC
T L (o e LR L & e e )
E[v. P — E[v.PB] +¢ PA, —PB +¢C
B[P, ] — E[PPy] = {aft —2p(FOTELZEOPEI Oy g gy o BBl ey
(L.9)
LEMMA 1.3. Suppose Assumptions 1-3 hold. If b(1 —2a)E[y?] <&, then
_E(J::E)(:?) (P{: - Pthl) if |Ptél - Pt€1| <G
PA_PpP= _a:{;l?E)(bﬂ/?)E if PA, — PP, >¢, (1.10)
R 1 if P, — PP, < —C

Proof of Lemma 1.3. To complete the proof, it is essential to derive the expression of
E[v; P"] — E[y; PP]. For the ease of exposition, let Y = E[y, P"] — E[y, PP]. We have three cases.
Case 1: Suppose |PA, — PB | <ec.
By this supposition, (1.9) reduces to

c 2

Y={-(1-0) J}PEL2] (L11)

If Y > ¢, then by (I.11),

PA, —PB

Y={-(1-a) = = a}bE[y] < (1 - o= a)bE[yf] = (1 - 20)bE[y7] <,

c
contradicting the assumption that Y > ¢. The first inequality above holds because
PA, —PB >-¢

If Y < —¢, then by (I.11),

A B
Ptfl B Ppl

Y =[-(1—a)==——= +albE[y{] > [-(1 - a) + a]bE[37] = — (1 = 20)bE[7{] > —¢,

contradicting the assumption that Y < —¢. The first inequality above holds because
Ptél_PtEil <c

Hence, it must be the case that |Y| <¢é. Then by (I.11),

PA, —PB Y
y:{_(l_a)%_ag}mghﬂ
(1_O‘)bE[%2] A B
Yy-- ————-(P", - P, .
5+OébE[’7t2] ( t—1 t—l)

Plugging back into (I.8) yields

(1 —a)by

pA_pB—_ )TN
t t ¢+ abE[H?]

(Ptél - Pt]il)'

Case 2: Suppose P4, — PP, >¢.
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By the supposition, (I1.9) reduces to

) Ve, (L12)

Y={-(1-a)+afl -

IfY >¢, then Y =[—(1 — «a) — a]bE[y?] = —bE[y?] < ¢, contradicting the assumption that ¥ > ¢.
IfY < —¢, then Y = [—(1 — ) + aJbE[y?] = —b(1 — 2a)E[y?] > —¢, contradicting the assumption
that ¥ < —e¢.

Hence, it must be the case that |Y| <¢. Then by (1.12),

Y={-(1-0) —ag}bE[%Q],
(s

¢+ bE[?]
Plugging back into (I.8) yields
1—
PA—_pF= —_(ﬂé.
‘ ¢+ abE[y?]

Case 3: Suppose P/, — PP, < —¢. Symmetric to Case 2. [0

Proof of Proposition 9. Observing (1.6) and (I.7), in order to see whether P and PP
converge, it is essential to study whether P4 — PP converges. Hence, in each part we will first
analyze the convergence of PA — PP and then come back to the convergence of prices.
Part 1: We will show if I(«a,7) <0, then the market prices converge in probability towards P.
We first prove the convergence of P — PP if I(a,v) < 0. By (1.10), we have

1-— _
|P PB| ( )bpyf . _( a)bﬁ}lf 1 . ( )b’yl | " PQB|,
c+MEM]c+awhiJ o abED]

by
In|PA — PB]<ZI bE>[’Y]+1n|P5“—POB\.

Doing the same operation to both sides of the above inequality, we obtain

—_a)b t (1—a)by; (1—a)by;
In|PA — PP|—In| P — PP| - tE[ln L=y 30 [In 5oy — Efln < eyriaal]
\/t var[ln CjafE o] ] \/t -var(ln E(J:;;)[l;g]]

Note that the right hand side of the above inequality converges to the standard normal

distribution N(0,1) as t — oo, according to Central Limit Theorem. Thus,

tlim P(|PA—PFP|>¢) = tlim P(In|P* — PP|>1ne)

In|PA—PB|—In|P? — PB| —tE[ln =9"0]  Ine—1In|P? — PB| —tE[ln 1= ]

— lim P c+abE[~2] G+abE[+?] )
e \/t var(ln L= O‘)bw] \/t var[ln 4= abv]

c+o¢bE c+abE
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t (lfa)bw _ (1—a)by; .
< lim P(Zi:1[ln ctolEhy] Elln H“bE["’iQ]H > Ine —1In|Ps* — PP —tE[ln a+o¢bE[’Y’;]]
. \/t varln e \/t var{ln {220

—Pr(N(0,1) > 00) =0,

where the second last equality holds because the left hand side above is a standard normal

distribution and in the right hand side E[ln E(jab(’E)[b”]] =I(a,7) <0.

Given P — PP converges to 0 in probability, it follows immediately by (I.8) that

lim; o, Pr(|E[P?Y:] — E[PPy:]] < €) = 1. Plugging back into (1.6) and (I.7) yields

lim,_,o Pr(|PA — P|>¢€) =lim,_,o, Pr(|PF — P|>¢) =0.

Part 2: We will show the convergence if I(«,) =0 and non-convergence if I(«,~y) > 0.
Part 2(a): We first prove the convergence of P — PP if I(a,~) =0 and non-convergence if

I(a,y) >0.

Before analyzing P2 — PE, we first prepare some useful results about PA — PP which is defined

as follows,
ﬁA_ﬁB:_( )by (ﬁ PB)
k K ¢+ abE[?] =t
P} —PP|<e
We have
|ﬁA_§B|: (1—&)1)% . (1_O‘)b7t—1 3 ( )bfyl ‘ﬁ PB‘
K ¢+ abE[y?] ¢+ abE[y2,] e+ abE[y]
Thus,
In|P* — PB|_ZI ﬂ—i—ln@f‘—ﬁ]g\.
¢+ abE[~?] 070

Through some algebra, we get

In|PA — PP| —In|Bj* — BP| —tE[In -0 ] EF_ [Iny; — E[ln 4=t ]

cta 2 cHa
T o T N,1),
a)by; a)by;
\/t var(ln =5 = ] \/t var(ln =24 oy ]

Then we have

lim P(|P* — PP <) = lim P(ln |PA — PP| <1Ine)

DA ~B ~A NB (1—a)by; ~A ~B (1,,1),, i
t=roo \/t var[ln C(iabaE)b% ] \/t var[ln c(iabaE)b% ]
t a)by; a)by; D a)by;
S, [In —(iabéﬁ — E[In —(iabéﬁzlﬂ Ine—In| Pyt — BP| — tE[ln 42l bg[g]]

= lim P(
freo \/t var|ln 4= O‘)b” } \/t var|ln L= |

C+abE[y *+ bE['yQ]
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: (1-a)by; (1-a)by;
I P(Z Ll zg bE[V —E[ln c+abE['ZL.2]H Ine—In|Pf — BB| t (1—a)by; D)
= lim — n .
%) a)by; a)by; (I1—a)by; C 2
= \/t var[ln c(iabE)bV]} \/t var[ln C(JlrabE)[bJ ] var(ln HMEH?]} ¢+ abE[y2]
Hence,
~ =5 Pr(N(0,1) < —o00) =0 if E[ln ,(i baE[b”}] =1I(a,7y) >0,
lim P(IPA PP <o) =1 e et ~
oo r(N(0,1) <0)=1/2 if E[ln 5+abE[~y,}]_I(a77)_O'

By the same process, we could show

_ 1 if E[ln =92 — T(a,~) >0,
PtB\>1)_{ o =) = 1(a,7)

1/2 if E[ln &= ;g[b%}] = I(a,7)=0.

lim P(| P —

t—o0

Observing that P — PP, within the range of [—1,1], follows a similar process as ﬁtA — ﬁtB. Once
PA — PP jumps out of [—1,1], it nevertheless will be pulled back into [—1,1].

If I(ct,) > 0, then lim,_,o P(|PA — PB| <€) =0 and lim,_,.. P(|P — PZ| >1) =1, implying that
even if PA — PP can be pulled back, the process will inevitably keep growing out of the range
[—1,1]. Thus, P* — PP does not converge.

If I(ct,) =0, then lim,_, P(|PA — PB| <€) =1/2 and lim,_,, P(|P* — PB| > 1) = 1/2, implying
that the process P — PP within the range of [—1,1] will end up with two possible results: one is
out of the range of [—1,1] and the other is 0, each with half probability. Since the process will be
pulled back whenever it gets out of [—1,1] and each time there is 1/2 probability that it will
converge to 0 whenever it is in [—1, 1], the process will eventually converge to 0. That is,

lim, ., P(|P* — PP| <€) =1 for any € > 0.

Part 2(b): We analyze whether P* and PP converge.

We have if I(a,~) =0, then the sequence P* — PP will converge to 0. It now follows by (I.8) that
lim; oo Pr(|E[P:] — E[PBv:]| < €) = 1. Plugging back into (1.6) and (I.7) yields

lim Pr(|P?*— P|>¢) = lim Pr(|PP — P|>¢)=0.
t—o0 t—o0

If I(cr,y) >0, then P — PP does not converge. Therefore, by (1.6) and (1.7) the prices (P, PP)

do not converge. [

J. Proof of Results in Appendix B

Before the proof of Proposition B.1, we first introduce a lemma.

LEMMA J.1. Suppose Assumptions 1-3 hold. In the model with backward looking strategic

farmers, if b<¢, then the recursive equation of market price p,(t >1) is

b o o
pr = — E((l - §)pt71 + §pt72>-
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Proof of Lemma J.1. Tf0<p,_;<cand 0< % < ¢ for any ¢ > 0, then (B.2) reduces to

b « «
pr = — z ((1 - §)pt71 + §pt72>-

To complete the proof, we will prove by induction that 0 <p;,_; <c¢ and 0 < % < ¢ for any
t>0.
By Assumption 2 and the convention that p; = 0 for any ¢ < 0, we have 0 < py < ¢ and
pot+p— =
0< % <ec

For any given ¢t > 1, suppose 0 <p; ; <¢and 0 < % < ¢, then we have

2 2

:Q—%(Q—b):(l—é)(ﬁ—b—é)Jré

c

C.

pe=Q— g((l - g)pt—1 + g]%—2) <Q - g((l - %)(Q—b) + %(Q—b))
<

Therefore, 0 < pﬁ% < & We have now established that 0 <p,_; <c¢and 0 < % < ¢ for any
t>0. O
Proof of Proposition B.1. We first show the existence of the limit. By Lemma J.1,

pt—ﬁ:—€<(1_%)(pt—1—]5)+%(pt—2—]5))- (J.1)

Since b < ¢, we have |p, —p| < (1 —5)|pi—1 — D| + §|pi—2 — P, and so
|pe — D| — [pe—1 — P| £ =5 (|pe—1 — P| — [pe—2 — P|). Therefore, lim,_, [p; — p| exists. Remember that
we expect to show lim; . p; — p exists. Suppose lim; ., |p; —p| = A >0 (Note that A #0.

Otherwise, we are done). Thus, for any given € > 0, there exists a T' such that for any ¢ > T,
Ip: —pl€(A—¢, A+e). (J.2)

Suppose for a contradiction that lim; ., p; — p does not exist. It follows from (J.2) that there
must exist a t; with ¢; —1>7T and t; —2>T such that p,, 1 —p€(—A—¢€,—A+¢€) and
Piy—2 —D € (A—¢, A+¢). Therefore, by (J.1),

Py, — D= —%(1 —5)(Pe—1—D) — %%(ptl_g -p)E (%(1 —a)A—¢, %(1 —a)A+¢). Clearly,

|pe, — | ¢ (A —¢€, A+¢), contradicting the fact (J.2). Consequently, lim; ., p; — p does exist.
Second, we compute the limit. Let lim; ., p; — p= B. Then by (J.1), we obtain B=0. O

K. Proof of Results in Appendix C

Proof of Proposition C.1. Incorporating farmer exit, the market dynamics becomes,

pr =0 —abF(p,) — (1 —a)bF(min{p;_1,¢,_1}) (K.1)
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where ¢,_; denotes the threshold such that at the end of period ¢ — 1, the farmers with
production cost ¢ > ¢;_; exit the market and the rest stay in the market (for simplicity, we
consider the farmers who do not plant because of high production cost above the relatively higher
price in each cycle as that they exit the market).

Part 1: We show there exists an ¢’ such that ¢; <p for any 7 >i’. Suppose for a contradiction that
there does not exist such an ¢, that is, ¢; > p for any ¢t > 1. We consider two cases.

Case 1: For any fixed ¢, if p,_; < p, then by (K.1), p, =Q — abF(p;) — (1 — @) %pt_l where the last
equality holds because p;_; < p < ¢;_1. Next we show p; > p. Suppose for a contradiction that

p, <P, then p, =Q — a%pt —(1- a)%pt,l, from which we obtain p, =p — g(a)(p;_1 — p) > p where
the last inequality holds because p, 1 < p, arriving a contradiction. So it must be the case that

Dt > P-

Case 2: For any fixed ¢, if p,_; > p, then by (K.1),

P <Q—abF(p,) —(1—a)-p (K.2)

ol o

where the last inequality holds because min{p; ;,¢;_1} > p. Next we show p, <& Suppose for a

contradiction that p, > ¢, then p, <Q —ab— (1 —«) %ﬁ: %0;”9 — ab. Since

%‘f’@ —ab—c=(c+ ab)(% —1) <0 because Q2 < é+ b by Assumption 1, we have p, < ¢, which
arrives a contradiction. So it must be the case that p, <¢é. Hence, (K.2) reduces to

Py <Q— a%pt —(1— a)%p?, from which we obtain p, < p.

The above two cases show that if ¢; > p for any ¢ > 1, then the price will fluctuate above and
below p constantly, indicating that the planting farmers with ¢ > p will incur a loss in each cycle
and thus exit the market eventually. As a result, the left farmers in the market must be the ones
with ¢ <p.

Part 2: We show the price converges.

Case 1: For any fixed i >4’ if p; < p, then by (K.1), p;y1 >Q —abF(piy1) — (1 — a)%pi, where the
last inequality holds because min{p;,c;} < p;. Next we show p;,; > p. Suppose for a contradiction
that p;y1 <p, then p; 1 >Q — a%piH —(1— a)%pi, from which we obtain

pir1 > D —g(a)(p; — p) > p, arriving a contradiction. So it must be the case that p;; > p.

Case 2: For any fixed i >/, if p; > p, then by (K.1), pir1 =Q —abF(p;y1) — (1 — a)%ci. Next we
show p;,1 > p. Suppose for a contradiction that p;,, < p, then p;; =Q — a%piﬂ —(1- a)%ci,
from which we obtain p;11 =p— g(«a)(¢; — p) > p, arriving a contradiction. Hence it must be the

case that p;11 > D.
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Taking the above cases into consideration, we have p; . > p for any ¢ >¢'. Note that ¢; <p, so
each period all naive farmers with ¢ <¢; will cultivate the crop and sell it at price p; 1 above
their production cost earning a positive surplus, and thus no more naive farmers exit the market.
Hence ¢; =cj11 =+ =cCw.

Therefore, for any t >4’ + 1, p, = Q2 — abF(p;) — (1 — &) 2¢, where the last equality holds because
Cct <P <py_1.Since ¢ =¢py1 =+ = Coo, W€ have p; =p; 11 =+ =D That is, the price converges

to p;, higher than p.

L. Proof of Results in Appendix D.1

Before the proof of Proposition D.1, we first introduce three lemmas.

LEMMA L.1. Suppose Assumptions 1-6 hold. For any feasible solution to optimization problem

(D.1), the contract is not effective in period 2i for any i > 1.

Proof of Lemma L.1. Part 1: We show if py;_s < p, then psy;_; > p for any fixed ¢ > 1.
If pS, 1 < pai_a, then po; 1 =Q —bF (p2i_2) > Q2 — bF(p) = p and we are done. Hence, we need only

c

c+b

consider the case when p3, | > pa;_o. Note that p= Q) < ¢, since pg;_3 < P, SO Pai_o < C.

Consequently,

Poio1 = —baF(ps, ) —b(1 — a) P22, (L.1)

Cc

We take a brief detour to show p3, ; <¢. Suppose for a contradiction that p3, , > ¢, then
i— Q-b b b?
pgi_l:Q—ba—b(l—a)]%<Q—ba—b(1—a) E :(1—(1—Q)E>Q—ab+(l—a)€

2

b b
< (1_(1—a)é>(b+5)—ab+(1—0¢)€:5<pgi71a

where the second last inequality holds because Q@ <b+¢ and 1 — (1 — oz)% > 0. Thus,

Toi—1(P%;_1) = (P2i—1 — P3;_1)45_1 <0, violating the profit constraint in Problem (D.1). Therefore,
it must be the case that p3, _, <c¢ as claimed.

Plugging p3,_, < ¢ back into (L.1) yields ps;_1 = Q—a2p3;,_; — (1 — @) 2ps;_o. The profit constraint

(1—0) 8 o
Toi—1(p3;_1) > 0 requires that ps;_1 >p3,_;, by which we derive p3, ; < mlpri;c%pw. We have

b, b bQ_(l—a)gp2i—2 b
p2i71:Q_O‘gpm'—l_(1_04)%]921'7229_05% 1—1—04% —(1—04)52921'72

_ 1
B 1+0¢§

; (Q—(l—a)%ﬁ) =p.

(Q -(1- Oé)gpm;z) > rag

Part 2: We show that if p,_; > p, then pf <p,_; and p; <p.
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Suppose for a contradiction that p? > p,_;, then
pe=Q—=baF(p}) —b(1 —a)F(p—1) <Q—bF(p) =p,

where the inequality holds because py > p;_1 > p. Thus, m,(p?) = (p; — py)q¢ < 0, violating the
profit constraint in problem (D.1). Therefore, it must be the case that p? < p,_;, which indicates
that the contract will not be effective in period ¢. Moreover, p, =Q — bF(p;_1) <Q —bF(p) = p.
Recall that py < p. Combining Parts 1 and 2, we see that py; <p < po;—1 and p3, < py;_; for any

1 > 1. Therefore, the contract is not effective in period 2¢ for any ¢ > 1. [

LEMMA L.2. Suppose Assumptions 1-6 hold. For any fized t, suppose p;_1 < p. Consider the

following one-period problem.

min (p, —p)* (L.2)

Py
st. pr=Q—baF(p))—b(1—a)F(pi_1),
pr-1 <Dp; < i (L.3)

Then p* =p+ %(ﬁ_pt—ﬂ <c.

Proof of lemma L.2. We first derive the formula of p;. It follows by p;_; < p and p= Eéib <ec
that p,_; < ¢. Next we show p? < ¢. Suppose for a contradiction that p? > ¢. On one hand, m; >0

requires that p; > p?, hence it follows that p; > ¢. On the other hand,

pt:Q—ba—b(l—a)ptgl [by pf > ¢ and p;_; <¢]
Q—b
<Q—ba—b(l—a)— [by pi—1 > Q —b]
¢

b b2
- (1—(1—04)5)(2—041)—1—(1—0()%

b _ b2 _ b
< (1—(l—a)é>(b+c)—ab+(1—a)€ [by 2 <b+¢ and 1—(1—04)620]

G,

which arrives a contradiction. Hence, it must be the case that pf <¢. Since p;—; <¢ and pf <¢, we

have
b b
p=Q—a-p} —(1—a)=pi_1. (L.4)
¢ ¢
Plugging (L.4) back into (L.3) gives p;_1 <pf < Q_(%ﬁpt‘l Hence, problem (L.2) can be
written as
b b b 2
i Q- azp} —(1-0a)2p 1) L.5
T (E—l—b azpi = (1 =a)zpi (L.5)
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Q—(1—a)ip
1+ab

st. p1<p? <

Taking derivatives to the objective function in (L.5) yields the unconstrained optimal solution

é(;bQ —(1- a)pt,l). Observe that

Q-(1-a)ipiy  (1—a)e

1( ¢ Q_(l_a)Pt—1>— ( ¢ Q_pt—1)>07

a\é+b 1+a? T a(c+ab) \c+b
where the last inequality holds because p;_; <p= EibQ. Therefore, the convexity indicates that
—(1—a)bp, _ —a)b - . _
por =2 (11+a)§“ L—p+ (;Zz))b (p— pt—1)- One can verify that p>* <¢. O

LEMMA L.3. Suppose Assumptions 1-6 hold.

1. Suppose Q—b <y <p2 <p. If p3; 1 =D+ (;zzb (P —Dpai) and pg; , =P+ %(ﬁ—pm); then

Daira < Daiye < D. That is, implementing an optimal contract based on a lower low price in

cycle © will admit a lower low price in cycle i+ 1.

2. Suppose Q—b < po; =ps; <P. If p3;11 =0 and p3, , =D+ (;Z;b (p— p2i), then

Daitra < Daiye < D. That is, offering no contract will admit a lower low price than

implementing the optimal contract in odd period 21+ 1.

Proof of Lemma L.3. Part 1: Note that ¢ > p3, | > pa;, so

b ° b bQ_(l—a)%pzl b
p2i+1:Q—aépziﬂ—(1—04)51)21':9—045 1+0¢% —(1—04)51721'
1 b 1 b
- O—(1-a)- ) (Q_ 1— :):-.
1+ag( (1= a)zpn) > 5 (0= (1= a)zp) =

where the last inequality holds because py; < p. Lemma L.1 implies that no contract is effective in

period 2i + 2. Hence, pg; 1o = — bF(pa;+1). Note also that

1
1+0¢%

1 b
i1 —C= Q—(1—a)= ¢>—_<
P2i41 —C 1+a2< ( OK)EPQ (OhS

(Q—(l—a)b(Q—b)>—é

:(1—(1—a)g)(9—b—5)<0,

SO Pajro = — gp2i+1. By the same process, we obtain py; o = — gﬁgiﬂ. Observe that

P2i+1 > P2iy1 bY Dai < Pais SO Paiyo < Paiya.

Part 2: By p%;,, =0, it follows that ps; 1 =Q — 2ps; > Q — 2p=p. According to Lemma L.1, no
contract is effective in period 2i + 2. Thus, pairo = Q — bF (P2ir1) <Q — %ﬁ2i+1.

On the other hand, given py; < p$;,,, we have pyiy1 =Q—apy | — (1 —a)ipsy;. As in Part 1, we
have pgi1o = — %p2¢+1-

Observe that ps; 11 > pait1 by Dai = P2i < P31, 50 Daiva < Poige. U
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Proof of Proposition D.1. Lemma L.1 implies that the infinite horizon problem can be viewed
as an infinite number of independent problem, each of which consists of one cycle (two periods),
and Lemma L.2 gives the optimal solution of each independent problem. Moreover, Lemma L.3
shows that with the optimal operation, the prices will be closer to the market limiting price in
the current cycle if they are closer to the market limiting price in the last cycle. Combing the
three lemmas, we arrive the conclusion. [

Before we prove Proposition D.2, we first introduce a lemma.

LEMMA L.4. Suppose Assumptions 1-6 hold. For any fized t, suppose p;_1 < p. Consider the
following one-period problem.
min (po—p) (L.6)
t

st pe=Q—baF(pf) —b(l —a)F(pi-1),

pi—1 <pf <cC. (L.7)

Ifa<p P=L then p?*

Proof of lemma L.4. We first derive the formula of p;. To achieve this, we expect to show

pg <¢ and p;_; <¢. Since p,_1 <p and p= c_+b < ¢, it follows immediately that p,_; < ¢. Note
that p? > ¢ has the same dynamic effect as that pf = ¢, so without loss of generality we assume

p¢ < ¢. Therefore, we have
b b
=Q—a-p — (1 —a)=p;_1. L.8
azpi = (1-a)-pi (L.8)
Hence, problem (L.6) can be written as

, b b b\
H;%n (mﬁ —azp) - (1— a)épt_1> (L.9)

st. p1<p;<ec

Taking derivatives to the objective function in (L.9) yields the unconstrained optimal solution

Q— (1—a)pi—1). Observe that

iz(C-‘rb

;(E—T_—bﬁ_ (1 _O‘)pt%) —e= é(ﬁ— (1-a)pis —aé) >0,

P—Pt—1

i . Therefore, the convexity indicates that

where the last inequality holds because a < 2

pt: 0
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Proof of Proposition D.2. Part (a): We show the case if o> PPzl
Note that p} = Z=22 +p, <& by o > E=20 50

¢—po’

b b
p1=Q—abF(p7) — (1 —a)bF(py) = — agp‘f —(1- a)gpo

_ b/p—po b
=-ar (S5 )~ -0z =

Part (b): We show the case if a < I;:i%i.

As in Lemma L.1, we could show for any solution to optimization problem (D.1) (without the
profit constraint), the contract is not effective in period 2i for any i > 1. That is, the infinite
horizon problem can be viewed as an infinite number of independent problem, each of which

consists of one cycle. Moreover, Lemma L.4 gives the optimal solution of such independent

problem. Combining these two lemmas completes the proof of Part (b). O
M. Proof of Results in Appendix D.2
Before we prove Proposition D.3, we first introduce a lemma.

LEMMA M.1. Suppose Suppose Assumptions 1-5 hold and o < &.

_ & _ ob(p°—p)
=pP- E+(11)70£b'

(a) If a> ay, then lim; . p;

(b) If a« < ay, then the price process does not converge.

Proof of Lemma M.1. Note that o < & is equivalent to

Q—ang—b(l—a) <e¢. (M.1)
¢

Part 1: We will show the price converges if a > «; and does not converge if o = a;. Note that
o > oy is the same to

b(l—a)<ec.

We have two cases.
Case 1: Suppose 2 —a2p® — (1 —a)ip, <c.
We will show by induction that for any ¢t > 1,

=S (0 + (- ) e 2

from which Part 1 follows immediately.

Note that p° < ¢ and py <€, so p; =Q — a%po —(1- oz)%po < ¢, where the last inequality holds
because of the supposition in Case 1. Hence, (M.2) holds when ¢ = 1. Suppose (M.2) holds when
t=14—1, and we will show it holds when t =4. One can check

b b
pi:Q_aEpo—(l—a)Epi,l [by p° < ¢ and p;; <¢
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1+(1—a)t ¢
< _1(—1:(51—_040)410) (1-gmre)+ (-0 pe by -egy-(-am<d
1 (—-al) (-l (-(-a))

1+(1—a)t I+(1—at
<ec. [by po <¢]

This establishes that (M.2) holds for any t > 1.

—(XQ o a o_ =
g-acp M"=p) If o = vy, the

Therefore, if a > «y, that is, b(1 — a) < ¢, then lim; . p; = o =P e

price alternates between py and €2 — Ck%po —o.

Case 2: Suppose 2 — a%po —(1- a)%po > C.

We will show there exists an 7 > 0 such that p; <¢ and Q — a%po —(1- a)%pi < ¢, then the
analysis follows the same as Case 1.

We have p; = — oz%p" —(1-a) %po > ¢, where the last inequality holds because of the
supposition in Case 2. Then py; =Q — a%p" — (1 —a)b< ¢, where the last inequality holds because
of (M.1). Thus,

pgzﬁ—agpo— (1—0()2}72 :Q—agpo— (1—(1)%(5)—04%;00— (1—a)b)
~(1-a _a)g> <Q—agpo> +a —a)gb(l _q)
<(1-q —a)g) (b1-a)+c)+01 —a)gb(l )

where the last inequality holds because (M.1) and b(1 — «) < ¢. This completes the proof of Case
2.

Part 2: We will show if a < «g, that is, b(1 — «) > ¢, then the price process does not converge.
We first show there exists an ¢ > 0 such that p; > ¢. Suppose for a contradiction that there does
not exist such an 1; i.e, p; < ¢ for any t. Then by the same process as Case 1 of Part 1, we obtain
Py = M(Q —alp’)+ (— (1— a)%)tpo. Since (1 —a)2 > 1, there must exist an i > 0 such
that p; > ¢, which arrives a contradiction.

Now we show the price does not converge. It follows by p; > ¢ that p; ; =Q — a%p(’ —(1-a)b<e,
where the last inequality holds because of (M.1). Then

b, b b b, b
pir2=Q—azp’ = (1=a)pii = (1= (1=a)2) (2= ap") +(1-a)2b(1—a)
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> (1 (1_a)g)((1—a)b+a) +(1—a)gb(1 _a)=z,

where the last inequality holds by 1 — (1 — oz)% <0 and (M.1). Continuing in this fashion, we find
that for any j > 0,

b _ b, _
Pitojy1 =8 — agpo —(I—-a)b<e, and piojo=0— azp - (1- O‘)Epi-ﬂj-i-l >c.

That is, the price alternates between two constant prices and does not converge. [J

Proof of Proposition D.3. Part (i): Note that o > & is equivalent to
b, _
Q—a-p"—b(l—a)>c
¢

We have

b b b
P=Q—ap’—(1-a)-pg>Q—a-p’—(1-a)b>¢,
c c c
where the first inequality holds because py < é. Consequently, p, = Q — a%po —(I—a)b>ec. One
can check that for any t > 1, p, =Q — a%po —(I1—a)p>e.

Parts (ii) and (iii): It follows immediately from Lemma M.1. O
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