Online Appendix to
“Joint vs. Separate Crowdsourcing Contests”

A. Proofs.
Proof of Lemma 1. For the sub-contest [, [ = 1,2, the expected payoff to contestant ¢ is
E(ui(el)) = A [T 0 (el — e (n) + &) 1yp(eh)de! — C'(el). The FOC yields A' [*2(n — 1) (e} —

e*(n) +§ )2 (el — €l (n) +EHep(Ehdet = CV (el). In the symmetric equilibrium, contestant i makes
the same effort e'*(n) as other contestants. Since C'”(-) > 0, the equilibrium effort is given by
e (n) = C' (A [T (0~ 1)W(E)2p(e)2de)y = O (Alh(ehn)). O
Proof of Lemma 2. Consider the optimization problem below:
min C'(e") +C?*(e*) s.t.e' +e*=e.
The solution to this problem can be typically found by writing the Lagrangean, L(e',e? e°;\) =
C'(e') 4+ C?(e?) + A(e® —e' — €?), and the FOCs are

0L

Oel

=C"(E)-X=0 (3a), %:c?’(g?)&:o (3), gi:eoéléQ:O (3¢)(A.1)

Solving the FOCs yields the Lagrange multiplier A = A(e®) and the optimal efforts &'(e°), é2(e°)
along the two dimensions. Now plugging é'(e°), é*(e°) into the objective function and we can get
a new function C°(e°) = C'(e'(e°)) + C?(€*(e°)) which yields the minimum value of C° for a given
e°. Taking the derivative of C'° with respect to e°, we obtain

dC’o(eo) o 1//~1/ o dé1(6o) 2 ~2/ o déQ(eo)
= Y@ () T O @) T (A2)

y (A.la) and (A.1b), CV(&') = 5\ and C2l(~2) = 5\ we have (A.2)=\ et | de (e ] By (A.lc),

de®

e® = ¢é' 4+ ¢2, and hence de (e ) 4 480 — 1 thus 9©€) — X Because C'(-) and C’Q(-) are strictly
increasing, again by (A.la) and (A.lb), A>0, thus, dcde(f ) >0, i.e., C°(e°) is strictly increasing.
By dc;e(fo) =, (A.1a) and (A.1b), we have
C°'(e?) =CY () = C¥ (¢?). (A.3)

By the assumption C2"(-) > 0, CQ,_l(') is well-defined, hence €2’ (CY(e')) = &% By (A.lc),
&' + & = ¢, we obtain 0’ (CY(e")) + &' =e°. Because C'"() >0 and C*"(-) >0, C’llil(-) and

C2/71(-) are strictly increasing, thus é' is strictly increasing in e° by (A.3). Further by (A.la),

dC (e dC( °)

C 1/(61) =), \is strictly increasing in e°. Then because = ) that we have just proved, =53

is strictly increasing in e°, i.e., C°(e°) is strictly convex. [



Proof of Lemma 3. Consider the joint contest with n contestants. Given a fixed aggregate
effort level e°, all the contestants follow the optimal effort allocation, e® = &' + €2. The strategy
of a contestant is his aggregate effort level, e°. By Lemma 2, C°(e°) is strictly increasing and
strictly convex. Then the expected payoff to contestant i is E(u,(ef)) = Afj;o Ue(es —e**(n) +
£°)"1p°(€°)dE° — C°(e). Similar to the derivation in Lemma 1, the equilibrium effort in the joint
contest is e”*(n) = C°'" ' (A fj;o(n — 1)U (€)Y (£°)2dE°) = C°' T (Ah°(¢%m)). O

Proof of Lemma 4. Denote £° = &'+ £? and it has CDF W°(£°). Because the random factors
along the two attributes are identical, denote the quantile function of ¢', I =1,2, by ¥~!(u) and
the quantile function of £° by ¥° ™' (u). Write the formula of E(fén)), =12,

—+oo

e = [ T () (e el = | emueyane) - / U (s, (A4)

where the last equality is by substituting ¥~'(u) = ¢'. Similarly, E(£,)) = fol T (w)nudu.
Then,

E(g(ln)) + E(é—(Qn)) - E((é-l + 52)(774)) = E(g(ln)) + E(g(Qn)) - E(ﬁ?n))
1 1 1
= / 20 (w)nu™du —/ T (w)nu"du :/ (20~ (u) — U°(u))nu"tdu.  (A.5)
0 0 0
Recall the assumption that ¢!, [ =1,2, are identical, and they satisfy the regularity condition that
there exists ug € (0,1) such that 20~ (u) — ¥° ™! (u) < 0 if u € (0,up), and 20~ (u) — ¥~ (u) > 0
if u € (ug,1). Thus, by (A.5), we have

E(&6n)) +E(&G) —E((E +8)m)
— U (u)n u”ldu—i-/ (20~ (u) — ¥° (u))nu""Ldu

uo

e
/ — v ))nugldu+/1(2\p1(u)—\p°—1(u))nugldu

ug

— U (u))nup~tdu

\

= Ny~ 1/0 (29" (u) = W () )du = nug~[E(€") + E(E%) —E(' +€7)] =

The inequality is due to that u"~! is strictly increasing in (0,1), and (2¥~'(u) — ¥° " (u))nu"~*
has a measure of 0 for u=0,1. As a result, E(¢,)) +E(£f,)) —E((§' +&*)m) >0. O
Proof of Proposition 1. Part (i) is directly given by Lemma 4. For part (ii), by Lemmas 1 and

3, the difference of equilibrium efforts with n contestants is

AZ — el e _ o = Cl/*l (Alh(f,n)) _i_CQ/*l (A2h(€,n)) _Co/*l (Aho(go;n))
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= O (ATh(gm) + O (A%h(gm) — OV (ARS(€m) — € (AR (€% m)) , (A6)

where the third equality is driven by Lemma 2 that C°'(e®) = C*' (¢') = C? (¢2) and all the cost func-
tions are strictly increasing and strictly convex. The sufficient condition for A% <0 is h°(£°;n) >
max{wh(&;n), (1 - w)h(&n)}.

Moreover, (a) is directly given by letting w = 1/2. For (b), denote C(-) = C*(:) = C?(-). If
C'(-) is convex, then C’'(-) is concave. By the concavity of C'~'(-), we have %(C”_l(yl) +
C" M ys)) <C"7H (1422) | where y; and y, are in the domain of C"~'(-). As a result, the inequality
holds for C' " (wAR(&;n)) +C? (1 — w)Ah(&n)) = O~ (wA(&n)) + C' (1 — w) Ah(&;n)) <
2C" "' (Ah(&;n)/2). Furthermore, by (A.6) and C(-) = C'(-) = C?(-), A% = C" " "(wAh(&n)) +
C"H(1 = w)Ah(&n)) — 27 (AR°(€°%5n)) < 20" (AR(&n)/2) — 2C" " (AR°(€%;n)). Since C(:)
is strictly convex, C’(-) is strictly increasing, and then C’~'(-) is strictly increasing. Hence, if
h°(&°;n) > h(&;n)/2, At <0. O

Proof of Corollary 1. Denote H(n) = &) For any n, if H(n) > max{w, (1 —w)}, then A¢ <

h(&;n)
0. If E~ N(0,0), £ =E+ €~ N(0,4/20). We have

h(En) = / T Duererde= [ p@dvEr = 2 / " exp(—€2/(20%))dw ().

oo _ 210 J_wo

By substituting £ /o with y, h(&;n) = —= fol exp(—y?/2)dp(y)"*, where p(y) ~ N(0,1). Similarly,

T V270

for h°(€°;m), by substituting £/(v/20) with 7,

+00 1 +oo
h°(§°;n) — wo(go)d\l’o(go)n_lz 5 / eXp(—§O2/(4O'2))d\I’O(Eo)n_l
—00 ﬁU —o0
1 +o0 ) .
= 5/r0 / exp(—g°/2)dp(9)" .
Then H(n) = h;goﬂ’;) = 1/+/2. Thus if random factors follow the normal distribution, H(n) = 1/v/2.
By H(n) > max{w, (1 —w)}, ifwe (1- g, g), A¢ <0 for any n. O

COROLLARY A.1 (INDIVIDUAL PERFORMANCE). For any contestant i, the performance in the

joint contest first-order stochastically dominates the performance in the separate contest, i.e.,

VY 2 VS, if ho(€m) > max{wh(€n), (1 - w)h(En)).

Proof of Corollary A.1. For contestant i, V,° = e (n) + £ +e2*(n) + &2 and V) =e°*(n) + £ +
&%. By (A.6), if h°(&°;n) > max{wh(&;n), (1 —w)h(&;n)}, e*(n) 4+ e**(n) < e°*(n). Thus, P{V,/ >
2} =Ple”(n)+ &+ 22} =P{g'+ & 22— ()} 2 P{T + 2 22— €' (n) — e (n)} =P{V}* >
z} for any z, where the inequality is due to e'*(n) + e¢**(n) < e°*(n). By the definition of usual

stochastic order (see Shaked and Shanthikumar 2007, (1.A.1)), Vi >4 V;°. O



Many studies in the literature examine the expected average performance, e.g., Kalra and Shi
(2001), Moldovanu and Sela (2001) and Terwiesch and Xu (2008). Since contestants are ex ante
identical, the expected average performance is equivalent to the expected individual performance in
our context. In some projects, e.g., a sales contest, every individual contestant’s performance counts.
The following corollary compares the two contest mechanisms for each contestant’s performance.

Corollary A.1 shows that the performance of an individual contestant is more likely to be better in
the joint contest than in the separate contest. By V7 > V;¥, we immediately have E(V,”) > E(V,°).
In contrast to the expected best performance, the combination effect does not play a role in the
expected individual performance. For each given individual, the expected performance only relies
on the equilibrium effort. With the pooling effect prevailing, the expected individual performance
is higher in the joint contest than in the separate contest.

Proof of Proposition 2. If the cost functions are C'(Be'), I = 1,2, and C°(Be°), by (A.6), the

difference of equilibrium efforts between two contests can be written as

1 —1 1 1 —1 (1 1 —1 (1 1 —1 (1
A = —C" <A1h in ) +—-C? (Azh in > - (Aho °n ) -=C? (AhO n ) .
Since we focus on the case that e > 0 and e°* > 0, then ot (%Alh(g;n)) > 0 and
o (%Aho(fo;n)) > 0. Denote A = 101" (%Alh(&n)) — 1o (%Ahf’(&";n)), 1=1,2. Note
that A¢ = A! 4+ A?. Taking derivative of Al with respect to 3, we obtain
dA! —1 (1 1 (1 Alh(fn)
e Lo (Alh n ) el <Alh n ) AhiEin)
—1 (1 =1 (1 Aho(fon)
Lo (Ah° o ) el <Ah° o ) AR (Eim)
By the assumption that C'"(-) >0, [ = 1,2, C¥(-) is strictly increasing and thus C’l/il(~) is
strictly increasing. Because h°(£°;n) > max{wh(&;n), (1 — w)h(&;n)}, —éCl/_l (%Alh(g;n)) +
5—1201/_1 (%Ah%ﬁ‘ﬁn)) > 0. Now we examine two specific forms of the cost functions.

If C'Y(Be') = exp(p'Bet), p' > 0, then Cllil( ) = 5 ln( ~15) and C’l/il( ) = . Thus,

lﬁx
o (%Alh(f;n)) 7Alhﬁ(§m) = ﬁ and OV ( Ah? (&% )) AL (g ) — Lo As a result, dd% > 0. If

26l —1

Cl(Bel) = al(Be)!, ' >0, ' > 2, then O (LAlh(g; )) e ﬂ(“”““”)ﬁ%)ﬁ and

Lyl

C’lli1 (%Ah"(fo;n)) 7/"10/%0;”) = b%l(iAhzgg?”))bl 1([13) bl 3 . Since h°(£%;n) > max{wh(f;n),(l —

wph(&n)}, O (FAh(g ) A5 < o (LAne(E0sn) ) A6 and thus 40

marize, for the exponential cost functions C'(3e') = exp(p' ﬂel) p' >0,1=1,2, and the polynomial

> 0. To sum-

cost functions C!(Be!) = al(Be)¥', a! >0, b > 2, we have ¢ o

in 5.

ﬁ > 0. Therefore, A¢ is strictly increasing



By Proposition 1, if h°(£°;n) > max{wh(§;n), (1 —w)h(&;n)}, A < 0. Thus, A approaches 0 if
(3 is increasing. Meanwhile, the difference of the expected best random factors A$ is a fixed positive
value. As a result, there exists a threshold 3 > 0 such that if 3> 3, the difference A,, = AS+ A8 >0,
and if 8 < f3, the difference A, = A¢ +A§ <0. O

PROPOSITION A.1. There exists i > 2 such that A% is increasing in n € [2,7].

Proof of Proposition A.1.  Denote the r-th order statistic of a random variable with a sample
size n by subscript (,.,) and denote U~!(-) as the quantile function of CDF W(-). It is sufficient to

show that there exists an n such that

E(g(ln—l:n)) + E(E(Qn—ln)) - E(fﬁn—lzn)) < 07 (A7>

when n < 7. According to Chakraborty (1999), (A.7) holds for that the following regularity condi-
tion is satisfied: there exists ug € (0,1) such that =1 (u) 4+ ¥~ (u) — ¥ ' (u) <0 if u € (0,up), and
T () + T (u) — WO (u) > 0 if u € (ug, 1).

Recall the assumption that &', [ = 1,2, follows a log-concave distribution. Many log-concave
distributions satisfy the regularity condition, e.g., uniform, normal, logistic, Gumbel, Gamma, etc.
By Bagnoli and Bergstrom (2005), Corollary 2, if the PDF is log-concave, then its hazard rate
function is increasing over the support. By Watson and Gordon (1986, Theorem 1), one sufficient
condition for the regularity condition to hold and uy = 0.5 is that ¥(-) is a symmetric distribution
with a non-decreasing hazard rate function. Therefore, the existence of 7 such that (A.7) holds
is guaranteed if the random factors follow a symmetric log-concave distribution or an asymmetric
log-concave distribution satisfying the regularity condition.

Write the formulas of E(Eén)) and E(ﬂnfl)), l=1,2, E(fén)) = f_Jr;o W (EH1ah(€)dE! and
E(¢, 1) = fj;o E(n—1)W(EH)2p(EY)dEL. The following recurrence relation holds, see David and
Nagaraja (2003, Chapter 3.4 Relation 1):

+o0 too
nE(€(—1)) — (n = DE()) = } 'n(n—1)W(E)" Y (¢)dg' ~ ) 'n(n—1)W(E)" " y(¢)de!
+oo

= En(n—1)(W(E)" = ()" )(E)ds =E(§o1m),  (A8)

where the last equality is because the PDF for the (n — 1)-th order statistics of &' with the sample
size nis n(n—1)W(E")" (1 - ¥(£))Y(¢'). A similar relation can be applied to £°, nE(£Z, ;) — (n—
1E(&G,)) = E(&8,_1.ny)- By the above relations, we have E(§, ,)) —E(&(,)) = +[E(&(,_1..)) — E(&()],
1=1,2, and E(§{, ) —E(,) = %[E(ffn,lm)) —E(&(,))]- Then,

Af«b—l - Ai = [E(f(ln—l)) + E(f(zn—l)) - E(gﬁn—l))] - [E(f(ln)) + E(f(Qn)) - E(&Fn))]



= [E(f(ln 1)) - E(§1 ))] + [E(f(zn—l)) - E(f(zn))] - [E(’fﬁn—l)) - E(&Fn))]
= - { (1)) — B+ [E(ED10y) — E(E2,))] — [E(&0,_1n) — E(Sf}n))]}

=3{ € 1) T E(E0 1) — E(€0 1] — [E(EL) +E(€2,) — E(€)]}

n
1
- 7{ (n—1:n) +E(5(n 1n)) (é?n—l:n))] *Ai}-

n

By Lemma 4, A% >0. Then A}, — A$ <0 if E(¢],_,.,)) + E(€2,_1.,)) — E(§,_1.,) <0. By (A7),
there exists n such that when n <n, E(§,_,.,)) +E(§f,_1.,)) — E(§,_1.,y) < 0. Thus, there exists n
such that when n <7, A | — A8 <0. The desired result holds. [

It is intuitive that the best performances in both contest mechanisms can be improved by having
more contestants. However, it is unclear which contest mechanism benefits more from additional
contestants. Proposition A.1 shows that the marginal benefit of one additional contestant in boost-
ing the expected best random factors is more significant for the separate contest than for the joint
contest if the number of contestants is not too large. The intuition is as follows. For both contests,
the best performance will be enhanced only if the additional solution is better than every single
one of the solutions in the existing pool. For the joint contest, contestants submit a single solution
along the two dimensions, so the best performance will be improved if the additional aggregate
solution is better. However, for the separate contest, the best performance will be improved if the
additional solution in either attribute is better. When the pool of contestants is small, it is more
likely that the additional contestant is doing better than the existing pool of contestants in one of
the attributes than that he is doing better in the whole project. Thus, if the contestant pool is not
too large, the firm can benefit from obtaining a higher expected best random factors, by having
more contestants in the separate contest than in the joint contest. When the contestant pool is
large, having more contestants may lead to diminishing returns. In Proposition A.2, we compare
the two contest mechanisms in the expected best random factors when the number of contestants

is large enough.

PROPOSITION A.2. (i) If &' and &2 have a bounded support [—a,a], lim AS =0.

n—oo
(ii) If € and &* are normally distributed, lim A$ = co.

n— oo

Proof of Proposition A.2.  First, we prove the following lemma.

LEMMA A.1. If PDF (&) is symmetric and log-concave, then

= (-2 (28




Proof of Lemma A.1. The expectation of the highest order statistics of £! can be written as
+o0 1
Elchy)= [ €nu(etane) = [ 0w
oo 0
by letting &' = U1 (u). Let B(u) =nu™"!, then we have

1 1 1/2
E(el) = /0 U () B(u)du = / U (u) B(w)du + /0 W (u) B(u)du

1/2

_ /1:2\11_1(U)B(u)du—/1 U (1= ) B(1 - u)du

1/2

_ /1:2\11_1(U)B(u)du—/1 T () B — u)du

1/2

_ /1/2 U (W) [B(u) — B(1 — u)]du,

where the fourth equality is by the symmetric property that (&) = (=&Y, W(£H) =1 — ¥(&H)
and V~!'(1 —u) =¥ ~!(u). By Lemma A.2, PDF t(¢') is unimodal and symmetric at 0, thus (&)
is decreasing in &' > 0. When &' >0, the CDF ¥(¢!) is concave because W” (&) =4'(€Y) <0. As
a result, ¥~'(u) is convex in u € [1/2,1]. Let K = fll/QB(u) — B(1 —u)du = fll/Q[nu”_l —n(l-—
w)" du=1-1/2", thus fll/Q(B(u) — B(1 —u))/Kdu = 1. Since (B(u) — B(1 —u))/K can be
considered as a PDF, then fll/z U (w){[B(u) — B(1 —u)]/K }du is the expectation of ¥~*(u) with
such PDF. By the convexity of ¥~'(u) and Jensen’s inequality, we have

1

B/ K = | B~ B~ )/ K> v ( /

u[B(u) — B(1— u)}/Kdu) .
1/2

Integrating by parts, we have

/1 u[B(u)—B(l—u)]du:/ll [nu"—n(l—u)”lu]du:( no_n 1 )+/1 ud(1— )"

nt+l n+4l2nH o

n 1 1 !
. - - 1—wu)"d
1 n+l 2n+1> 9nt1 /1/2( u)"du

n

_|_

n n 1 1 1 1 n 1
: )

n+l n+120F1) 2nFl pplontl gl 20
1 n
Because K = [, ,[B(u) — B(1—u)]du=1-1/2", E({(,)) = KV~ <f1/2 B(l—u)]/Kdu)
(=) (=) /(1= 7)) > (1= )t (2~ 5), where the last inequality is
because ¥~!(+) is increasing and 1 — -5 < 1. Therefore, the desired inequality holds. [J

Now we prove Proposition A.2.
(i) If &' and &% have a bounded support [—a,a], then £° has the bounded support [—2a,2a).
By Lemma A.1, (1—5;) ¥ (L - —) <E(§,)) < a. We have hm (1—57) 0t (L — i) <

2n n+1 2n n+1 2n



nlLHOIO E(¢) < nhj& a. By the Squeeze Theorem, T}Lrglo (1—57) 0! (ni+1 - 2%) =a= Tblggo E(¢) =
a. Similar results can be extended to £ and £°, thus lim A5 = lim E(§,)) + lim E(¢Z ) —
lim E(&7,)) =a+a—2a=0. The desired result holds.
n—oo
(ii) If &' ~ N(0,0), I =1,2, the quantile function can be written as
0 (u) = ov2erf ' (2u— 1), (A.9)
where u € (0,1) and erf(u) is the error function, erf(u) =21 [* e*dt. Then A¢ can be written as
+oo —+o0 +oo L
A= [ e @dele) + [ Enel@ape) - [ eng € (e)

1 1 1
:/ mp_l(u)u"_ldu—{—/ ngo_l(u)u"_ldu—/ n(pofl(u)u"_ldu
0 0 0
1
= [ n2e 7w - w)e
0

By (A.9), 207" (u) — ¢°*(u) = (2v/20 — 20)erf ' (2u — 1), because £° ~ N(0,v/20) and ¢° ' (u) =
20erf71(2u —1). Hence, we can define a new random variable §~ that is normally distributed with
mean 0 and standard deviation (2 — v/2)o. Denote its CDF by @(€), then 27! (u) — ¢° ' (u) =
@ Y(u). Thus

1
AS = / n@ ™ (u)u" " du = E(Em). (A.10)
0
By Lemma A.1, nh_{go (1-55)@ ! (HLJrl — 2%) < nh_}noz E(£m))- Because the normal distribution is
defined on the (—o0,00), then 7};1210 (1—50) @t (nLH — 2%) = 00. Then if £ and &2 follow normal

distributin, lim Af =co. O

Proposition A.2 shows that the limiting behavior of A$ depends on the distributions of the
random factors. It is intuitive that when the number of contestants is sufficiently large, the best
performance in both contest mechanisms must be extraordinary. Since contestants are ex ante
identical, the equilibrium effort is equal among all the contestants under each mechanism, so the
firm ex post selects the best realized random factor in each contest. Thus there must be a realized

random factor approaching its upper limit among a sufficiently large number of contestants. It

is well known that when n is sufficiently large, the expectation of the highest order statistics is

approximately equal to the value of -“=-th quantile, E(m)~T! (ﬁl), where T7!(-) is the

quantile function of Y(-) (see, e.g., David and Nagaraja 2003, pp. 80, (4.5.1)). When n is large

enough, the term —“5 approaches 1 and E(&)) approaches the upper limit of the range of the

random factor.



When the number of contestants is large enough and the random factors have a bounded support
(e.g., two-sided truncated normal distribution), the expected best random factors in the two contest
mechanisms are approximately equal, since they are both close to the upper bound of the range.
However, with normally distributed random factors that have the unbounded support, the difference
between the expected best random factors approaches infinity when the large pool of contestants
grows even larger. Thus, the separate contest can benefit more from an increasing number of
contestants than the joint contest, even when the pool of contestants is already very large. That

is, the combination effect can be infinitely enhanced by more and more contestants.

LEMMA A.2. If PDF (&) is twice continuously differentiable and log-concave, then it is uni-

modal.

Proof of Lemma A.2. By the definition of twice differentiable and log-concave function, we

)] _ o [v(© V(€) 5 ¥ (E) :
have 26T = 5 | wiE | = 0. Thus, for any & <&, e 2 v and equivalently,

B(E)D(E) — H(EN (&)
bE)E) =0 (A1)

First, consider the case that there exists a &* such that ¢'(£*) =0. In (A.11), let & = £*, then
(A.11) implies that ¥'(&;)(€*) > 0. Since ¥(£*) >0, ¥/ (&) >0 for & < £*. Similarly, in (A.11),
let & = &*, then —¢/(£*)1 (&) > 0. Thus, ¥’ (&) <0 for & > £*. Hence, if &* exists, PDF ¢(§) is

increasing for £ <&* and decreasing for £ > £*. Second, if £* does not exist, because ¥(&) is twice

differentiable, 1(§) is either monotone increasing or decreasing. Thus, ¥(§) is unimodal. O

LEMMA A.3. If & follows a symmetric log-concave distribution with mean 0, then h(&;n) is

decreasing in n.

Proof of Lemma A.3. By Ales et al. (2016a, p.12, Proposition 1), the equilibrium effort level

*

e* is non-increasing for any n > 2 if and only if the density 1(£) of the output shock ¢ satisfies

| _Jr;o(l —W(&))¥ (&)Y (€)dé < 0. Following the same approach, we now verify that any random factor
that follows a symmetric log-concave distribution with mean 0 satisfies this condition. By Lemma
A2, the density function of a log-concave distribution is unimodal, which means that there exists

&o such that for & < &y, ¢'(§) >0, for £ > &, ¢'(§) <0. When n > 2,

—+o0

h(f;n+1)—h(£;n)=/ n\I’(f)”li/)(f)Qdﬁ—/_ m(n—l)‘l’(ﬁ)"’Zlﬁ(&)de

—00

+o0 +oo +oo +oo
- / eEavE) - [ p©avert=— [ wEeuErd [ w©uErtde

—o0 —oo - -

+oo ) +oo
2/_ (1—‘P(€))‘1’(€)"_1¢’(§)d§=/_ (1—‘1’(5))‘1’(5)"_11#’(5)d5+/ (1= W)W (&) ' (§)d¢

10)
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o +oo
é/ (1—‘I’(E))‘I’(S)‘l’(ﬁo)”‘2w’(€)df+/ (1= W))W W ()" ¥ (§)dE
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where the third equality is due to the integration by parts. Now we verify that if the distribution is
symmetric at 0, then fj;o(l — W)V ()Y (£)dE =0. Because 1 — ¥ (&) = ¥(—&) and ¢/ (&) =9’ (=€),

we have

[ a-wewewie

oo
0

:/0 m(l—‘P(S))‘I’(f)w’(f)déJr/ (1= W)W ()Y (§)dE

— 00

0

:/0 00(1—\11(5))\11(5)1//(5)d§+/ (1= W(=))W (=&)Y (=E)d¢

. Too
- / (1~ () T(E)' (€)de — / (1— () B(E) (€)de = 0.

As a result, h(&;n+1) — h(€;n) <0 and h(&;n) is decreasing in n. O
Proof of Proposition 3.  First, if the cost functions are in the polynomial form, i.e., C'(e!) =

al(e?, al > 0,0 >2, 1=1,2, by (A.6), the difference of equilibrium efforts is

Af = (@'B) T (wAR(Em)) T 4 (@) (1 w)Ah(§im) P
(@D (AR(€m) T — (a%) T (Ah°(Em)) P

= (A/a'6!) 7T [(wh(gsm)) T = b (€%5m) 7T
H(AJa) T [(1 = w)h(gm) T — b (€% m) 7T | (A.12)

Since hfgg;’_’i) =+/2 for any n, we can rewrite (A.12) as

A = (Afalb!)TT [wiTT — (V3/2)7T | h(g )T
HAL) P [(1=w) 7T = (V2/2)7 | ()P,

By Lemma A.3, if £ follows a symmetric log-concave distribution with mean 0, then h(&;n) is
decreasing in n. Given w € (1 —+/2/2,v/2/2), A¢ < 0 is increasing in n. Meanwhile, By Proposition
A2 nh_)rlolo A% = oo, therefore the difference of the random factors A$ is a positive value that is
increasing in n. As a result, there exists a threshold 7 € [2,00) such that when n <n, A, =
AS + A¢ <0, and when n>n, A, = A + A > 0.

Second, if the cost functions are in the exponential form, i.e., C'(e') = exp(p'e'), p' >0, 1=1,2,

by (A.6), the difference of equilibrium efforts is

A =1n (Z”f?}) /o' +1n (“ ;zjgh% ”)) /0. (A.13)
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By Corollary 1, if £ ~ N(0,0),1=1,2, then 1/H(n) = &% — /2 for any n. Since w € (1 — Y2, ¥2)

T ho(€°%n) 22

and h?gg‘f}l) = /2, A <0 by (A.13). Thus, A¢ is a fixed non-positive value for any n. For A§,

by (A.10), A§ =E()), where £ ~ N(0,(2—v/2)0). By (A.8), E(§n-1)) — E(§m) = 2[E(§(n-1m)) —

n

E(é(n))] < 0. Thus, E(é(n)) is increasing in n. By Proposition A.2, nhj& AS = oo, therefore the
difference of the random factors A$ is a positive value that is increasing in n. There exists a
threshold 71 € [2,00) such that when n <7, A, = AS + A¢ <0, and when n >n, A, = AS +A¢ > 0.
O
Proof of Lemma 5. By (A.6), the difference of equilibrium efforts between two contest mecha-
nisms is A = OV (AR°(€%5)) + O (AR (€%5m)) — CV " (A'h(&;m)) — C2 " (A%h(&;m)).

— 1
For part (i), if C'(e) =ae’, 1=1,2, a >0, b>2, then C" 1(37) = (£)"'. Thus,

where we denote A' =wA and A? = (1 —w)A. If h°(£°;n) > max{wh(&;n), (1 —w)h(&;n)}, then

and thus A¢ is strictly increasing in A.

For part (ii), if C'(e) = exp(pe), [ =1,2, p> 0, then C’llil(x) = +1In(2). Thus,

A;_ll) [ln (W) +in (%)] ’

where A' =wA and A? = (1 —w)A. Since A¢ is independent from the total amount of prize A, A¢
is fixed for any A. O

AZ: Abila

Proof of Proposition 4. We first derive a sufficient condition for the firm’s utility U/ and U? to
be concave in the total prize A. Recall that the equilibrium effort level in the joint contest is e°*(n) =
C°' ™ (AR°(£°:m)). Since U7 = C°' " (Ah°(€°;n)) — A= CV "' (Ah°(€°;n)) +C? ' (AR°(€°;n)) — A.
By denoting Cl/_l(-) = ¢'(-) and 02/_1(-) = ?(-), we have that U/ is concave in A if 63255 =
o' (AR (€°;n))h? (€% n) +0*" (AR°(£°;n))h°? (€% n) < 0. Tt is equivalent to the condition that o' (-)

and ¢?*(+) are concave in the relevant range. Recall that the equilibrium effort level in the separate
contest is e*(n) = C' (A'h(€;n)), | =1,2. The utility of the firm is US = CV "' (A'h(&;n)) +
c2 ! (A%h(&;n)) — A. The sufficient condition for the firm’s utility U to be concave in the total
prize Ais SYF = 01" (wAR(E;m)) (wh(Em)) + ¢ (1 w) AR(E m) (1 —w)h(E m))? < 0. Tt is equiv-

alent to the condition that ¢'(-) and ¢?(-) are concave in the relevant range.

Due to the concavity of U/ with respect to A, the optimal total prize A’* in the joint

oul
A

contest is the solution to the following FOC of the firm’s problem with respect to A:
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OV (A7*h°(€°;n))h° (€°;n) + ©* (A7*h°(€°;n))h°(€°;n) — 1 = 0. Due to the concavity of US with
respect to A, the optimal total prize A%* in the joint contest is the solution to the following FOC of
the o =" (wASh(& ) wh(&;n) + 0% (1 —w) ASh(&n)) (1 -
w)h(&;n) —1=0. Since C'(-) = CQ(‘), we denote C'(-) =C?(-) =C(-) and p'(-) = *(-) = ¢(-) in

the following proof. Now we can examine the two specific forms of the cost functions. It is simple

to verify that the ¢(-) of C(e) =ae’, a>0,b>2 and C(e) =exp(pe), p> 0 is concave.

For part (i), if C(e) = ae’, a > 0, b > 2, then C' '(z) = (ﬁ)bfll = ¢(z). When
b > 2, ¢(x) = bfll(ﬁ)bfllxg%lf The optimal amount of prize in the joint contest
A7* is given by @Y(AT*he(€%n))ho(€%n) + ©¥ (AThe(€%m))h°(€%n) — 1 = 0, equiva-
lently, 2¢'(A7*h°(£°;n))h°(€°n) = 1. Denote X = bfll(ﬁ)bfll > 0. Then, (AJ*)% =
[2X (ho(go;n))bfll]*l. Moreover, the optimal amount of prize in the separate contest AS*
is given by ¢'(wA™h(&n))wh(&n) + @' (1 — w)A¥h(&n))(1 — w)h(§n) = 1, equivalently,
X (wAS h(&;n)) T wh(&;n) + X (1 — w)AS*h(&;n)) 51 (1 — w)h(€;n) = 1. Therefore, (AS*)51 =
[X[(Wh(&n))b f4 (L= w)h(&n)7T]| . Because he(¢%im) > max{uwh(€in), (1 — w)h(gin)},
[2X(h°(§°;n))ﬁ]_l < [X[(wh(ﬁ;n))m +((1 —w)h(g;n))ﬁ] - . Since b> 2, 222 <0, we have
A7* > AS*.

When b =2, p(x) =2, thus U/ and U} are linear functions in 4, i.e., U/ = (w —1)A,
and US = (% —1)A. There does not exist a finite optimal amount of the total prize for the two
contest mechanisms.

For part (i), if C(e) = exp(pe), p > 0, then C" '(z) = lln(z) = (). Then ¢'(x) = i. For
the joint contest, since the optimal amount of prize A”* is given by ¢! (A7*h°(£°;n))h°(€°;n) +

©? (A7*he(€°;n))he(€%5n) — 1 =0, pAJ* =1, and thus A7* = 2. For the separate contest, since

the optimal amount of prize A%* is given by ' (wAS*h(&;n))wh(€;n) + ¢ (1 —w)AS*h(&n))(1 —

hS)

w)h(&;n) =1, we obtain A5* = %. The optimal amounts of the total prize in the two contest

mechanisms are the same. [

B. Existence of Equilibrium
B.1. Separate Contest

According to Fudenberg and Tirole (1991), a pure strategy Nash equilibrium exists if the utility
of contestant 4, ul, | =1,2, is quasi-concave in his effort level e} in each sub-contest of the sepa-
rate contest. Recall that wul(el) = A'P(el,e!*(n)) — C'(el), where P(el,e*(n)) denotes the winning
probaility of contestant 7 if he or she makes effort e} and other contestants make effort e'*(n), thus
the second derivative to u! is given by u!” (e!) = Alw C""(e!). We next show the sufficient
conditions for ué”(eé) < 0, under which u} will be concave which implies quasi-concavity. We follow
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the same approach as in Ales et al. (2016a), using a scale transformation of the random factor to
& = ¢! with o. The o measures the dispersion of the random factor. Then the probability that

contestant ¢ wins contestant j is

I Jlx
Plel+812 e () +8) =Plel — e () + € 28 =P (g2 g).

" n—1
Therefore, P(el,e*(n)) = [~ U (@ +§l> »(€)dEL. The first derivative of P(el, e'*(n)) with

— 00

respect to el is
IP(el,e*(n 1 [~ el —e*(n " el — e (n
el a ) o o a
Then, the second derivative of P(e!, e (n)) with respect to el is

OPeiev(m) _ 1 /OO [(n—l)(n—Q)\I/ (W%l)ngw? <eé_el*<n)+£l> »(E')

del? o )
* n—2 *
-y () () w(fl)] € (B

If & — o0, the integration in (B.1) converges to a constant, thus if « is sufficiently large, the second
derivative of P(el, e!*(n)) with respect to e} approaches 0. Since C'”(e!) > 0, the sufficient condition
for uﬁ”(eﬁ) to be negative is that « is sufficiently large. Furthermore, another sufficient condition is
that C'(e!) is sufficiently convex, i.e., C*" (el

K3

) is sufficiently large. As a result, with those sufficient

conditions, the existence of the equilibrium can be guaranteed.

B.2. Joint Contest

For the joint contest, we can follow a similar approach to derive the sufficient conditions. We show
that the existence of equilibrium in the separate contest guarantees the existence of equilibrium
in the joint contest. Recall that uf(ef) = AP°(e7,e°*(n)) — C°(e?). Following a similar way in the
discussion of the separate contest, we allow & = agl, [ =1,2, thus £ =& +£2 = é(él +&2) = éé"

Similarly, the second derivative of P°(ef,e*(n)) with respect to ej is

o) 1 [ e (£ ) (0 0 e

+ (n_ 1)\:[/0 <€? — ZO*(TL) +§O> - wO/ <6? — ZO*(TL) +§o> wo(fo)] dgo,

where 1)°(+) is the PDF of £°. Therefore, a sufficient condition for the existence of equilibrium in the
joint contest is that « is sufficiently large. Moreover, if the convexity of C'(-), [ =1,2 is sufficiently
large, then the convexity of C°(-) will be sufficiently large, since C°(e°) = min C*(e') + C?(e?) such

that e! +e* =e°. As a result, the equilibrium exists with those sufficient conditions as claimed.
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C. Individual Rationality
C.1. Separate Contest

For each sub-contest, in the symmetric equilibrium, contestants have the same effort level, and
the winning probability is 1/n if there are n contestants participate. As a result, the individual
rationality constraint is that

1

() = OO (Alh(Ehm))] < (1)

n

Similarly, we follow the same approach in Ales et al. (2016a) allowing £ = af!, then

) = [~ = Duey o = [ - 10(ag) 2 (ag)dag

oo — 00

=2 [T nw@y e <M. (€2)

o0

As a result, Cl[Cll_l(Alh(fl;n))] = Cl[Cll_l(Alh(gl;n))/a]. Since C'(-) and Cl/_1(~) are strictly
increasing, if the dispersion of the random factor measured by « is large enough, then (C.1) can

be satisfied.
C.2. Joint Contest
For the joint contest, similarly, the individual rationality constraint is

~ A
C°(e°*) = C°[C°" (AR (£°;n))] < -~ (C.3)
By the same approach, we allow £ = a€!, [ =1,2, such that a€® = (€' +£2) = £°. As a result, by
(C.2), h°(£%:n) = h°(€°;n) /. By Lemma 2, C°(-) and C’O'_l(-) are strictly increasing, thus if the

dispersion of the random factor measured by « is large enough, the constraint must be satisfied.

C.3. Discussion

For constraints (C.1) and (C.3), if the dispersion of the random factor measured by « is large
enough, then both of them can be satisfied. Now we demonstrate constraint (C.1) is neither a
sufficient condition of constraint (C.3), nor vice versa.

By Lemma 2 that C°'(e°) = C*' (') = C% (€2) in which &' and é2 are the optimal efforts in the
two attributes given that e® =¢é' + &2, and C°*'(e°) = Ah°(£°;n), there are C’llil(Aho(fo;n)) =el*
and 02/_1(Ah°(§°;n)) = ¢?*. Thus, By the proof of Lemma 2, we have C°(e°) = Cl(e!) + C?(&?)
C°(e°*) = C’l(Cl/_l(AhO({";n))) + C’Z(C’z/_l(Aho(fo;n))). Then, constraint (C.3) becomes

Co(e*) = N (Ae(E0sm))) + C2(C? 7 (Ane(im))) < 2 = A TA

. (C.4)

n n
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If the sufficient condition, h°(£°;n) > max{wh(&;n), (1 —w)h(&;n)}, in Proposition 1 (ii) holds,

CHCY (AR (€5 n))) > CH[CY ™ (wAR(Esn))] = CHCY ™ (Ah(E )],
C*(C¥ (AR (€5 n))) > C2[CY (1 — w) A(€hn))]) = C2[C% (A%h(€hm))),

because C*(-) and C?(-) are strictly increasing and strictly convex functions. However, constraint

(C.1) is generally neither a sufficient condition of (C.4), nor vice versa.

D. Budget Constraint
Assume that the firm has a budget constraint A. The following discusses the optimal strategy of

the firm if the cost functions are polynomial or exponential.

D.1. Polynomial Cost

By Lemma 5(i), the difference of effort levels A¢ between two contest mechanisms is strictly
increasing in A. And also, the difference of the expected random factors A¢ is a fixed value given
p. As a result, there exists a threshold A such that if A< fl, the separate contest is optimal and
if A> A, the joint contest is optimal. Note that the threshold can be 0 or 400 which means that
one mechanism is optimal for any prize. If the cost functions are polynomial, then A5* < A”7*, and
there exist three cases: 1. A < AS* < A7*; 2. AS* < A < A7*: 3. A5* < A7* < A. Table 4 shows the

optimal mechanism and optimal prize when the budget contraint A is in different ranges if the cost

functions are polynomial.

Table 4  Optimal Prize (Polynomial Cost)
Range of A (0, A) [A, AS*) | [AS A7*) | [A7*, +00)
Case 1: . — — -
A < AS* < A% Mechanism separate joint joint joint
Optimal Prize A A A AT*
Range of A | (0,45%) | [A5* A) [A, A7) | [A7*,400)
Case 2: - — —
AS* < A < A+ Mechanism separate separate joint Jjoint
Optimal Prize A A5~ A AT*
Range of A | (0,A5%) | [AS*,A7*) | [A7* A) [A, +00)
Case 3:
AS* 2 ATF < A Mechanism separate | separate separate separate
Optimal Prize A A5~ AS* AS*

The detailed explanation for Table 4 is as follow:

1. (121 <AS < AT If Ae (O,fl), the separate contest is optimal, and the outcome is increasing

in the amount of prize, then optimal amount of prize is A. If A € [A,AS*), the outcome of
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both mechanisms is increasing in the amount of prize, and the joint contest is better than
separate contest if A > A, thus the firm should choose the joint contest and the optimal prize
is A. If A€ [AS*, A7), though the optimal amount of prize for the separate contest is in this
range, the joint contest is better than the separate contest, so the firm should choose the joint
contest and the optimal prize is A. If A € [A7*,4+00), then the firm should choose the joint
contest and the optimal prize is A”*.

2. (A5* <A < A7*) If A€ (0,A5"), since the separate contest is optimal then the firm should
choose the separate contest and the optimal prize is A. If A € [AS*,A), the separate contest
is better than the joint contest, and the optimal prize is A%*. If A € [A,AJ*), the outcome of
the joint contest is better than that of the separate contest if A > A. Since the outcome of
the joint contest is increasing in A, the optimal prize is A. If A € [A”7*, +00), the firm should
choose the joint contest and the optimal prize is A7*.

3. (A5* < A7* < A) If A€ (0, A5*), the separate contest is optimal, and the optimal prize is A.
If Ac[A% A7), the separate contest is better than the joint contest, and the optimal prize
is AS*. If Ae[A7* A), the separate contest is still optimal, and the optimal prize is AS*. If
Ac [A, +0o0], the outcome of both mechanisms is decreasing if A € [/l, +00), thus the separate

contest is optimal and the optimal prize is A%*.

D.2. Exponential Cost
By Lemma 5, the difference of effort levels A between two contest mechanisms is a fixed value
for any A if the cost functions are exponential. Therefore, the problem which contest mechanism
is optimal does not depend on the amount of prize.

Therefore, if the cost functions are exponential, then A%* = A7*, and there exist two cases: 1.
A< A*; 2. A> A* in which we denote A* = A%* = A7*. If the separate (or the joint) contest is
optimal and A < A*, then the optimal prize is A since the outcome is increasing in the amount of

prize if A< A*. If A> A*, then the optimal prize is A*.

E. Elimination Contest
As an extension of the progressive contest, we examine the elimination contest here.

In the elimination contest, the firm selects a subset of qualified contestants from the first sub-
contest to compete in the second sub-contest. Thus, there are fewer contestants competing in the
second sub-contest than in the first sub-contest. On the other hand, the joint contest counterpart
stays the same, because there is no way to impose a qualification. We first examine the performance

in the second sub-contest with a contestant number n, < n. Since the number of contestants
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becomes smaller than without qualification, the intensity of the competition becomes lower, and
contestants have a higher incentive to make effort.! For the random factor part, the smaller number
of contestants lowers the diversity of contestants, thus the expected best random factor is lower,
i.e., a smaller sample size of the random factor leads to a lower expected highest order statistics
of the random factor. The pooling effect, in favor of the joint contest, would be weakened since
the equilibrium effort level in the second sub-contest of the separate contest becomes higher,
and the combination effect, in favor of the separate contest, would be reduced too due to the
smaller diversity of contestants in the second sub-contest. In addition, in the first sub-contest, in
anticipation of elimination, contestants would work harder, in favor of the separate contest. The
comparison of the two contest mechanisms depends on the relative strengths of those forces.

In the elimination contest, the firm selects a subset of qualified contestants from the first sub-
contest to compete in the second sub-contest. Thus, there are fewer contestants competing in the
second sub-contest than in the first sub-contest. On the other hand, the joint contest counterpart
stays the same, because there is no way to impose a qualification in the joint contest. We first
examine the performance in the second sub-contest with a contestant number n, < n. Since the
number of contestants becomes smaller than without qualification, the intensity of the competition
becomes lower, and contestants have a higher incentive to make effort. For the random factor
part, the smaller number of contestants lowers the diversity of contestants, thus the expected best
random factor is lower, i.e., a smaller sample size of the random factor leads to a lower expected
highest order statistics of the random factor. The pooling effect, in favor of the joint contest, would
be weakened since the equilibrium effort level in the second sub-contest of the separate contest
becomes higher, and the combination effect, in favor of the separate contest, would be reduced
too due to the smaller diversity of contestants in the second sub-contest. In addition, in the first
sub-contest, in anticipation of elimination, contestants would work harder, in favor of the separate
contest. The comparison of the two contest mechanisms depends on the relative strengths of those

forces.

LEMMA E.1. (i) The best expectation of the random factor, E((,)), is increasing in n.

(ii) If the random factor & follows a symmetric log-concave distribution with mean 0, then the
equilibrium effort level is decreasing in n.
! How the number of contestants influences contestants’ effort level has been well studied. Ales et al. (2019) show

that if the random factor follows the symmetric log-concave distribution, the equilibrium effort level is decreasing in
the number of contestants.
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Proof. of Lemma E.1. For part (i), we verify that E({.,)) > E(§-1)). By (A.8), we have
nE(€n-1)) — (0 = DEEwm) = E(§n-1:m))- Thus, E(§n-1)) — E(§n)) = [E(€n-1:m)) — E(§(n))]/n- Since
E(§n-1:m)) = E(§m)) <0, we have E(§(n-1)) = E(§n)) <0, and thus E(§()) > E(n-1))-

For part (ii), by Lemma A.3, h(&;n) is decreasing in n. Since C'(-), [ = 1,2, is strictly increas-
ing and strictly convex, e*(n+1) = C’l/_l(h(ﬁ;n +1)) < Cl/_l(h(g; n)) = e*(n). Equivalently, the
equilibrium effort level is decreasing in n. [

The result in Lemma E.1 is consistent with the intuition. For part (i), with more contestants,
it is more likely to have an outstanding realization of the random factor, thus if the number of
contestants in the second sub-contest is less than that in the first sub-contest, the combination
effect is reduced. For part (ii), since there is less contestants in the second sub-contest, the intensity
of the competition is reduced, thus contestants have a stronger incentive to make effort in the

second sub-contest. In other words, the pooling benefit of the joint contest is reduced too.

F. Synergy Effect

Synergy Effect. The solutions made by a contestant may have a synergy effect while the solutions
made by different contestants do not. That is, the aggregate solution across different attributes
submitted by the same contestant can have a synergy. The synergy effect intuitively favors the
joint contest since every contestant submits an aggregate solution at once. To capture the synergy
effect, we analyze the simplest model with an additive synergy component in Online Appendix F.
We show that if the synergy effect is strong enough, the joint contest becomes optimal.

In this section, we compare the two contest mechanisms with the synergy effect. In some projects,
the two attributes of a project can be closely related such that the aggregated solution of a con-
testant across different attributes is greater than the aggregation of solutions made by different
contestants even if those contestants have the same effort level, i.e., V;' + V;? > V' +- V2. For exam-
ple, if a project contains the two attributes as the theoretical and practical work, contestants may
prefer to work on their own theoretical work when competing in doing the practical work. For the
modular and progressive contests, we show that if the synergy effect is strong enough, then the

joint contest is optimal.

F.1. Modular Contest

Consider a two-person model in which the contestants are indexed by ¢ and j. If the solutions of
the two attributes are made by the same contestant 4, then the aggregated solution has an additive
positive synergy benefit u >0, i.e., V' + V.2 + u. If the solutions of the two attributes are made by

different contestants, there is no such extra synergy benefit.
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(i) joint contest

For the joint contest, contestants are required to submit an aggregate solution across the two
attributes at once. Thus, the aggregate performance of every contestant has the synergy p. Intu-
itively, in the joint contest, the synergy effect does not play a role in the competition since both
contestants work on the two attributes at the same time. Therefore, the winning probability of
each contestant is the same with what is captured in Lemma 3. By Lemma 3, the equilibrium
effort of each contestant is e°* = C"'_l(Ah"(fO; 2)). The expected best performance is then V' =
e** + E(£f,)) + p. By denoting 7° = ¢} — &} + &7 — 7 with PDF ¢°(v°), we have h°(£°;2) = ¢°(0),
and e = C°"" ' (Ag°(0)).

(ii) separate contest

In the two sub-contests of the separate contest, contestants make efforts in different attributes.
There are two scenarios. One is that contestant ¢ or j wins both sub-contests. Then, the best
aggregated solution is V¥ = V! + V24 u, t =i or j. The other is that contestant i wins the first sub-
contest, and contestant j wins the second sub-contest, or the other way around. Then, for the firm.
the best aggregate solution may not be the best solutions in the two sub-contests, V° = V! 4+ Vf
because of the synergy effect. In other words, it is possible that V' + V7 <V;' +V;? 4 . Since two
contestants are assumed to be homogeneous, the two scenarios occur with equal probability, 1/2.

For the first scenario, the best aggregate performance is V' = e'* 4 e + E(§l) + E(§(22)) + p.
For the second scenario, the discussion is a little bit complicated. Suppose that contestant ¢ wins
the first sub-contest, and contestant j wins the second sub-contest. In the modular contest, the
two sub-contest are parallel, contestant’s effort level is not affected by the synergy effect since
they are competing in each attribute (in the progressive contest, the synergy effect does influence
contestants’ effort level; we investigate such influence in the subsequent section). However, the
aggregate solution depends on the synergy effect. Now we show that if the synergy effect is strong
enough, then the joint contest is optimal.

Consider the random factor part and the synergy effect, and denote the first order statistics of
¢, 1=1,2 with the sample size 2 by subscript (1.2). If the synergy effect is strong enough, then
E(€s)) + E(§la)) + 10> E(§(y)) + E(£f,)). This means that if the synergy effect is strong enough,
then though the winners of the two sub-contests are different contestants, the best aggregate
solution is made by the same person. With probability 1/2, the difference in the random factor and
synergy effect between the two contest mechanisms is AS = E(£(12)) + E(é?m)) + - E(§E’2)) —u=
E(€s)) + E(€81.5)) — E(£0y)- For E({(y)) + E(£f.5)), since ' and &? are identical and they follow a

(2)
symmetric log-concave distribution ¥(-) with mean 0, we have
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—+oo +oo

E(EL) + E(€4) = / E1aw(EL)? + / (U (E)(1 - W(ED) + U(E)?)

— 00 —

+o00
= 2/_ €1dv () =0.

oo

With probability 1/2, the winner of both sub-contests is ¢ or j. Therefore, the difference in the
random factor and synergy effect between the two contest mechanisms is A§ = E(&la) +E(R) +
1= E(&y) — n=E(§y) + E(§%)) — E(£L,))- The ex ante expected difference is E(AS) = 5[E(El) +
E(&l12)) — E(€%))] + 5[E(Ey)) + E(Eh)) — E(€%))] = E(€ly) — E(€Y,)), since &' and & are identical.
Because £° = £+ £2, £€° >4 €1, where ¢ means the first order stochastic dominance, thus E(f(12)) —
E(§)) <0. As a result, E(AS) <0.

By Proposition 1(ii), the pooling effect, AS < 0, we obtain A, = A5+ A§ < 0. In conclusion, if
the synergy effect, u, is high enough, the joint contest is optimal.

F.2. Progressive Contest
For the progressive contest, in the second sub-contest of the separate contest, contestants are
required to build their work in progress over the solutions in the first sub-contest. We discuss
two scenarios in the second sub-contest: (a) contestants are required to work on the best solution
generated in the first sub-contest; (b) contestants work on their own solution generated in the first
sub-contest. Now, we show that if the synergy effect is strong enough, the joint contest is optimal
for scenario (a).

(i) joint contest

For the joint contest, contestants are required to submit an aggregated solutions across the
two attributes at once. Thus, the aggregated performance of every contestants has the synergy ~.
Therefore, the winning probability of each contestant is the same with what is characterized in
Lemma 3. By Lemma 3, the equilibrium effort of each contestant is e°* = C"/fl(Aho(go; 2)). The
expected best performance is then V3" = e +E(0,)) + p. By denoting v° =&} — £} + &7 — &2 with
CDF G°(v°), h°(£°;2) = °(0), and e°* = C°'"' (Ag°(0)).

(i) separate contest

Without loss of generality, consider that the winner in the first sub-contest is contestant i. In
the second sub-contest, by denoting the random variable 2 = £ — 5? with CDF G(v?) and PDF
g(7?), we have the winning probability of contestant i as P{e} +&7 4+ > e + &7} = G(ef — e+ p),
since contestant i benefits by the synergy effect but contestant j does not. Similarly, the winning
probability of the contestant j is G(—e? + e? — ). As a result, the expected utility functions for

contestants ¢ and j are

E(Wl(e})) = A%G(e} — &+ ) — (D),

K2
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E(uf(e})) = A’G(e] — el — p) — C*(€3).

J

Then, by assuming the existence of the equilibrium, FOCs are given by

Ag(ef =&} + ) = C¥ (&) =0,

0.

Ag(ef —ef —p) = C¥'())

Therefore, if the random factors follow a symmetric distribution, then g(ef —e3 +u) = g(ef —e7 —p).
Thus, there exists a unique solution e?* = e?* =g(u). By Lemma 1, if the random factors follow
a symmetric log-concave distribution with mean 0, then h(¢';2) = g(0) > g(u). Thus, the perfor-
mance of the two contestants is V> = C’Qlil(AQg(,u)) +& +pand VP = CQlil(Azg(u)) + &2 The
expected best performance in the second sub-contest contest is E(max{V?,V?}) = 02/_1(1429(#)) +
E(max{&? 4+ p,£?}). Denote the random variable of max{&* + u,&*} by &,,. The CDF of &, is
W(E2)W(£? — p) and then E(max{V? V?}) = fj;: EndV(E*)W(E2 — p). By the property of the log-
concave distribution, W(£2)W(£2 — ) < W(E2 — 11/2)W(E% — p/2). As a result, [~ &, dP(E3)W (¢ —
) < 7T End (€2 — p/2)W (62 — /2) = E(L) + p/2) = E(¢%) + /2.

Now, we can compare the two contest mechanisms. The expected best performance in the joint
contest is V§ = e°* + E(ﬁ&)) + p and the expectid best performance in the separate contest is
Ve =e' + e + E(§)) + E(max{§® + u,£?}). The difference is Ay = e'* + €** — e®* + E(§,)) +
E(max{&” + 1, £%}) — E(&)) + pe

For the effort part, A =e'* + e* — e°*. By Proposition 1 (ii), if A°(£°;2) > max{wh(&;2), (1 —
w)h(&;2)}, namely, ¢°(0) > max{wg(0), (1 —w)g(0)}, A5 <O0.

For the random factor part, A5 = E(§(y) + E(max{&® + 1, §?}) — E(fy) — 1 < E(€y) + E(ER) —
E(&y)) — 11/2. Since E(&(y)) + E(€F,)) — E(§Ry) is a fixed value. If p is large enough, then A5 <0.

Thus, if p is large enough, then Ay = A§ + A$ <0, and the joint contest is optimal.

For scenario (b), if contestants work on their own solution generated in the first sub-contest.
Then the solutions of both contestants will contain the positive synergy benefit u. Therefore, the
second sub-contest is equivalent to the first sub-contest. The comparison between the two contest
mechanisms is equivalent to the comparison between the two effects: the combination and pooling

effects, without the synergy effect.

G. Attributes with Different Importance Levels
Now we show the result of Proposition 1 assuming that two attributes have different importance
levels. In the separate contest, assume that the performance of a contestant in sub-contest [,

[=1,2,is V! =¢l + & The total performance of a contestant is V;"*! = 0V.;! + (1 — 0)V;%, where

?
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0 € (0,1) denotes the relative importance between the two attributes. In the joint contest, the
performance of a contestant is the aggregation of the performances along two attributes, denoted
by Vo =0V 4 (1-0)V? =0(e; + &)+ (1 - 0)(e] +&7) = be; + (1 —0)ef + 0] + (1 —0)&F = e + &7,
where € =0e! + (1 —60)e? and & =0&! + (1 —0)&2.

Now we derive the optimal effort allocation by contestant with the above model setup. Similar
to the proof of Lemma 2, the optimization problem for contestant is

min C*(e') 4+ C?*(e?) s.t. fe' + (1 —0)e* =e°.

el e2?
The solution to this problem can be typically found by writing the Lagrangean, L(e',e? e°;\) =
Cl(e') + C*(e*)+ A(e® —fe' — (1 —6)e?) and the FOCs are

oL oL

YE sy gy — Y n2x2y _ O\ —
Dol Cc(e)—0Ax=0 (a), 9e2 C(E)—(1-0)A=0 (b),
g—i:e°—0é1—(1—9)é2:0 (c).

Following the same approach as in the proof of Lemma 2, one can obtain that C''(é')/0 =
C?(8%)/(1—0) = C°'(e°), where C°(e°) = eel+(]1q—lier)le2:e°{01(el) + C?(e?)}. By Lemma 1, the equi-
librium effort in the separate contest is then e’* = Cl/_l(Alh(f;n)), 1 =1,2. The expected best
performance in the separate contest is then V¢4 = fe'* + (1 — 0)e** + OE({,)) + (1 — 0)E(Ewm)) =
901/_1(A1h(£; n))+(1-— H)CQI_I(AQh(g; n)) +0E(&(n)) + (1 —0)E(&(n)). For the joint contest, with a
similar proof of Lemma 3, the equilibrium effort is e°* = C°'~ ' (AR°(£%;n)) = 001/_1(«9Ah° (&°5n))+
(1- 9)02'71((1 —0)Ah°(€°;n)). Therefore, the expected best performance in the joint contest is
Voim = e +E(E,) = 00" (AR°(€°in)) + (1 - 0)C (1 - 0)AR°(£°3n)) + E(£,)-

Now, we show the combination and pooling effects, which are the same as described in Proposition
1 parts (a) and (b). For part (a), denote the quantile function of &', 1 =1,2, by ¥~!(u) and the
quantile function of £€° by W°~'(u). Write the formula of E(€(n): 1=1,2,

+oo +oo 1
E(&) = éln‘l’(il)"_lw(él)dfl=/ §1n‘1’(§l)"_1d‘1’(€l)=/0 U (w)nu" " du, (G.1)

o0

where the last equality is obtained by substituting ¥='(u) = &' Similarly, E(&,)) =
fol U° ! (w)nu™'du. Then,

E(0€,)) + E((1—0)&F,)) —E((06" + (1 = 0)€%) () = OB(&()) + (1 — O)E(EF,)) — E(EL)
= /0 U (w)nu"tdu /0 T (w)nu" " tdu :/0 (U1 (u) — T (u))nu" " du. (G.2)
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Assume that 6¢' and (1 — 0)£?, satisfy the regularity condition that there exists ug € (0,1) such
that W= (u) — U° ' (u) <0 if u € (0,up), and ¥~ (u) — ¥ " (u) > 0 if u € (ug,1). Thus, by (G.2),

we have

/Ouo(\ll_l(u) — U (u))nutdu +/ (U~ (u) — T (u))nuLdu

0

> /Ouo(‘lf_l(u) — U () nug~tdu +/ (U~ (u) — T (u))nul~tdu

uo

:/0 (U~ () — U° " (w))nul~ du = nul~ 1/0 (U~ (u) —T° (u))du
= nug ' [E(SY) + (1 - 0)E(E?) —E(0" + (1 - 0)€?)]
=0.

Thus, the strict inequality holds for non-identical random factors by a similar argument to that
for identical random factors. For the pooling effect, the sufficient condition is then h°({°;n) >
max{wh(&;n)/0,(1—w)h(&n)/(1—6)}, where A' =wA and A? = (1 —w)A, w e (0,1). As a result,
the only difference is that the sufficient condition for the pooling effect now depends on w and
#. Since we allow an arbitrary w throughout the whole paper, the pooling effect must exist for a
range of w.

Now we show the range of w for the pooling effect to hold with normally distributed random

factors. Since £° =0+ (1 —0)¢, if £~ N(0,0) then £° ~ N(0,+/6%+ (1 —0)20). We have

e = [ m-nwereerds= [ v©awer = [ ew(-¢/ e

Substitute £ /o with y, then h(¢; ) = fo exp(—y?/2)dp(y)"*, where p(y) ~ N(0,1). Similarly,
for h°(£°;n), by substituting £°/(1/60? + (1 — 0)%0) with g,

400

h°(§°;n) _ 7 wo(fo)d\l;o(é'O)"—l — \/2(02 n (11 — 9)2)7-[-0- /

- V2(0% + (11 —0)*)mo / ) exp(—§°/2)de()" "

Then, é nr)‘) \/92+(1 ek The condition h°(£°;n) > max{wh(§;n)/0,(1 —w)h(§;n)/(1—6)} is

equivalent to 1 >max{w\/0?+ (1—0)%/0,(1 —w)+/60?>+ (1 —0)?/(1 —6)}. Then, the range of w is

2] . . o .
(1- \/02 ribyerm 6)2) Specifically, if § = 1/2, the range of w is (1 — 7,7), which is the

same as what we derived in the base model.

400

exp(—£7/(40%))dwe(€°)" "




24

H. Heterogeneous Contestants
H.1. Model Setup

We consider a two-person model with two expertise types (high and low) in each attribute. In
contrast to the base model in which all the contestants are assumed to be identical for each
attribute, we assume here that contestants are endowed with expertise either zy or xr, xg >z >0
in each attribute. The expertise in each attribute follows a two-point distribution. The probability
that a contestant is endowed with z; in each attribute is 7 € (0,1), and the probability that a
contestant is endowed with xy is 1 — 7. Suppose we index the two contestants by ¢ and j. The
random factor in each attribute follows the normal distribution N(0,0), and thus the difference of
random factors between two contestants i and j is denoted by ' =& —&;, 1 =1,2 following the
normal distribution N(0,v/20) with PDF g(-) and CDF G(-).

We assume that the cost functions along the two dimensions are identical in the exponential form,
C(-) =C*'(-) = C?*(-) = exp(pe). In each sub-contest, every contestant knows only his own expertise
type and that his opponents’ expertise is drawn independently from the two-point distribution. The
game is a Bayesian game in the Harsanyi sense (see Harsanyi 1968), where “types” are defined by
contestants’ expertise. In the symmetric Bayesian equilibrium, contestants’ behavior is determined
by their types, regardless of their identities. Hence, we use type H or L to refer to a contestant’s
behavior in equilibrium. Also, we call a contestant with high or low expertise in each attribute as
H-type or L-type contestant respectively.

There are several ways to model the behavior of heterogeneous contestants. A commonly used
setting is that different levels of expertise results in different efficiencies in making efforts.? For
exerting the same amount of effort, an H-type contestant incurs a lower cost than an L-type
contestant. Such a model characterizes the heterogeneity of contestants in their innovation ability.
Contestants with higher talents tend to spend less time in developing novel ideas. It is reasonable
to use the heterogeneous cost model to characterize contestant behavior for projects that require
innovative thinking, such as ideation and art designing contests. For each attribute, if a contestant
is type t = H, L, his cost function is C(-)/x;, [ = 1,2. Similar characterizations have been adopted in
Lazear and Rosen (1981), Moldovanu and Sela (2001) and Fey (2008) with slightly different model
setups. The following lemma characterizes the equilibrium effort level in each sub-contest of the

separate contest if contestants’ expertise is independent along the two attributes, or contestants’

2 Another setting is that different levels of expertise provides different starting points. That model characterizes
the heterogeneity of contestants in their skill levels or experience. A skilled programmer may have mastered several
well-developed programming frameworks. An experienced salesperson may have kept in contact with several clients
so that in the sales contest he can guarantee a certain sales volume at the beginning of the competition. Such a
characterization was adopted in Terwiesch and Xu (2008) and Koérpeoglu and Cho (2018).
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expertise is correlated but contestants are not strategic. Based on the equilibrium, we discuss the

strategic behavior of contestants in the subsequent section.

LEMMA H.1 (BAYESIAN EQUILIBRIUM). In the sub-contest I, | = 1,2, there exists an equilib-
rium such that ek > eb*. If n = 1/2, such equilibrium is unique and the effort levels have the
following closed forms: e = In(A'Koxy/p)p and e = In(A'Koxy/p)p, where Ky = g(0)/2 +
g(n(zu/xL)/p)/2.

Proof of Lemma H.1. In the sub-contest [, [ =1, 2, of the separate contest, if contestant j with
type H or L makes effort e or €% in equilibrium, respectively, the winning probability of contestant
iis nG(el —el*) + (1—n)G(el —ek). The expected payoff to contestant 4 is E(ul(el|z;)) = Al [nG (el —
ef)+(1—n)G(e;—ef;)] = C(ei) /z;. The FOC yields A'[ng(ei* —ef) + (1—n)g(ei" —ef)] = C'(ef") /.
In a symmetric equilibrium, contestant i makes effort e* if he is L-type and €% if he is H-type,

which lead to

Allng(0) + (1 —n)g(ef —ejp)] = C'(ef) /e, (H.1)
Allng(el; — ) + (L=m)g(0)] = C'(efy) /- (H.2)

Now we prove that there exists an equilibrium such that e}* < el%. For notation simplicity, we
suppress the superscript [ in the proof of e} <eb. Denote e}, — e} =dy_1. We want to show that

there exists a dy_;, > 0. Dividing (H.1) by (H.2), we have

n9(0) + (1 —n)g(—=du-r) zuC'(er)

= . H.3
190n-r) +(1=m)g(0)  z.C"(ey) 1)
By the symmetric assumption of g(-), we have ¢(6y_1) = g(—dy—_1). Then (H.3) becomes
19(0)+ (1= nglbn_) _onC'(c) _ -
n9(0r-r)+ (L —n)g(0) z.C"(e})
By e3;, =€} 4+ du_r, the left hand side (LHS) of (H.4) is
LHS of (H.4) = n9(0)+ (1 —n)g0u-r)  xxC'(e}) (H.5)

n9(0n—r)+ (1 —=n)g(0) . C'(e} +0n-1)
If 6 =0, (H5)=1- 7% <0. If 65— — oo, then (H.5)— " >0 because 6H}iLIrimg(5H,L) =0.
Since (H.5) is continuous in dy_, there exists an intermediate point dy_;, > 0 such that (H.4) is
satisfied. As a result, there exists an equilibrium such that ej; > ej.

If n=1/2, then the LHSs of (H.1) and (H.2) are the same. With the exponential cost function,
we have Z& = eXp(peH) . Then, e}; —e; =In(zy/x.)/p. By (H.1) and (H.2),

T, exp(pe],)

Allg(0)/2+ g(In(xn /1) /p)/2] = C'(ef) /xr = pexp(per) /L,
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Allg(n(zp/z)/p)/2+9(0)/2] = C'(ef) /2 = pexp(pef;) /v

Therefore, the closed form of the equilibrium effort levels are e} = In(A'Kyz./p)p and ek =
In(A'Kozy/p)p, where Ko =g(0)/2+ g(In(xy/xL)/p)/2. O

Lemma H.1 shows that there exists an equilibrium such that the H-type contestants exert more
efforts than the L-type contestants. Since their equilibrium performances are V) = eb: + ¢! and
Vir=elr +¢', 1=1,2, then V}; >4 V}* because €% > el*. That is, the H-type contestants are more
likely to have a higher performance than the L-type contestants. Lemma H.1 also shows that there
exists a unique equilibrium if 7 =1/2 and the closed form of the equilibrium effort level can be

obtained. For the mathematical tractability, we assume 7 =1/2 in the following analysis.

H.2. Correlated Expertise
We examine two cases that the expertise of a contestants is completely positively or negatively
correlated.

Positive correlation. The contestant who is endowed with high expertise zy (resp., low expertise

x 1) in the first attribute will have high expertise z (resp., low expertise z) in the second attribute.

Negative correlation. The contestant who is endowed with high expertise xy (resp., low expertise

x 1) in the first attribute will have low expertise x;, (resp., high expertise ) in the second attribute.

Since there exists a correlation between the expertise of the two attributes, if the firm discloses
the performance of contestants after the first sub-contest, then contestants can infer the type of
their opponents and the belief of the prior expertise distribution is updated at the beginning of
the second sub-contest. Because the performance of a contestant in the first sub-contest consists of
the effort and the random factor, the way how contestants infer their opponent’s type depends on
what kind of signal they can obtain from the first sub-contest, e.g., the effort, or the performance
(i.e., the effort plus the random factor). If contestants can learn the performances in the first sub-
contest, they may not be able to accurately infer the type of their opponents due to the random
factor, which makes the characterization of contestants’ behavior extremely complicated. Thus,
we focus on the case that contestants can learn his opponent’s effort level by the performance in
the first sub-contest. This is indeed the case when the randomness comes from the preferences or
the private tastes of judges, while the quality of the solution depends on the effort level. In the
symmetric equilibrium, contestant of different types have different effort levels, therefore with the
disclosed information, contestants can accurately learn their opponents’ type.

If contestants are strategic, they may try to hide their type in the first sub-contest, because their

truthful revelation may put them into a disadvantageous position in the second sub-contest. The
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only way for contestants to hide their types is that in the first sub-contest, both contestants have
the same effort level regardless of their true types. This is analogous to Hausch (1986), in which the
only way for a type of players to hide is that they make the same bid as other types of players and
no one has an incentive to deviate. With their identities successfully hidden in the first sub-contest,
in the second sub-contest, neither contestants’ types are revealed, and thus their performances in
the second sub-contest can be characterized by Lemma H.1. For the separate contest, we have the

following results.

LEMMA H.2. Assumen=1/2.

(i) For positively or negatively correlated expertise, contestants truthfully behave in each sub-
contest of the separate contest.

(ii) In the second sub-contest of the separate contest, if both contestants are of the same type,
then the equilibrium effort is e?* = In(x;A?g(0)/p)/p, t = H or L. If one contestant is H-type
and the other is L-type, then the equilibrium efforts are €% =In(vyA2g(In(xy/zL)/p)/p)/p and

er’ =In(zL A%(In(zL/zu)/p)/p)/p-

Proof of Lemma H.2. (i) First, we derive the equilibrium effort levels in different sub-contests of
the separate contest at first when contestants truthfully behave in the first sub-contest. In the first
sub-contest, since contestants have no idea about their opponents’ type, thus the equilibrium effort
levels are the same as what is characterized by Lemma H.1. Therefore, if n=1/2, the equilibrium

effort levels for the H-type and L-type contestants are

el =In(x,A'[g(0)/2+ g(In(zr/xx)/p)/2]/p) /p:
ey =In (27 A'g(0)/2+ g(In(z/21)/p)/2]/p) /.

In the second sub-contest, both contestants will know his opponent’s type. With probability 1/2,
both contestants are either H-type or L-type, and thus the model turns to be the contest with homo-
geneous contestants. By Lemma 1, the equilibrium effort levels are then e¥* =1n (2, A4%¢(0)/p) /p
and ey =1In(zzA%g(0)/p) /p.

With probability 1/2, one contestant is high-type and the other is low-type, and the expected
payoff to contestant i is E(u?(e?|x;)) = A%G(e? — e%) — C(e?)/x; if i = L or E(u?(e?|z;)) =
A*G(e? —e3*) — C(e?)/x; if i = H, which leads to the FOC for the H-type and L-type contes-
tants: A%g(e?* —e¥) — C'(e3*)/x, =0 and A?g(e3; —e3*) — C'(e%)/x g =0. Since g(+) is symmetric
at 0, C'(e?)/z = C'(e%)/xm, equivalently, e? — e2* =In(xg/z1)/p. Solving the FOC yields the
equilibrium effort levels in the second sub-contest, e¥* =In (z;A%g(In(z/zx)/p) /p)/p and €3 =

In(zyA%g(In(zy/21)/p) /p)/P-
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Second, we compute the expected utilities of contestants in the first and second sub-contests
if they truthfully behave in the separate contest. By the equilibrium effort levels derived above,
in the first sub-contest, the chance for an H-type or an L-type contestant to compete with an
H-type or L-type contestant is 1/2. Therefore, the ex ante expected utilities for H-type and L-type

contestants are

Euble} o)) = %5 [6(0) + GllnGoa fa) /)] = 5 16(0) + gl /o) o). (110
E(uy (el o)) = 5 1G00)+ Gltntan fa2) /)] — - 1a0) +glla(om/a) /o)) (L)

In the second sub-contest, if there is an H-type contestant and another is an L-type contestant,

then the expected utilities for H-type and L-type contestants are

E(ui(el'|zL)) = A*G(In(zr/2H)/p) — fg(ln(xH/xL)/P),
AQ
E(uy (e lon)) = A’G(In(zy/zL)/p) - 79(1n(wH/xL)/p)-

Note that the expected utility of an L-type contestant can be negative in the second sub-contest
since zy, < xy. That is, if we allow the entry decision to be reconsidered, it is possible that an
L-type contestant self-interestedly drops out of the second sub-contest when she finds that her
opponent is an H-type.

If both contestants are L-type or H-type contestants, the expected utility is E(u% (e3f|xy)) =
E(u?(e3*|zr)) = A2G(0) — %29(0). Therefore, the ex ante expected utilities of contestants in the

second sub-contest are

Bl (c bow)) = |G (o fan)/o) — % gt fe) /)] + 5 [460) - g0 (19

Elu (o)) = § [A°Gnan (1))~ &-aten /o) )| + 5 | 460 - Zg00)] - 119)
Third, we show that the utilities of contestants are the same in the second sub-contest, no matter
whether they hide or do not hide their types in the first sub-contest. If contestants hide their
types in the first sub-contest, then the second sub-contest is equivalent to the first sub-contest in
which contestants truthfully behave. As a result, by (H.6) and (H.7), we have the ex ante expected
utilities in the second sub-contest if contestants hide their types as
2 2

B} (¢4 1)) = % (G(O) + Gllntanfom) p)] ~ o [9(0) + glin(ow fan) /)]

2 2

B (e [om)) = 5 (GO) + Gllntaa/o0) p)] - 5 (9(0) + o /z1) o)
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which are the same as (H.8) and (H.9). In conclusion, no matter whether contestants hide their
types or not, the ex ante expected utilities stay the same in the second sub-contest. By Lemma H.1,
if n=1/2, the equilibrium that contestants with different types make different efforts is unique.
Since hiding one’s type in the first sub-contest is not beneficial for contestants, they will deviate
to the unique equilibrium in which both contestants truthfully behave in the first sub-contest.

The same result holds for the case that the expertise of the contestant along the two attributes
is negatively correlated.

(ii) The equilibrium effort in the second sub-contest is derived in the first part of proof in (i). O

For Lemma H.2(i), we find that if 7 =1/2, contestants have no incentive to hide their types in
the first sub-contest. Since contestants decide on whether to hide their types at the beginning of the
first sub-contest, they need to take into account their ex ante utility in the second sub-contest. We
find that no matter whether contestants hide or do not hide their types in the first sub-contest, the
ex ante utilities in the second sub-contest remain the same if n =1/2. As a result, hiding one’s type
is not beneficial for contestants. Moreover, by Lemma H.1, if n=1/2, in the first sub-contest, the
equilibrium is unique such that contestants with different types make different efforts. Therefore,
if contestants hide their types in the first sub-contest, they will deviate because the utilities in
the second sub-contest is the same no matter they hide or not. Thus, contestants’ behavior in the
first sub-contest is characterized by Lemma H.1, i.e., they truthfully behave without any strategic
behavior. In the second sub-contest, contestants know their opponent’s type, the equilibrium efforts
are characterized by Lemma H.2(b).

The expected utility of an L-type contestant can be negative in the second sub-contest of the
separate contest since x; < xy. That is, if we allow the entry decision to be reconsidered, it is
possible that an L-type contestant self-interestedly drops out of the second sub-contest when she
finds that her opponent is an H-type. When this happens, the slack-off effect in the second sub-
contest will be stronger than when the L-type contestant is forced to participate, since the H-type
contestant is the sole remaining participant. As a result, if we allow a contestant to reconsider
her participation in the second sub-contest of the separate contest, the joint contest, which is not
affected by this relaxation, is more likely to be favored than when all contestants are forced to

participate.

H.3. Joint Contest
With the model setup of the positively correlated and negative correlated expertise across the two
attributes, we can derive the contestant behavior in the joint contest. Denote the difference of

random factors between contestants 4 and j along the two dimensions by v° =§ +&7 — &} — &7 =
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(& =€)+ (& - &) =~"+~°. By the symmetric property of v' and 7*, the random variable ° has
a symmetric PDF ¢°(7°) and a CDF G°(y°). We assume ¢°(0) > ¢(0)/2, equivalently, h°(£°;2) >
h(&;2)/2, which is naturally satisfied by normal distributions.

LEMMA H.3. (i) If contestants’ expertise along the two attributes is positively correlated, the
equilibrium efforts for the L-type and H-type contestants are ey = 2In(AKyxr/p)/p and ey
2In(AK, xy/p)/p respectively, where Ky = g°(2In(zy/x1)/p)/2+ g°(0)/2.

(ii) If contestants’ expertise along the two attributes is negatively correlated, then equilibrium

effort is e°* =21n(Ag°(0)\/xgxzL/p)p for both contestants.

Proof of Lemma H.3. (i) First, we derive the expressions of C?'(e9). If the expertise along
the two attributes is positively correlated, then a contestant is either H-type or L-type in both
attributes. Therefore, the cost function is C°(e?) = min{C(é})/x; + C(é?)/x;}, i = L, H. By Lemma
2, the optimal allocation of efforts satisfies C’(é})/z; = C'(€?)/x;, i = L, H. Then, C'(e})/C"(e?) =1,
equivalently, é; = é7. When C’(e;) = pexp(pe;), since the total cost is C7 () = C(€})/z; + C(e3)/x,

pe; / pe;
Ir; = pex
2 PEXP 7y

d ) /s, (H.10)

the derivative of the total cost function is

) it e (

1= L, H. Similar to the proof of Lemma H.1, if contestant j with type H or L makes effort e9; or

e =few (%

e%* in equilibrium, respectively, the winning probability of contestant ¢ is G°(ef — e%)/2 4+ G°(e$ —
e%*)/2. The expected payoff to contestant i is E(u°(ef|x;)) = A[G°(e — €%) + G°(e5 — €9%)]/2 —
C°(e9). In the symmetric equilibrium, contestant ¢ makes effort ej* if he is L-type and e; if he is

H-type, which lead to
Alg°(0) +g°(e7" —eg)l/2 = C}/(e1), (H.11)
Alg®(efy —e7") +9°(0)]/2 = C'(ef).- (H.12)

Since ¢°(+) is symmetric at 0, the LHSs of (H.11) and (H.12) are the same. With the exponential
cost function, we have 7 = o) /2) Thep, e5; —ey  =2In(xy/xL)/p. As aresult, by (H.11) and

exp(peg*/2)?
(H.12), we have
Alg®(0) +9°Q2In(zu/2r)/p)]/2 = pexp (per’/2) [x e, (H.13)
Alg®(2In(zn /xL)/p) + 9°(0)]/2 = pexp (pel /2) [z n. (H.14)

By (H.13) and (H.14), the equilibrium efforts for the H-type and L-type contestants are e}* =
2In(AK, z/p)/p and e =2In(AK x5 /p)/p, where K; =[¢°(2In(zg/x1)/p) + g°(0)] /2.
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(i) Now we derive the expression of C?'(e?) if the expertise along the two attributes is negatively
correlated. Denote the type of contestant by (i',i?), i',4* = H, L, where i' is the expertise in
the first attribute, and ¢? is the expertise in the second attribute. If the expertise along the two
attributes is negatively correlated, a contestant can either be type (H, L) or (L, H). Since the cost
functions for those two types are the same, we derive the expression of the C¢’(e5) for type (L, H),
which is the same for type (H, L). If contestant i has expertise x; in the first attribute and zy

o

in the second attribute, given the aggregate effort e, there exists an optimal allocation of efforts
e? =e! +é? such that C°(e) = min{C(é})/xr + C(é?)/xx}. By Lemma 2, the optimal allocation

of efforts satisfies C’(é})/x, = C'(€?)/xx. Then,

C'(e)/C'(E) =z /zn. (H.15)

When C'(e;) = pexp(pe;), (I.1) becomes exp(p(é} — €?)) = z/xp, equivalently e} — é? =

In(zr/xw)/p. Since e = e} + &2, we have &} = [ef +In(xr/xy)/p]/2 and € = [ef —In(zr/zx)/p]/2.
Since the total cost is C°(ef) = C(é;)/xzr + C(€?)/xu, the derivative of the total cost function is

' (e) = g€Xp <pei +1H§$L/~TH)> . +gexp (pei —1n§xL/xH)> .

= pexp(pe; /2)/V/Thar. (H.16)

Following the proof in Lemma 3, we obtain the symmetric equilibrium effort e** =
2In(Ag°(0)y/zuzr/p)p. O

Lemma H.3(i) is similar to Lemma H.1. It shows that the equilibrium effort in the joint contest
is similar to that in the first sub-contest of the separate contest, if the contestants’ expertise
along the two attributes is positively correlated. The only difference is that in the joint contest,
contestants make effort in both attributes at once, and the H-type contestant is better than the
L-type contestant in both attributes, due to the positively correlated expertise. Since the two cost
functions across the two attributes of each type of a contestant are the same, the effort levels of
a contestant in the two attributes are the same. Moreover, Lemma H.3(ii) is similar to Lemma 3.
Since the expertise across the two attributes is negative correlated and the expertise levels zx and
xy are the same for both attributes, then in the joint contest contestants make the same effort
since their aggregate cost functions are the same. With Lemmas H.2 and H.3, we can compare the
equilibrium efforts between the two contest mechanisms.

Proof of Proposition 5. (i) First, we compare the equilibrium effort levels of the H-type contes-

tant between two contest mechanisms.
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By Lemma H.3(i), in the joint contest, the equilibrium effort of the H-type contestant is e} =
2In(AK xy/p)/p, where K; =[g°(2In(xy/x1)/p) + ¢°(0)]/2. By Lemma H.1, the effort of the H-
type contestant in the first sub-contest is er; = In(A'Koxg/p)p, where Ky = [g(In(zg/z1)/p) +
g(0)]/2. By Lemma H.2, the equilibrium effort level of the H-type contestant in the second sub-
contest is €% =In(A?g(In(xg/xr)/p)xw/p)/p if his opponent is L-type. By Lemma 1, the equilib-
rium effort level of the H-type contestant is e% =1In(A%g(0)xy/p)/p if his opponent is H-type. The
probability that an H-type contestant competes with an H-type or L-type contestant is 1/2. Thus,

the difference of the expected equilibrium effort levels between two contest mechanisms is

E(er) —E(ey +e¥) = 2In(AK x5 /p)/p — (A Koz /p)/ p+In(A%g(0)zr /p)/p] /2

—[In(A'Kozn/p)/p+Wn(Ag(In(en/cL)/p)ru/p) /o] /2

= 35 | (gt ity )| =3 | (smnten 7))

16K7
P Kgg(0)g(n(zp/zr)/p)"

Since g°(x) = ﬁef&f2 and g(x) = 2f e 1.2 by denoting &, = In(zy/z1)/p, 8, € (0, +00), w

where the second equality is due to A/2 = A! = A2 Now we examine the value of

have the following result,

16K% O 4g°(20,) F o0t [eXp (—%) + 1}

K3g(0)g(n(zn/xr)/p) — (9(6,) +9(0))%9(0)g(d,) [exp( )+1} |:exp( )—l—exp( )}

202 402

2
Since exp (—i) = [exp (—iﬂ , we can denote z = exp (—%) € [0,1]. Note that if z =0,

e . 16K} (z2+1)* (z2+1)?
xg/xp — 400, and if z =1, g /x;, = 1. We have that K(Q]g(o)g(ln(mi{/%)/p) G 2 Gt 2
2 3
% = (22 +1)? > 1. As a result, if the expertise along the two attributes is completely

positively correlated, the H-type contestant makes a higher expected equilibirium effort in the joint
contest than in the separate contest.

Second, we compare the equilibrium effort levels of the L-type contestant between two con-
test mechanisms. By Lemma H.3(i), in the joint contest, the equilibrium effort of the L-type
contestant is e3* = 2In(AK x./p)/p, where K; = [¢°(2In(xy/xL)/p) + ¢°(0)]/2. By Lemma H.1,
the effort of the L-type contestant in the first sub-contest is e}* = In(A* Koz /p)p, where Ky =
[g(In(xg/z1)/p)+ ¢9(0)]/2. By Lemma H.2, the equilibrium effort level of the L-type contestant in
the second sub-contest is e2* =In(A?g(In(zy /1) /p)xr/p)/p if his opponent is H-type. By Lemma
1, the equilibrium effort level of the H-type contestant is e2* =In(A2g(0)xzy/p)/p if his opponent is

L-type. The probability that an H-type contestant competes with an H-type or L-type contestant is
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1/2. Thus, the difference of the expected equilibrium effort levels between two contest mechanisms
is
E(e7’) —E(er +el) = 2In(AK 1 /p)/p — [In(A' Koxr/p)/p +1n(A%g(0)x 1/ p) /] /2

—[In(A Kozr/p)/p+ (A% (In(zn /xL)/p)TL/P)/P] /2

55 " (Rt mamtnrmm) | =2 (zoatosre)|
2p [ \Kog(0) Kog(In(xn/x1)/p) 2p | \K39(0)g(In(zn/zL)/p)
where the second equality is due to A/2 = A' = A% Since the value of E(e$*) — E(e}* + €2*) is the
same with that of E(e$;) — E(e}; + e%). The same result holds for the L-type contestant.

(ii) If the expertise along the two attributes is negatively correlated, then by Lemma H.3(ii), the
effort level will be the same for either type of contestants, i.e., e°* = 21In(Ag(0)\/zpxL/p)p. Consider
the contestant with type (H,L). By Lemma H.1, the equilibrium effort level of the contestant
in first sub-contest is el = In(A'Kozy/p)p. By Lemma H.2, the equilibrium effort level of the
contestant in the second sub-contest is e2* =In(A?g(In(zy/x1)/p)xr/p)/p if his opponent is type
(L,H). By Lemma 1, the equilibrium effort level of the H-type contestant is e3* = In(A2g(0)x1/p)/p
if his opponent is type (H, L). The probability that the contestant with type (H, L) competes with
an contestant with type (H, L) or (L, H) is 1/2. Thus, the difference of the expected equilibrium

effort levels between two contest mechanisms is

E(e™) —E(eyy +e7) = 2In(Ag”(0)v/znzr/p)/p— [In(A Koz /p)/p+1n(A%g(0)x1/p) /] /2

(A Koz /p)/p+ (A2 (n(zn 21) /)1 /0)] )2
a1 16g°(0)" 1 (165°0)"
T (K3g<o>g<1n<xH/xL>/p>>22;»1 ( 4(0) >>O’

where the first inequality is due to g(In(zy/xr)/p) < ¢g(0) and the second inequality is due to

g°(0) > g(0) /2. Therefore, we have E(e°*) — E(e}; +€%*) > 0. For the negatively correlated expertise,
for the contestant with type (H, L), the effort level is higher in the joint contest than in the separate
contest. The same result holds for a contestant with type (L, H) due to the symmetry. [
Proposition 5 shows that if the expertise along the two attributes is perfectly positively corre-
lated, then each contestant has a higher expected effort level in the joint contest than in the separate
contest. Since n=1/2, with probability 1/2, one contestant is H-type and the other contestant is
L-type. In the second sub-contest of the separate contest, contestants know their opponents’ types.
We find that if one is H-type and the other is L-type, then they make relatively little effort because
the marginal winning probability for additional effort is low. For an L-type contestant, if he knows

that his opponent is H-type, then the winning probability is slim, and thus he will slack off because
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making great effort incurs a high cost but gains little improvement in the chance of winning. For
an H-type contestant, if he knows that his opponent is L-type who will make little effort, there
is no need for him to make great effort as well. In summary, the information revelation leads to
the low effort level for both types of contestants. With probability 1/2, both contestants will make
little effort in equilibrium in the second sub-contest.

In the first sub-contest, there is no information revelation, and thus either contestant does not
know exactly what type his opponent is, but each contestant takes into account the probability
(which is 1/2) that his opponent is of a different type from him. Therefore, they make little effort,
an effort level lower than if the opponent is definitely of the same type, but higher than the effort
level if the opponent is definitely of a different type. With the analysis and explanation above, we
find that the heterogeneity in expertise leads to a lower effort level than a homogeneous pool of
contestants who have the expertise equal to the average expertise of the heterogeneous pool.

For the joint contest, since contestants are required to submit the aggregate solution, they take
into account the possibility that their opponents are of different types. Then, the joint contest
is analogous to the first sub-contest of the separate contest. However, the heterogeneity of the
expertise is higher in the joint contest than the first sub-contest of the separate contest due to
the positive correlation of expertise. For the L-type (H-type) contestant, the winning probability
is lower (higher) when competing in both attributes at once than competing in one attribute.
Thus, both contestants have a lower effort level in the joint contest than in the first sub-contest of
the separate contest. In summary, though there is no information revelation in the joint contest,
the relatively high heterogeneity in expertise also leads to relatively low effort levels for both
contestants.

With the discussion above, we find that the contestants makes little effort in the separate contest
mainly because of the information revelation in the second sub-contest, and the heterogeneity in
the first sub-contest. Moreover, contestants make little effort in the joint contest because of the
high heterogeneity. For the general case, the comparison between the separate and joint contests
can be ambiguous. But, if the random factors follow the normal distribution and 7 =1/2, then the
effect of information revelation and the heterogeneity in the separate contest, and the effect of the
high heterogeneity in the joint contest will be in a similar level. Since those effects mentioned above
can be neutralized, the pooling effect becomes the dominating force, and therefore, each contestant
has a higher equilibrium effort level in the joint contest than in the separate contest.

If contestants’ expertise along the two attributes is negatively correlated, each contestant always
has a higher equilibrium effort level in the joint contest than in the separate contest. Since contes-

tants are strong at one attribute but weak at the other, the effect of information revelation, which
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leads to slack off in the second sub-contest of the separate contest, always exists. However, for the
joint contest, there is no effect of the high heterogeneity since contestants are ex ante identical in
the expertise. As a result, under the joint influence of the pooling effect, each contestant has a

higher equilibrium effort level in the joint contest than in the separate contest.

Discussion. If the project is highly effort-based, then the contestant with a higher effort level
will win with high probability. If the expertise along the two attributes is negatively correlated, the
best efforts in the two sub-contests of the separate contest can be made by different contestants.
To compare the expected best effort levels between the two contest mechanisms, we do following
analysis.

If the expertise along the two attributes is negatively correlated, then by Lemma H.3(ii), the effort
level will be the same for either type of contestants, i.e., e** =2In(Ag(0)\/TuxL/p)p. Consider the
contestant with type (H, L). By Lemma H.1, the equilibrium effort level of the contestant in first
sub-contest is ety =In(A'Koxy /p)p. By Lemma H.2, the equilibrium effort level of the contestant
in the second sub-contest is e3* =In(A?g(In(zy/x1)/p)xr/p)/p if his opponent is type (L, H). By
Lemma 1, the equilibrium effort level of the H-type contestant is e?* = In(A?g(0)x/p)/p if his
opponent is type (H, L). The probability that the contestant with type (H, L) competes with an
contestant with type (H, L) or (L, H) is 1/2. Note that if two contestants are the same type, then
the expected best effort level will be either contestants’ effort level in the separate contest. If two
contestants are of different types, then the expected best effort level will the combination of effort
levels owned by the contestant with H-type in each attribute.

Thus, if the the difference of the expected best equilibrium effort levels between two contest

mechanisms is

E(e®) —E(ejy +e37)/4 —E(e;* +€37)/4 — E(egs +€27)/2

= 2In(Ag°(0)yzrzL/p)/p — (A" Koz /p)/p+1n(A%g(0)xL/p)/p] /4
—[In(A' Koz /p)/p+10(A%9(0)xw/p)/p] /4
—[In(A' Koz /p)/p+In(Ag(In(xg /zL)/p)xE/p)/p)/2

_ 1l 169°(0)* 23

=2, (ng<o>g<1n<xH/xL>/p> \/;> |

Since Ky < g(0) and g°(0) > ¢(0)/2, we have K2g(0)g(In(zg/z1)/p) < g(0)* < 164°(0)*. If 21, and

xp are close, then E(e®*) — E(ej; +e3*) > 0. If the difference between z;, and z is sufficiently large,
0.

then E(e®*) — E(ej; +e3*) < O
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H.4. A Given Sample Path

Though contestants’ expected equilibrium effort levels are higher in the joint contest than in the
separate contest. The two contest mechanisms perform differently in incentivizing contestants’
efforts given different realizations of the pairs of contestants, still under the assumption that ex

ante the contestants only know their own types.

PropoSITION H.1. (i) For the perfectly positively correlated expertise, (a) if an H-type con-
testant’s opponent is H-type, there exists a threshold on wy/xy, under which e5f — ery —e3r >0
and above which e — elr —e% < 0; (b) if an H-type contestant’s opponent is L-type, for any
xp/rL, €5 —ep —en >0; (¢) if an L-type contestant’s opponent is L-type, there exists a threshold
on xy/xr, under which e3* — et —e* >0 and above which €3 —er* —e?* < 0; (d) if an L-type
contestant’s opponent is H-type, for any xy/xy, e5* — et —e?* > 0.

(ii) For the perfectly negatively correlated expertise, contestants with type (H,L) or (L,H) have

the higher equilibrium effort level in the joint than in the separate contest.

Proof of Proposition H.1. (i)(a) We compare the equilibrium effort levels of the H-type contes-
tant between the two contest mechanisms if his opponent is H-type.

By Lemma H.3(i), in the joint contest, the equilibrium effort of the H-type contestant
is ey = 2In(AK 1z /p)/p, where K; = [¢°(2ln(zy/xL)/p) + ¢°(0)]/2. By Lemma H.1, the
effort of the H-type contestant in the first sub-contest is ej; = In(A'Koxp/p)p, where Ky =
[9(In(zy/zL)/p) + ¢g(0)]/2. By Lemma 1, the equilibrium effort level of the H-type contestant is
e2r =In(A?g(0)xzy/p)/p if his opponent is H-type. The difference of the equilibrium effort levels

between two contest mechanisms is

o _e}; —e?}‘ _ 21n(AK1xH/p)/,0—ln(AlKOxH/p)p_ln(AQQ(O)xH/p)/p:ln( 41{(12 )) /p,

Since

where the last equality is due to that A / 2=A'= A”. Now we examine the value of (0

2
g°(x) = 2W e 52 and g(z) = 2\F e 12, by denoting 8, = In(zy/z1)/p, 0, € (0, +oo) we have

the following result,

AK?  4(9°(20,
Kog(0) — 2(9(5,) +9(0))g(

Since exp <—i> = [exp (-ﬁﬂ by denoting z = exp( o ) [0,1], we have AKY (z2+1)?

202 402 Kpg(0) z+1

Note that if 2 =0, i/, — +o00, and if z=1, xg/zy = 1. Taking derivative with respect to z, we

2, 12 2 - .
find that [(zzi) } = 4C7 +1)Z((sz:11))2 CH1)? _ +12(jf1;4z Y Therefore, if z € [0, Y= —2), then 32% +
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is striclty decreasing. If z € [\f ,1], then 322 +42—1>0,

+1 )

2 2 2
ie., [%] >0 and (10) is increasing.

o . AR? V7_2\  4K2
If =0, ie., xg/xy — +oo, then xH/ilLrngoo Kog(l =1 and thus for z € (0, ¥5-=), Kog(l < 1.

42—1<0,ie., [M} <0and

_4K?
= %L Kog(0)

Moreover, if z=1, i.e., zg = =2 and the value of is strictly increasing in z from a

1
Kog(o)
value less than 1 to 2. As a summary, When xg/xr ranges from 1 to 400, there exists a threshold

below which K (0 > 1, and above Wthh (0)

< 1. As a result, there exists a threshold on zy/z,
above which €9 — e — e?r <0 and under which ey —e}; —e% > 0.

(i)(b) By Lemma H.2, the equilibrium effort level of the H-type contestant in the second sub-
contest is e?f =In(A?g(In(zy/xr)/p)xm/p)/p if his opponent is L-type. The difference of the equi-

librium efforts between two contest mechanisms is

ey —ey —ef = 2I(AKwy/p)/p— (A Kozy/p)p—In(A%g(In(zw/xL)/p)zn/p)/p

= (g

where the last equality is due to that A/2= A! = A%. Now we examine the value of

4K}
Kog(In(zg/zp)/p)"

With the notation 6, =In(zy/zL)/p, 6. € (0,+00), we can obtain

2
A5 (0) [“P( )+
Kog(ln(xH/mL)/p) 2(9(593) +g(0)) (690) [exp ( ) + exp ( 4(;22):| .
. . ﬁ 4K3 _ (2241)? (z241)2 o
By denoting z =exp (—7% ) € (0,1), we have Rognn/a)/n) = Fra) = (Fh) = # +1>1.

Therefore, €57 — el —e3r >0 for any xg/zy.

(i)(c) By Lemma H.3(i), in the joint contest, the equilibrium effort of the L-type contes-
tant is e9* = 2In(AK,x1/p)/p, where K, = [¢°(2In(zy/x1)/p) + ¢°(0)]/2. By Lemma H.1, the
effort of the L-type contestant in the first sub-contest is e} = In(A'Koxr/p)p, where K, =
[g(In(xg/z1)/p)+9(0)]/2. By Lemma H.1, the equilibrium effort level in the second sub-contest is
e2* =1n(A?g(0)z/p)/p if his opponent is L-type, and the difference of the equilibrium effort levels

between two contest mechanisms is

e el _ ¢ —2In(AK 2y /0)/p— IH(A1KOxL/p)/p—ln(AQQ(O)wL/P)/P—ln(;-’?))/,0;

where the last equality is due to that A/2 = A' = A% Since the value of e3* — e}* — e%* depends

on the K4 OL the discussion of the value is similar to (a). Therefore, there exists a threshold on

xpg/xr above which ey* —e}* — e¥* < 0 and under which e}* — e]* — e2* > 0.
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(i)(d) By Lemma H.2, the equilibrium effort level in the second sub-contest is e?* =
In(A?g(In(xr/xg)/p)zr/p)/p if his opponent is H-type. Thus, the difference of the equilibrium

effort levels between two contest mechanisms is

e ey — ¥ = 2(AK x1/p)/p — In(A' Kowy /p)/p — In(A%g(In(ay fen) /p)er/p)/p
4K?

= (gt ) o= <Kog<ln?£%/xL>/p>> /e

where the last equality is due to the symmetry of g(-). Since the value of e3* — e}* — e3* depends

4K?
Kog(In(zg /z1)/p)’

for any zg/xr.

on the the discussion of the value is similar to (b). Therefore, e;* —ef* —e3* >0

(ii) If the expertise along the two attributes is negatively correlated, then by Lemma H.3, the
effort level will be the same for either type of contestants, i.e., e®* = 2In(Ag(0)\/znxr/p)p. If
both contestants are type (H, L), the equilibrium effort level of the contestant in the second sub-
contest is e3 =1n(A?g(0)zx/p)/p. The difference of the equilibrium efforts between two contest

mechanisms is

e —ey —ep" = 2In(Ag°(0)y/TuzL/p)p — (A Koy /p)p —In(A%g(0)x/p)/p

(i) o (580 o0

where the first inequality is due to g(In(zg/zL)/p) < g(0) and the second inequality is due to

g°(0) > g(0)/2. Therefore, we have e°* — el — e?* > 0. If a contestant with type (H,L) has an

opponent with type (L, H), then

et — el — ¢ = 2In(Ag®(0)v/EuTL/0)p — In(A Kows/p)p — In(Ag(in(er fan) s o) /o
(a0 (1470
= (Kogan(a:H/xL)/p)) fp=] ( 4(0)? >/ p>0,

where the first inequality is due to g(In(zg/zr)/p) < g(0) and the second inequality is due to

9°(0) > 9(0)/2.
Therefore, for the negatively correlated expertise, for the contestant with type (H, L), the effort

level is higher in the joint contest than in the separate contest. The same result holds for a contestant
with type (L, H) due to the symmetry. [
The explanation is as follows.
1. Perfectly positive correlation:
If the two contestants are of the same type, by information revelation, in the second sub-

contest, both contestants know their opponents’ type. Therefore, both contestants have a
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chance to win so they are motivated to make high effort. If the two contestants are of different
types, in the second sub-contest, both contestants will make relatively low effort since the low
type contestant feels little chance to win and the high type contestant feels no need to make
high effort. Moreover, in this case, the effort level is decreasing in the difference between the
high and low expertise because if the difference is large, the low type contestant barely has
any chance to win. However, in the first sub-contest or in the joint contest, contestants do
not know their opponents’ type but they will take into account all the possibilities that their
opponents can be a high type or low type.

For Proposition H.1(i)(a) and (i)(c), if both contestants are of the same type and the differ-
ence between the high and low expertise is large, then both contestants will make relatively low
effort in the first sub-contest and the joint contest since they take into account the possibility
that they may compete with a contestant with a different type. However, the information rev-
elation leads to that both contestants will make high effort in the second sub-contest. Overall,
contestants will make high effort in the separate contest than in the joint contest. In other
words, the effect of information revelation dominates the pooling effect if both contestants
are of the same type and the difference between the high and low expertise is large. If both
contestants are of the same type and the difference between the high and low expertise is
small, then both contestants will make relatively low effort in both contest mechanisms. Thus,
the effect of information revelation is relatively weak and dominated by the pooling effect.

For Proposition H.1(i)(b) and (i)(d), if the two contestants are of different types, then the
information revelation leads to low effort in the second sub-contest of the separate contest.
Therefore, the information revelation has a negative effect on the effort level of contestants,
so each contestant’s effort level is higher in the joint contest than in the separate contest.

. Perfectly negative correlation:

If contestants’ expertise along the two attributes is negatively correlated, each contestant
always has a higher equilibrium effort level in the joint contest than in the separate contest,
since the effect of information revelation, which leads to slack off in the second sub-contest
of the separate contest, always exists. However, for the joint contest, contestants are ex ante
identical in the expertise, there is no heterogeneity effect. As a result, under the additional
influence of the pooling effect, each contestant has a higher equilibrium effort level in the joint

contest than in the separate contest.
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I. Numerical Study
I.1. Distributions

We perform a numerical study of several commonly used distributions for random factors and
display in Figure 1.1 the comparison of the functions h°({°;n) and max{wh(&;n), (1 —w)h(&;n)}.
In Figure I.1(a), the normal distribution has mean 0 and o = 1. In Figure I.1(b), the logistic
distribution has mean 0 and scale 1. In Figure I.1(c), the Gumbel distribution has mean 0 and
scale 1. The contestant number is set to 100, i.e., » = 100. The horizontal dash line is the value
of h°(£°;100), and the solid line is the value of max{wh(&;100), (1 —w)h(£;100)} with respect to
w. The segment between the two vertical dotted lines on the w-axis contains the values of w that

satisfy the condition h°(£°;100) > max{wh(&;100), (1 —w)h(£;100)}.

Figure 1.1  Comparison between h°(£°;n) and max{wh(&;n), (1 —w)h(&;n)}
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(a) Normal distribution (b) Logistic distribution (¢) Gumbel distribution

1.2. Independent Expertise
In the joint contest, there are four types of contestants: (L, L), (L,H), (H,L) and (H,H), and the
prior probability for those types is n?, n(1—n), n(1—n) and (1 —n)? respectively. Since the expertise
levels are the same for both attributes, we recognize the contestants with types (L, H) and (H, L) in
the joint contest as M-type, and he makes effort €3} in the symmetric equilibrium. For the contestant
with type (L,L) or (H, H), he makes effort e3* or ej; respectively in the symmetric equilibrium.
The expected payoff to contestant i is E(uj(e9)) = A[n?G°(ef —e3*) + (1 —n)2G° (e —ey) +2n(1 —
n)G° (e — er)] — Co(€2), where i = L, M, H. Therefore, the FOC is given by A[n?¢°(e* —ey*) +
(L=m)*g°(e5™ — ef) +2n(1 —m)g° (7" — e5p)] = C7'(e57).

Now we derive the expressions of C?'(e?), i = L, M, H. If contestant i is M-type, he can be type
(H,L) or (L, H). Since the cost functions for those two types are the same, we derive the expression
of the C¢'(e3) for type (L, H), which will be the same for type (H, L). If contestant i has expertise

xy, in the first attribute and zy in the second attribute, given the aggregate effort €7, there exists
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an optimal allocation of efforts e = ¢! + é2 such that C3,(e5) = min{C(e})/zy + C(é?)/xn}. By
Lemma 2, the optimal allocation of efforts satisfies C'(€})/x;, = C’"(é7)/xy. Then,

C'(&)/C" (&) =x1/zn. (L1)

When C'(e;) = pexp(pe;), (I.1) becomes exp(p(é; — 7)) = zr/xp, equivalently e} — & =

In(xr/xw)/p. Since e =é! +¢é2, we have €} = [e +In(xr/xg)/p]/2 and é2 = [ —In(zr/zx)/p]/2.
Since the total cost is C5,(e?) = C(€})/xr + C(€?)/x g, the derivative of the total cost function is

O (e9) = P exp (Pef +1n($L/$H)> Jzn LP { exp <P€§’ —IH;OCL/JCH)> Jon

2 2
= pexp(pe; /2)/\/Trar. (12)

By (1.2), the expressions of the derivative of the cost functions for H-type and L-type contestants
are Cf'(e) = pexp(pef /2)/zy, and Cy'(e7) = pexp(pe; /2) [z

Now we can derive the equilibrium effort levels in the joint contest. In the symmetric equilibrium,

contestants with the same type make the same effort, thus we obtain

Alg°(0)+ (1 —n)?g°(e7" —e5y) +2n(1 —n)g°(e5" —esp)] = C' () = pexp(pes’ /2) [xy,
AlPg° (e — et )+ (1—n)?g°(0) +2n(1 —n)g°(e5; —ea)] = CF'(er) = pexp(pes; /2)/xm,

AlPg*(e5; — e + (1= )9 (e — i) + 2n(1 —)g°(0)] = Ci/(e3) = pexplpesi/2)/ T

The solution of the above equations yields the symmetric equilibrium of the contestants’ effort
levels in the joint contest. The closed form solution can be obtained by assuming n = 1/2. By

n=1/2, those equations become

Alg®(0)/4+g°(e” —ey)/4+g° (e —€31)/2] = CF'(e]") = pexp(pey’ /2) /v, (L.3)
Alg* (e —e7)/4+9°(0)/4+ g°(ef —€3)/2] = C3/ () = pexp(pei; /2) [z, (I4)

Alg®(eq —e1)/4+ g% (e5 —e)/4+9°(0)/2] = C3/ (e57) = pexp(pes;/2) /Vruzr.  (L5)
Divide (I.5) by (1.3) and divide (I.4) by (I.5),

g°(er — ) /A+g°(esi —e)/4+9°(0)/2 _
9°(0)/4+g°(e5" —e3) [A+go(e” —e3s)/2 exp(p(ef; — e )/2)\/; (L.6)

e — e )[4+ 4O/ 4+ gl — )2 _
AT 47— o oy = ot — /DL D

We perform the numerical study to solve (I.6) and (I.7) so that we can obtain the effort level of

the H-type, L-type and M-type contestants.
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For the separate contest, since the expertise of the two attributes is independent, there is no
learning behavior and the equilibrium effort level is given by Lemma H.1. In sub-contest I, the
equilibrium effort levels are e} =In(A'Kozr/p)p and efy =In(A'Koxy/p)p, where Ko = g(0)/2 +
g(n(zm/zL)/p)/2.

For the H-type contestant, the effort level in the joint contest is e} and the effort level in the
separate contest is e} + e37. For the L-type contestant, the effort level in the joint contest is e}*
and the effort level in the separate contest is e}* + e?*. For the M-type contestant, the effort level
in the joint contest is e3; and the effort level in the separate contest is e}* + e2f or e}y + e€2*.

To guarantee the equilibrium existence, we allow ¢ to be high, so ¢ = 100. Since we focus on
the positive effort level, the total prize should be high enough such that the inverse cost function,
which is a logarithm function, can induce a positive value. As a result, A = 1000. Moreover, we let

p=1and zy/x. €[1,100].

Figure 1.2 Comparison of effort levels for independent expertise

21 7 12

10

Joint
= = = Separate

Joint

- = = Separate | | ’ - = - Separate

Effort level

Effort Level
N

Effort level

1 0
0 20 40 60 80 10C 0 0 20 40 60 80 100
Th/ar T/ /ey

(a) Low type contestant (b) Median type contestant (c) High type contestant

Figure 1.2 shows the effort levels of low type, median type and high type contestant in the two
contest mechanisms respectively. The dashed line shows the effort level in the separate contest,
while the solid line shows the effort level in the joint contest. By Figure 1.2, we observe that the
effort level of each contestant is higher in the joint contest than in the separate contest.

For the independent expertise case, the heterogeneity exists in both the joint and separate con-
tests. Meanwhile, the two sub-contests and the joint contest are games with incomplete information.
Since both contest mechanisms have the effect of heterogeneity which leads to the slack-off behavior
of contestants, the pooling effect is expected to be dominating. Thus, contestants are expected to

have a higher effort level in the joint contest than in the separate contest. [
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J. Two-Person Model
Consider a two-person model. If &' ~ N(0,0), [ =1,2, and n =2, by the formula of h(¢';n),
+oo +oo 1

he)= [ )= [ e(Eu(-ghde = o

By Lemma 1, the equilibrium effort for sub-contest [ in the separate contest is e* =

O (A/(2y/70)). In the joint contest, £ = &' + €2 follows N(0,20). Thus, h°(€°;2) = 1/(2v/2r0).

By Lemma 3, the equilibrium effort in the joint contest is e°* = C""il(A/ (2v/27o)). For Propo-
sition 1(ii), the difference between the equilibrium efforts in the two contest mechanisms is A° =
CV H (wA/(2y/70)) + C2 (1 — w)A)(2yTo)) — CV T (A)(2v270)) — €' (A/(2v/270)). One
sufficient condition for A® < 0 is h°(£°;2) > max{wh(;2),(1 — w)h(&;2)}, which is satisfied if
we (1-+/2/2,v/2/2) ~(0.29,0.71). The inequality is due to C¥'(-) > 0, [ =1,2. For Proposition 1
(ii), the condition h°(£°;2) > h(&;2)/2 can be naturally satisfied by the normal distribution because
2v/20 < 4o.
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