Online Appendix to “Distribution-Free Pricing”

A. Alternative Information Structure
A.1. Distribution Symmetry

In this subsection, we consider symmetric distributions. In particular, we consider a class of val-
uation distributions that are symmetric and share the same mean g and standard deviation o,
denoted by %, C .%. We will comment on the purpose of this consideration after presenting our

results.

ProproSITION OA.1. Assume F € F,. The price heuristic
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7 otherwise,

where k¥ = i’/%T +4/3172+ ()3 + i/éT — /372 +(3)?, achieves a sharper performance guarantee.

Moreover, p* <pk.

Proposition OA.1 shows that the knowledge of the valuation distribution is symmetric results
in less aggressive pricing (i.e., p* > p*) and indeed provides more value. The benefits come from
two sources. First, technically speaking, instead of applying the one-sided Chebyshev’s inequality,
we can resort to the two-sided Chebyshev’s inequality and obtain sharper lower and upper bounds
with the price heuristic p = u— kXo. Second, by setting the price at the mean valuation, i.e., p = p,
the seller earns a guaranteed profit of %(,u — ¢), regardless of the valuation distribution as long as
it is symmetric. Next, we show the first benefit is limited in the parameter space where the price

heuristic is not equal to the mean valuation (i.e., 7 >4.2).

5+v17\3 /5417 *
PROPOSITION OA.2. For all F € Z,, if v > "3 ~ 4.9 then J20) > 95%.

Proposition OA.2 shows that the first benefit that comes from using the two-sided Chebyshev’s
inequality is not very significant. That is because symmetry cannot eliminate the extreme case of a
symmetric two-point distribution. Moreover, the second benefit is not more valuable than knowing
the median of the valuation distribution. In other words, except that the area below the mean is
equal to the area above the mean in a distribution, detailed symmetry at other points (other than
the mean) is not helpful. One may argue that the symmetric valuation distribution is impractical,
even though some theoretical work specifically requires such a distributional assumption in order
to derive insights (see, e.g., Fang and Norman 2006). The gain from this somewhat hypothetical
exercise is that even though we impose a very restrictive property such as symmetry on the valuation

distribution, the benefit can be little beyond knowing the median. This insight is further confirmed



Figure OA.1 Symmetric or Unimodal Distribution
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when we compare the performance guarantees with and without the knowledge of the unimodality
of the valuation distribution. Nevertheless, the percentile information such as the median can be
very valuable. By pricing at the z-th percentile, v,, of the valuation, the seller can guarantee a
profit of z(v, —¢).

Figure OA.1(a) shows the performance of symmetric distributions. It is obviously better than
the base model in comparison with Figure 1. By Proposition OA.1, if 7= 1%’ <4.2, i.e., to the
right of the line 4.2§ 4+ = 1, the price heuristic is . Thus we can see that the improvement beyond
the base model is due to setting the price to the median p, namely, the second benefit. Moreover,
by Proposition OA.1, if 7= 1_77 <1, i.e., to the right of the line § +~ =1, with the price heuristic
being i, the performance guarantee becomes ;:—3, independent of §. To isolate those two benefits,
Figure OA.1(b) shows the performance guarantee without letting the price heuristic be equal to
the mean. In other words, we display only the first benefit. Comparing Figures 1 and OA.1(b),
we see that applying the two-sided Chebyshev’s inequality affords little or even no benefit beyond
applying the one-sided Chebyshev’s inequality. In particular, when 7 = I_T"’ < 1.5, i.e., to the right
of the line 36 + 2y =2, k¥ given by equation (S.18) is less than 1, for which case we have no more

benefit from applying the two-sided Chebyshev’s inequality than the one-sided one.

A.2. Distribution Unimodality

In this subsection, we consider the situation where the seller has the additional information that
the valuation distribution is unimodal, which can be understood as there being one primary market
segment. In particular, we consider a class of valuation distributions that are unimodal and share

the same mean p and standard deviation o, denoted by %, C Z.



ProproOSITION OA.3. Assume F € .%,. There exists the price heuristic p}, that achieves a sharper

performance guarantee. Moreover, pi > p* iof T > 17‘f ~ 4.63, otherwise, p: < p*.

From Proposition OA.3, we can see that if 7 > 4.63, p! > p*, otherwise, p < p*. That is because
the class of unimodal distributions is more concentrated around the mean for smaller standard
deviation o than the class of general distributions that share the same mean and standard deviation.
Hence, when the standard deviation decreases, the price heuristic increases faster towards the mean
for the unimodal distributions than for the general class of distributions.

The unimodality may reduce the (two-sided) Chebyshev’s bound by a factor of at least 4/9.
However, by Proposition OA.3, this occurs when 7= 1777 is large enough (i.e. 7 >5.72), in other
words, when 7 or ¢ is small enough. By Corollary 1(a), the performance guarantee given by the base
model is decreasing in v and §, and thus there is little room to improve the performance guarantee
with small values of v and & by knowing more information of unimodality. More importantly,
knowing the unimodality does not technically eliminate the possibility of the extreme case of two-

point distributions. In the following proposition, we confirm that the benefit of knowing unimodality

is not very significant.

PROPOSITION OA.4. For all F € .7,, if 7> 12 ~ 4.63, “@; f;) > 95%. If 2.65 <7 < 12~
4.63, - > 87%, where L and L, are the achievable lower bounds for the model without and with

ummodalzty, respectively.

Whereas a region with a large middle-class base has a unimodal wealth distribution, another
region with a high Gini index may have a bipolar wealth distribution. Analogously, the targeted
consumer market may also have a valuation distribution that is not unimodal. For example, there
could be many vertically separated segments of customers whose valuations are clustered in their
segment. Although marketing research, which may be expensive, can be used to investigate whether
the customer valuation distribution is unimodal, Proposition OA.4 implies that the additional

benefit of having such information is no more than 15%(~ -1).

1
87%

Figure OA.1(c) shows the performance guarantee for unimodal distributions, with § ranging
from 0 to 2, and ~ ranging from 0 to 1. In comparison with Figure 1, the gap between knowing
the unimodality information and not knowing is not much, as is analytically demonstrated by

Proposition OA 4.

B. Mean-Ranked Clustered Bundling

Algorithm OA.1 Mean-Ranked Clustered Bundling




1: Input: ¢, i, 0i, where i=1,2,....,n
2: Initialize a binary-matrix M with 2" ! rows and n — 1 columns
3: for j=1,2,...,2" " do
4 Find the index of 0 in j-th row vector of M and store them in an array K7, update K7 < [0 K7 n]
5 for m=1,2,...,length(K?) —1 do
6: L3, « the total profit lower bound of a bundle with products i € { K7, +1, K7, +2,..., Kfn_,_l}
7 end for _
length(K9)—1
8 T 4— > L,
9: end for "

10: Let j* = argmax; m;

11: Output: The total profit lower bound 7;+, and the corresponding clustered bundling for j*

PropPoOSITION OA.5. Algorithm OA.1 can find the optimal mean-ranked clustered bundling, and

its computational complezity is at least O(2").

Proof of Proposition OA.5. TFirst, we prove that there are 2"~! cases for mean-ranked clustered
bundling by induction. Consider n = 2, there are two cases: products 1 and 2 are bundled as a
cluster, or products 1 and 2 are divided as two clusters. Suppose n = m, there are 2"~! cases, then
we prove it is true for n =m + 1. Consider products 1,2,...,m, there are 2™~ ! cases. And for any
case, the product m + 1 can be put into the last cluster or to be a single cluster. Hence, there
are 2™~ 1 x 2 =2™ cases. Second, Algorithm OA.1 considers 2" ! cases for mean-ranked clustered
bundling. Thus it contains all cases of for mean-ranked clustered bundling. In other words, it
outputs the optimal mean-ranked clustered bundling. Lastly, it is easy to see the computational

complexity of Algorithm OA.1 is at least O(2") since there are 2"~* circles in the outer loop. [J

B.1. Fixed Radius Clustering

In this subsection, we consider the heuristic which we called Fixed Radius Clustering (FRC): for
a given radius r, the difference of means of any two products is no more than r in a cluster. We
consider 10000 different radii, and let r; = (@, — p1)7,/9999, where j =0,1,...,9999. It is easy to see
the heuristic reduces to separate sales when j =0 and the pure bundle when j =9999. Thus, this
heuristic is more general with the optimized j*, and would have a better performance guarantee
than separates sales and the pure bundle. The pseudo-code for the algorithm is given in Algorithm
OA.2. There are two interior loops: steps 5-9 and steps 11-13. The first loop is to produce an array
K7 to store the bundles, where the m-th bundle contains products i € {K7, +1, K7, +2,..., K}, ,}
and K7 is the m-th element of K7. The second loop applies Theorem 1(b) to calculate L? , which

m?

is the lower bound on the profit of the m-th bundle.



Algorithm OA.2 Fixed Radius Clustering (FRC)

1: Input: ¢;, wi, 0;, where t=1,2,...,n

2: Initialize r; = (ftn. — p1)5/9999
3: for j=1,2,...,10000 do
4: Let m=1, x =1

5: fori=1,2,...,ndo

6: if p; >x+1r; then

7 Let =y, KL, =i—1, m=m+1
8: end if

9: end for

10:  Update K7 < [0 K7 n]
11:  form=1,2,...,length(K?) —1 do
12: L7, < the total profit lower bound of a bundle with products i € {Kﬁn +1,K3,+2,..., Kil+1}
13: end for

length(K7)—1
14: 7w« > L,

m=1

15: end for

16: Let j* = argmax; ;

17: Output: The total profit lower bound 7;+, and the corresponding clustered bundling for j*

PROPOSITION OA.6. The computational complexity of Algorithm OA.2 is O(n).

Proof of Proposition OA.6. Note that steps 5-9 will run no more than n times. And there can
be no more n bundles, i.e., m <n. Thus steps 11-13 also run no more than n times. Hence, the
computational complexity of Algorithm OA.2 is O(n) since it runs the two interior loops “for” no

more than n times. O

B.2. Top-down/Bottom-up Clustering

In this subsection, we consider the Top-down/Bottom-up Clustering algorithm which contains two
processes: “Top-down” and “Bottom-up”. This is why we call it Top-down/Bottom-up Clustering.
If the pure bundle is better than separate sales, we execute the algorithm from the pure bundle
(Top-down). We want to split each bundle into two sub-bundles with better total profit lower
bounds. If a bundle cannot be split into two sub-bundles with a better performance guarantee, i.e.,
the bundle has a larger lower bound than the total lower bounds of any two sub-bundles, we keep
the bundle unchanged. When all bundles cannot be split into two sub-bundles, the “Top-down”
process terminates. If the pure bundle is worse than separate sales, we execute the algorithm from

n separate products (Bottom-up). We want to cluster two adjacent bundles into one if it is better



to do so. When any two adjacent bundles cannot be bundled with a better performance guarantee,
the “Bottom-up” process terminates. The pseudo-code is given in Algorithm OA.3.

For the “Top-down” process, there are two arrays K and I, where the former one stores the
bundles with the m-th bundle containing products i € {K,, + 1, K,, +2,..., K11} and K,, is the
m-~th element of K, and the latter one stores the index of each bundle. Since it starts from the pure
bundle, we initialize K = [0 n| and I =[1] in step 3. The steps 5-9 investigate whether the current
bundles can be split if it is better to do so. If a bundle cannot be split into two sub-bundles, let
its index be 0, otherwise, let the two new bundles’ indices be 1. When all indices are 0, the loop
“while” terminates, i.e., we cannot get a better performance guarantee by “Top-down”. For the
“Bottom-up” process, K stores the bundles. The steps 17-22 investigate whether any two adjacent
bundles can be bundled with a better total profit lower bound for the current bundles. If the first
two adjacent bundles can be bundled, i.e., f =1, we let the two bundles as the first bundle and the
third one as the second. If the first two adjacent bundles cannot be bundled, i.e., f =0, we let the
second bundle as the first bundle and the third one as the second (step 19). After doing this for
all bundles, we check whether there exists a case in which two bundles can be bundled (step 23).
If any two adjacent bundles cannot be bundled, let I =0 and the loop “while” terminates, i.e., we
cannot get a better total profit lower bound by “Bottom-up”. Figure OA.2 illustrates Algorithm
OA.3.

Algorithm OA.3 Top-down/Bottom-up Clustering (TBC)

1: Input: ¢;, w, 0;, wheret=1,2,...,n

2: if the pure bundle is better than separate sales (Top-down) then
3:  Initialize two arrays K = [0 n] and I = [1]

4: while I # 0 do

5: for m=1,2,...,length(K)—1 do
6: Let €™ = [CKpm+1 CRpm+2 " CRpypq)s B = (0K +1 UK 42 UKy q)s O = [0K 1 OKppt2 0K, ]
7 If I, =1, compute f,, =split(c™,u™,0™), otherwise, fm = length(p™) (Function split outputs the

optimal size of the first bundle that splits a bundle into two sub-bundles, where the bundles’ parameters

are ¢, u™, 0™, respectively. The pseudo-code for function split is given in Algorithm OA.4.)

8: If fr, =length(p™), let I, =0, otherwise, let I, = 1; Ko,,_1 = K and Kb,y = K + fim
9: end for
10: Update K’ < [K’ n] and K < remove the repeated elements in K’, I < add one element 1 after each

element 1 in array [
11: end while

12: end if



13: if the pure bundle is worse than separate sales (Bottom-up) then

14:  Initialize an array K =[1 2---n| and I =1

15: while I =1 do

16: Initialize m =1, t = 1, ¢! = [er e -cry], pt o= (w1 g2k, ol = [o1 o020k, c? =

[eri+1 Crit2 iyl 12 = [y 41 iy 42 s ], 02 = [0k, 41 Oy 42 O]

17: for m=1,2...,length(K)—1 do

18: Compute f = cluster(cl,p,l,al,c2,u2,a'2) (Function cluster outputs 1 if bundling two sub-bundles is
better, otherwise 0, where the two sub-bundles’ parameters are ¢!, ', o', and ¢?, u?, o2, respectively.
The pseudo-code for function cluster is given in Algorithm OA.5.)

19: If f=1, update c' « [¢* ¢?],pu' « [pu' p?],0' < [0 o?]; otherwise, update ¢! « c?, u' — p?, o' + o2,

let K; = K,, and update t <t +1

20: Update m < m+ 1, if m =length(K), break

21: Update ¢ <= [Ci,p+1 CRpm42  CRpi1]y B 4= (WK1 K42 W)y O 4= [OK 41 OK 42 0Kyt )
22: end for

23: Update K’ <+ [K' n], if length(K)=length(K"), I =0; otherwise, I =1 and K «+ K’

24:  end while

25:  Update K + [0 K]

26: end if

27: Compute the total profit lower bound of each bundle and store it in L*, let K* + K

28: Output: The total profit lower bound L*, and m-th bundle contains products i € {K,,, + 1, K, +2,..., K1}

Algorithm OA.4 function split

1: function f =split(c,u, o)

2: for i=1,2,...,length(p) do

i i length(u) length(p)
3:  Lett = Z(uj—cj) >, 0% and ty = j—cj)/ (t2 =0 for i = length(w))
j=1 j=1 Jj= 1+1 j= 1+1
4:  Compute ki = \/t1 +VE2+1+ \/tl V2 +1 and k) = \/tg +/t2+ 1+ \/t2 -V +1
length(p)
5:  Compute L; = Z (1;—cj)(1— %k Jand Lo= 7 (p; —c;)(1— k2 ) (L2 =0 for i =length(p))
j=1 j=i+1

6: mi=L1+ Lo
7: end for
8: f=index of the maximum in array m=[m1 T2 Tiengtn(w)]

9: end

Algorithm OA.5 function cluster

1: function f = cluster(c,p,0,c’,p',0’)

length(p) length(p) length(p') , , length(p’) ,
2: Let ti= >, (m;—cj) E oZandto= (,uj—c-)/ > o}t
j=1 j=1 j=1

3: Computeki:i‘/tlJr 2+ +\/t1 2+ lande—\/t2+ 2+ 1+§/t27\/t§+1




length(p) R length(u') , , 3 /3
4: Compute L1 = -21 (pj—c;)(1— ;oK) and Ly = -21 (pj —c5)(1— 555 k27)
= =
p p " tength(u’) ) flengin(n”)
5 Letc =lccp =[pplo =loo]andt= 3 (uj—cj)/ > oy’
j=1 j=1
, , tength(u’) ., .
6: Compute k= /t+ V2 +1+Vt—V2+1land L= (n; —c;)(1— 2k
j=1

7 If Li+ L2 < L, f =1; otherwise, f=0

8: end

Figure OA.2 lllustration of Algorithm OA.3

(a)

Note. (a) ”Top-down” process. (b) ”Bottom-up” process.

PROPOSITION OA.7. The heuristic out of Algorithm OA.3 has a better performance guarantee

than separates sales and the pure bundle, and its computational complexity is O(n?).

Proof of Proposition OA.7. First, consider the pure bundle is better than separate sales. By
Algorithm OA.3, it executes the “Top-down” process. Note that the “Top-down” process will be
executed if and only if there exists a bundle that can be split into two sub-bundles with a better
performance guarantee. Then the output of the “Top-down” process is better than the pure bundle.
On the one hand, for each interior loop “for”, the algorithm runs length(K) — 1 times and the
function split contains a loop “for” with length(c™) = K,,+1 — K, circles due to Algorithm OA 4.
Thus, step 7 is executed lmgt%(:K)_l K,,1+1 — K,, =n times for each loop “for”. On the other hand,
for the outer loop “while”, ar‘rul:hleast one bundle is split. There are n products, and then it runs at
most n — 1 times. Consequently, its computational complexity is O(n?).

Second, consider the pure bundle is worse than separate sales. By Algorithm OA.3, it executes the
“Bottom-up” process. Note that the “Bottom-up” process will be executed if and only if there exists

two adjacent bundles that can be bundled with a better performance guarantee. Then the output

of the “Bottom-up” process is better than separate sales. On the one hand, for each interior loop



“for”, the algorithm runs length(K) —1 <n times and the computational complexity of function
cluster is O(1) due to Algorithm OA.5. On the other hand, for the outer loop “while”, at least
one product is bundled. There are n products, and then it runs at most n — 1 times. Consequently,

its computational complexity is O(n?). O

C. Proofs
To show Theorem 1, we first prove a version of a one-sided Chebyshev’s inequality (on the left
tail), also known as Cantelli’s inequality, which is often stated in a different form (on the right tail,

for example, see Gallego et al. 2007).

LEMMA OA.1 (CANTELLI'S INEQUALITY). For a random variable X that has mean p and stan-
dard deviation o and all a >0,

2
o
P(X<N_G)SP<X§M_Q)Sm'

Equivalently, P(V <pu—ko) <P(V<pu—ko)< ﬁ for any k> 0.

Figure OA.3 Valuation Distribution
(x)

sales

unprofitable /
customers /

Note. p(k)=p—ko, k>0

Proof of Lemma OA.1. If a =0, the inequalities trivially hold. Now consider a > 0. Let Y =
X — p, then E[Y]=E[-Y] =0 and var[Y] =var[-Y] =0?. Let t =0?/a > 0. We have

HY<—ﬂkgHYS—a%:H—YZa%:H—Y+tZa+O:P((f+¢21>

+t
—Y +¢\° —Y +t)?
a+t a-+t

B 0.2 + t2 0.2
where the last inequality follows from Markov’s inequality. [

~ (a+t)? T otta?

A sketch of the proof of Theorem 1. We first give a sketch of the proof here. The upper bound
U in Theorem 1(a) is no less than u — ¢, i.e., U > p— ¢, where pu — ¢ is the expected profit earned

from all customers under perfect price discrimination (i.e., everyone pays at their own valuation).
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Theorem 1(a) implies that the seller may be able to earn more than p — ¢ by serving only those
customers whose valuations are no less than the marginal cost c. Hence, the upper bound of the
optimal profit should be no more than p — ¢ plus the cost of serving unprofitable customers. The
unprofitable sales volume is P(V < ¢) (to the left of z = ¢ in Figure OA.3). By Lemma OA.1,
we can obtain an upper bound of P(V < ¢) as ﬁ; thus an upper bound of the expected profit

ispu—c+cP(V<e)<pu—c+ T =M 1;2;2 c. In the extreme case o =0, when the valuation

distribution is deterministic, the seller can earn the optimal profit ; — ¢ > 0 by charging price
p = p. By Theorem 1(a), when 0 =0, 7 =00, then U = 1 — ¢; thus we can see the upper bound U
is achievable.

Next we apply Lemma OA.1 again to find a lower bound on the seller’s profits. Theorem 1(b)
suggests that the profit earned by the seller has a lower bound L, which comes from charging a price
p* = u—k*o, below the mean valuation p. When the seller sets a price in the form of p(k) = u— ko

that is less than p, the sales volumes correspond to the right of z = p(k) in Figure OA.3. By Lemma

1.

R hence, that area has a lower bound

OA.1, the complement of that area has an upper bound

1 — 7=+ Then we obtain a lower bound of the profit when charging p(k) = p — ko
(p(k) — PV > p(k) > (u— ko — )1 — — )= (u—e)(1 - Ty - L)
PUS) =PV =PWR)) = W= RO = O = g/ W€ 1+ k2

T

The lower bound is maximized by k* = {)’/7' +VTE 1+ {9’/7' —V724+1. O

Proof of Theorem 1(a). Define a random variable X such that its density function g(z) = f(x —
¢). Hence the distribution of X is a horizontal shift of that of V' towards the left by ¢ units. Thus,
the mean and standard deviation of X are u — ¢ and o, respectively.

Since any p > ¢ is better off than p < ¢ which yields negative profit, we only need to consider

p > ¢ for the profit maximization problem max, 7 (p; F'). For any p > c,

m(p; F)=(p—c)P(V=p) = (p—c)P(X >2p—c)

<EX|X>p—¢ <EX|X>0=p—c—E[X|X <0], (OA.1)

where the last equality is due to that u—c¢=E[X|X < 0]+ E[X|X >0].
Since g(z +¢) = f(z), then

—E[X|X<0]:E[C—V|V<c]§E[c|V<c]§cP(V<c)§1+((M_C)/0)2:1+T2, (OA.2)

where the first inequality is due to valuation V' > 0 and the last inequality is due to Lemma OA.1
with k= (u—c)/o (where k>0 due to Assumption (P)). Combining (OA.1) and (OA.2), we have
the desired upper bound.
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When o =0, we have 7 =00 and U = u — ¢ which is the exact optimal profit the seller earns
when facing the deterministic valuation y. [

Proof of Theorem 1(b). Write a price heuristic in the form of p =y — ko > ¢ for some k > 0. In
other words, 0 <k < #><. Then, for all F' € .7

ko 1
rggcm(p, )>alp=p—koF)=(u—ko—c)P(V > pn—ko)> (u—c)( M_C)( 1+,CQ),

(OA.3)
for k> 0 from Lemma OA.1. For notation

where the inequality is due to P(V <y — ko) < 1+k2

convenience, denote ¢ (k) = ( ko 2 )(1— 1+7)

Now we want to maximize the lower bound, (1 —¢)p(k), in (OA.3) to obtain the optimal robust

—k* 3k 42k _ (
T(1+k2)2 - T(1+k2)2

price. It can be verified that ¢'(k) = k*+ 3k — 27). The non-zero stationary

points of (k) are characterized by ¢'(k) =0 which is equivalent to
k® + 3k =27. (OA.4)

(The function (k) is minimized at k=0 or k= #>*.) By Cardano’s solution for a cubic function,

the unique real root of (OA.4) is k* = \/T +vVT2+1+4 \/7' V712 + 1. It is easy to see that indeed,
k* > 0 because k* =

m > 0. Moreover, since —k* — 3k is decreasing in k, thus for k < k*,
¢'(k) >0 and when k> k*, ¢'(k) <0. This demonstrates the function ¢(k) is maximized at k = k*

with the optimal value

(k) = < - lj‘) (1 1+ bﬂ)?) - (k(*];); - (IZT)S =1 %k (OA5)

where the first equality is by definition of ¢(k) and the rest of identities are all due to (OA.4).
By (OA.4) and k* >0, we have k*3 + 3k* =27 > 3k*, ie., k* <27/3<7=(u—c)/o. Thus, p* =

w—k*o>c. In view of (OA.3), we immediately have the desired lower bound.

It is easily verifiable that any distribution within the stipulated class of two-point distributions
for any € indeed has mean p and standard deviation o. With the optimal robust price p* = u—k*o,
for a given two point distribution with k. = k* + ¢, only those customers who have the valuation
at the high end of the two points would choose to purchase the product. Thus the resulting profit
is (1— ﬁ)(ﬂ —ko—c)=(u—c)(1-)(1- ﬁ), which is asymptotically approximated to the

lower bound (u—c¢)p(k*) = (u—c)(1 — kT*)(l — m), in view of (OA.3), as e \,(0. O
Proof of Theorem 2. For all F € %,

mpr=p—ko;F) _ p—=7)(1=5k)  pl—=7)0=-5k) —okt 15k
max,~.m(p; F) — max,..m(p;F) ~ - 1;2@ ﬁ — m:;% 1+ ma

where the first inequality is due to Theorem 1(b) and the second inequality is due to Theorem

1(a). O
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Proof of Corollary 1. (a) It is trivial to see that p depends on the system primitives ¢, u, o only
through the ratios v and é. By (OA.4), (k*)® + 3k* = 27 = 2452, Since the right-hand-side of this
equation is strictly decreasing in vy and ¢, its unique real root £* must also be strictly decreasing

in v and 6. Moreover, 1 — k:* = is strictly increasing in k* and 1+ = - is strictly

_(E)? v
(k*)2+3 —N(1+72)
11— k*
¥
A

(b) By (OA.4), (k*)% 4+ 3k* =27 = @ Since the right-hand-side of this equation is strictly

increasing in v and §. As a result, p= is strictly decreasing in v and 9.

decreasing in ¢, k* is strictly decreasing in ¢ and p*(c, p,0) = pp — k*o is strictly increasing in c.

By (OA.4), (k*)*+3k* =27 = @ Since the right-hand-side of this equation is strictly decreas-

ing in o, k* is strictly decreasing in o. Again by (OA.4), k*o (k*ﬂ)2f3’ thus k*o = (k( OpE ) is strictly
increasing in ¢ and p* = u — k*o is strictly decreasing in o.

By (OA.4), (k*)* +3k* =27 = 2(”7_6). Taking derivatives with respect to p on both sides of this

ot _q _ ok

equation, we obtain (3(k*)? —1—3)‘%* 2 then 2 —0' = T an o

1— 2 _ 3(k*)%+1
3(k5)2+3 — 3(k*)2+3

Since p* =pu—k*o

__2_
3(k%)2+3"

> 0, which shows p* =y — k*0o is strictly increasing in py. O
Proof of Proposition 1. (a) Because both the mean and standard deviation of the exponential
distribution are §, § = 1. Thus the optimal robust price is p* = ; (1 —k.(7)), under which the profit

s I(p*; F ~ exp(N)) = (£ (1 — k(7)) — ¢)e ™) Solve the first order condition IT' = (1 — A(p —

¢))e " =0, we have p* = ; + ¢ and M|y = —=Ae ™ = A1 = A(p—c))e = —Xe ™ <0. Thus

l—l cA

the optlmal profit is , which is achieved by p* = % +c. With v = i = ¢\, the performance

1+ke ('Y)

should be 0= kegyj)ﬁljﬂ = (1= (ke(y) +7))eke™+) When v =0, we have k.(7) ~ 0.5961,
A
and then the performance is (1 —0.5961)e%5%! ~0.7331.

(b) The mean of the uniform distribution is §, and the standard deviation is 775> so the

CV ¢ is % Thus the optimal robust price is § — k.(7)5%5, under which the proﬁt is (5 —
+hu

k()35 — c)% With the uniform valuation, the profit function is (p —c)*?, then the

a+c

optimal price is “7<,
_ku() k (v)
(1-Eu@) )4 kuln),

and the optimal profit is (Ta) . With ~ = ﬁ = f, the performance should

be e . When v =0, we have k,(v) =~ 0.9064, and then the performance is (1 —
SO (14 295%) ~0.7261. [

Proof of Proposition 4. We will apply the optimal robust price in Theorem 1(b). It is sufficient
to compare the lower bounds on profitability of selling separately and selling a bundle, because the
lower bounds obtained in Theorem 1(b) is asymptotically tight.
= tize - (U= ) DY Moreover, let k; and k; be the

1—v f .

= ==~ for all ¢, and 7 =

o o 5 ’ " VEio?
unique real root to

Denote 7;

221'/111'

2
kf’+3ki:2n:;m(l—7), k2 + 3k, =27, = (1—7),
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respectively. By (OA.3) and (OA.5), the profit lower bound for selling n products separately, Lg,,,

is:
2
_(1_7)2”’3;;_13, 1—vy Zuszg’ Z Lok,

The profit lower bound for selling a bundle of n products, Lg, , is:

21, "

_ ki 1 3_V2i012 3
—(1—7)2,%'%—(1—7)2%]{—an-

Zzz

Since =

<min; d;, i.e., T, > 7;, and then k; > k; for all .. We have: for all i,

3 3 _ _ /S 52
ki <M_TZ _710-1‘ (OA.6)

q

k3 _k:%+3kﬁ_7'ﬁ_ no;

n

Then

LSn g; 1_
Lg, _Z Z o? k‘3 <¥n

o2
where the inequality is due to (OA.6). Now we can conclude that under the condition % <

min; §,, selling a bundle is guaranteed to generate higher profits than selling separately. O
Proof of Corollaries 2 and 3. 1t is easy to see that the conditions in Corollary 2 are special

cases of those in Corollary 3. And for Corollaries 2(b), if 2% </, then /nmin; o; > max; 0; >

ﬁ 107, 1.e., /3,07 < nmin;o;. Similarly, for Corollaries 2(c), T < /n is one sufficient

condition for /nmax; p1; <>, p1;. To prove Corollary 3, it is sufficient to verify that the condition

in Proposition 4 is satisfied.

(a) We have
\/Zva \/Z'L zlu’z 5 \/ Z /"67, < .
max min d;,
Zi 125 Z 123 Z 22 4
where the last inequality is due to %Zi? < \/Z%
(b) We have
\/Zigz'2<\/ iaz2<mini0i<al s
— =minJd;,
YoM T ommingp; T omax;p; i

max; [g < nming o,

where the second inequality is due to min ;S\l

and [ = argmin; ;.

(c) We have
m < V7 max; o; < min; 7 < miné;
Dol T D i maxgpy i v

max; i Dot
min; o; — y/nmax; p;

where the second inequality is due to
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Proof of Proposition 5. The CV of the bundle is %. Define 7, = 1?7 v/nt. Let n* be the
unique root of
(n—c)(1 = 575 ky)
i (OA.7)
K= 1+T2C

where k; is the unique root of (k)3 + 3k; = 24/n7. It is easy to see that n* is decreasing in e,
because the left hand side of (OA.7) is increasing in n.

By Theorem 1 (b), the lower bound of the robust bundle price p; = p*(nc,nu,/no) =nu—ki/no

isn(p——c)(1— 2\‘} ), and the upper bound is n(,u - 11272 c). The performance guarantee of the

. (=) (=5 k)
robust bundle price p; is R

.

r1rze

guarantee should be more than 1 —e.
*\2

If y=0, (OA.7) becomes 1 — 2f7k:* = (,C(f;7;+3 =1 — e where the first equality is due to (OA.5).
b

Then ki = (/2 — 3. In view of (OA.4), we have (k;)> +3k; = 2, /2 — 3 =27, =2/nT = 2{". Hence,
n=(2)?(E-3)%. O

€ 4

, which is increasing in n. Thus if n > n*, the performance

Proof of Proposition 6. Denote the correlation coefficient between valuations for products ¢ and
j by pij, which is non-positive. Then the standard deviation of the bundle of n products under

non-positive correlations is

Za —1—22 Z 0i0;pij < zn:af.
i=1

i=1 j=i+1

The latter is the standard deviation of the bundle of n independent products. Then 7 =

Zz 1(”2_(’2) Zz 1(”2 C7,) / / 1 : N3 ! /
N EETES S > BT > NI =17'. Let k' and k" be the unique root of (k')*+ 3k’ =27
and (k)% 4+ 3k” = 27", respectively. Because k® + 3k is increasing in k, then k” > k’. Hence the
guaranteed performance lower bound of the bundle under non-positive correlations is even higher
than that under independent valuations, i.e.,
n k,// ]{I/)
Hence under conditions of Proposition 4 or its Corollaries 2 and 3 or Proposition 5, the bundle is
guaranteed to generate even higher profits than selling separately whose performance is unaffected
by valuation correlations. [J
Proof of Proposition 7. Since the absolute value of correlation coefficient is less than 1, i.e.,

_1§pij Slv

= Z:‘L:l (,U,Z - Cz’)
\/ijl o7 +230, Z;'L:H—l 030 Pij
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ZZ 1(MZ ¢i) _22;1(%‘—01') L=y pi—c
\/Zn 10‘ —1—221 1 Zg —it1 0,0 Zi:l g; 0 o;

where the inequality is due to p;; <1 and the last three identities are due to Assumption (S) and

;% = % === 0. Following the same logic as the proof of Proposition 6, we have the desired
conclusion. [J

Proof of Proposition 8. Let p; and p, be the prices for product ¢ and the bundle, respectively.
Moreover, p;, < i pi, otherwise, no customer will buy the bundle. Then if the customer buy product
i or the pure btzlzldle, we have

Vvi Zpu
or
n
Z Vi > pe.
=1

In other words, the fraction of customers who will buy nothing is

P(Q(W<pi)ﬂzz:;%<pb)-

If the customer buy the pure bundle, we have

i:Vi—prVi—pi Vi, ZV = P,

i=1

which is equivalent to

Y Vizp—pi Vi, Y Vizp,
J#i i=1
Therefore, we can write the profit function as follows:

7(pi, o Fi € F;)

Zmiin{pi—ci}[l—P<ﬁ (Vi < p;) ﬂZV <pb>]
(pb ZQ mm{n—a}) ( (;‘/j>pb_pi>ﬂ§;‘/i>pb>
>miin{pi—ci}[1—< V<pl>]

o Srmin (S )N

J#i

(OA.8)

where the first inequality is due to p; — ¢; > min{p; — ¢;}, and the second inequality is due to

p(Q S nzn) e o).

i=1
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Next, we will give a lower bound of the last term of (OA.8). We denote p; = p; — k;o; and

pb—Zul—kM/Za where k; >0 and k, > 0. Let p, —p; = > p; — ki /Zaf-,wherel;:i>0. Thus,
J#i J#i

kioi+k; [ 02 =ky,/ E o?. By Cantelli’s inequality, we have
J#i

1—P(m(Vi<pi)>—1—HPV<pz i — ko) > 1 f[ L (OA.9)

i=1 i=1

s

Denote X; = > V; >p, —p; for i <n and X,,; = Z V;. We can easily obtain that the correlation
JAi

between X, 1 and X; is p,41,; = /HZUH and the correlation between X; and X is

J#z
pii= > ai/( Yoi > aﬁ). By Olkin and Pratt’s inequality:
ki) ki kZj

~ X = gl
P<ﬂai<ki >
i=1

n

where u = Z 5423 % 29 and p;; is the correlation between X; and X;. We have
i ki J

i=175<1

V :U’]
J#l

<\F+\F (n+1)< ;2+]:>—u>2zT,

S CESE

where u© = Zk2+k2+2(22 Pij +ZPZ;€11>.
1=175<1 3

If p; —¢; =min{p; — ¢; }, i.e., u; —¢; — kjo; < pj — ¢; — kjo; for j # i. Combining Equations (OA.8),
J
(OA.9) and (OA.10), we have
ﬂ-(piypb;FiEﬁi)Z(Mz‘_ci_kio—z < H1+k2> <Z( j_cj)_]%i ZU?)T
i=1 i i
Hence, we can solve the optimization problems (2), and select the largest value of the n problems

(one for each i), as the lower bound of w(p;,py; F; € .%;). Moreover, the distribution-free pricing

heuristic can be given by the corresponding optimal solutions. [l



