Online Appendix to
“Committed versus Contingent Pricing under Competition”
Proof of Lemma 1. (1) Without capacity constraints, price competition has equilibrium
5 = ZL can be sustained as
equilibrium prices. (11) If r < 5%, both ﬁrms Set price to clear the market in equilibrium,

cC—X

ie, c—p1+yp2 =z and ¢ —py + vp1 = x, which we solve for p} = p} = . Equilibrium

sales and revenues follow immediately. [J

Proof of Proposition 1. The proposition follows by applying Lemma 1 to both high and
low demand scenarios, and then computing the expected revenues. [

Proof of Proposition 2. We discuss different ranges of capacity levels. The four cases
in Table 3 correspond to the cases of whether the capacity is cleared when demand turns
out to be either high or low. For each case, we derive the Nash equilibrium. For (p°®, p¥) to

be a symmetric equilibrium, we must have

1
p° = arg max; -p (min(z, (c—p+7p° —)") +min(z, (c—p+yp° +1)7)) . (0.1)

We first argue that we can remove the (-)* in the discussion. It can be easily seen that at
equilibrium the latter (-)* cannot be active, because then the revenue will be 0 and cannot

be optimal. If the first (-)* is active, then we know that p° > c+~vp° — ¢, i.e., p° > C;t

S< C+t

However, in this case, pS will not be the optimal response in (0.1) unless p leen

—t c+t
—L>

safely remove the () operator in our following discussion. We consider several cases as

thus the (-)* can not be active at equilibrium and we can

follows:

e Case 1: ¢ — p° +vp° +t < z. In this case, the optimality condition is p® = Cﬂp , thus
p® = 5 . Note that the right
hand side of (0.1) (with (-)* removed, the same applied to later discussions) is a concave

function of p, therefore p° is indeed the best response when the other firm chooses p°. We

can further compute the expected revenue from (0.1). Therefore, p° 1s an equilibrium

e Case 2: ¢ —p° +vp° —t > x. In this case, the only possible equilibrium price is p® =
etz (and this will make the equality hold). To show that this is indeed an equilibrium, we
need to show that p = p® is the best response when the other firm chooses p°, in particular,
it is worse off to choose a larger p (there is clearly no benefit for choosing a smaller p). We

consider the right gradient of the function (r”(p,p%) + r’(p,p%)) at p®. We have

9 3—2y c—t
FP(TH(p’pS)JF"’L(paPS)) s+ =c—2p" +p° —t+a= 1—~ = 1—~"




2

Since (r(p,p”) + rZ(p,p*)) is concave, p° is the maximum if and only if %x — =t <.

l—y —
The revenue can be computed following (0.1). Therefore, p° = C%_t is the equilibrium
vy

J— . 72‘:7
- with revenue (ezt=a)e
—2v I—y

o Case 3: c—p° +7p° —t <x < c—p° +~p° +t. In this case, the only possible symmetric

price when z <

equilibrium is p® = % In order to make the condition hold, we must have 36__22 <z <

¢ +t. Also since (0.1) is concave, p® must be the best response when the other firm

3—2v

chooses p°. Therefore, p° = C;—*f is the equilibrium price when 30_’2’57 <z < 35+t with
(c—t4x)?

2(2-7)2 -
e Case 4: ¢ — p° +vp® +t ==. In this case, p° = cﬁ—_f For this to be the equilibrium,

revenue

we require
O u s L s 0,y s . .
a—p(?“ (pJp )+7ﬂ (pap )) |p5_20 and 8—p(’[" (p)p )-l—/]” (p’p )) |ps+§0.
We have
0 3—2y c
dp (r" (0,p%) + 15 (0,0")) lps— == 2p° +7p° —t +w = 1—~ (=) =7 —
and
9 u S L S S s 2—7 c
ap (r"(p,p°) + 7" (p,p")) pss == 20" +9p° = 1_7(33—75)— T
Therefore, p° = ct_:/x is an equilibrium when 3_‘327 +t<ax< 257 +t. The equilibrium revenue
can be also computed following (0.1) which is —(C+t}f)ﬁfx_t)‘

Next we provide a condition under which the equilibrium must be symmetric.

Clatm: When ¢ > 3t and x > 2t, the pure strateqy equilibrium of the game defined by

1

pr = argmax o (r(p,p2) + 7" (p, p2)) (0.2)
1

P2 = argmax 5 (" (p,p1) + 7" (p, 1)) (0:3)

must be symmetric.

Proof. We show that p; defined in (0.2) is increasing in py and p, defined in (0.3) is increas-
ing in p;. If this holds, then we can easily show that at equilibrium, p; = p,. Otherwise, if
p1 > p2, by the monotonicity of (0.2) and (0.3), we have

1 1
p2 = argmax (r™ (p,p1) + 7" (p,p1)) > arg max 5 (r™ (p,p2) +r"(p,p2)) = p1

which is a contradiction.
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Now we show that p; defined in (0.2) increases in ps (the other part is the same). To this
end, we show that 7 (p,p’) and rL(p,p’) are supermodular in (p,p’). If this holds, then by
Topkis’s Theorem, the result holds.

To show that 7 (p,p’) and rL(p,p’) are supermodular in (p,p’), we first show that under

the assumption that ¢ > 3t and = > 2t,

1
arg max o (r" (p,p") +r*(p.p))

1
= argmax ; (pmin(z,c—p+vp +t)* + pmin(z,c—p+p' —1)*)
P
1 ) .
= argmax 5 (pmin(z,c—p+vp' +1t) +pmin(z,c—p+yp—1t)), (0.4)
P

that is, the (-)™ operator can be removed without changing the optimal solution. The first
part is easy, since the firm will never choose a price such that the demand is negative under
high demand. To show the second part, note that when the firm chooses price p > c+~p' —t
(i.e., the second (-)* operator is active), the demand of the first part is min(z,2t). Under
the assumption that x > 2¢, the revenue function under the high demand is p(c—p+~p'+1).
When ¢ > 3t, the derivative of p(c — p + vp’ +t) with respect to p at p=c+yp' —t is
negative, meaning that reduce the price will always increase the overall revenue. Therefore,
one can remove the second (-)* in (0.4).

Lastly we show the function pmin(z,c —p+ vp' +t) + pmin(x,c — p + vyp’ — t) is super-
modular in (p,p’) on the positive orthant. We prove the supermodularity for the first
term. The proof for the second term is similar and the supermodularity of the sum follows
immediately.

To show pmin(z,c—p+~yp’ +1t) is supermodular, it suffices to show that min(0, p(c —p+
vp' +t —x)) is supermodular. We define f(p,p’) =plc—p+yp' +t—z). It is easy to see
that f(p,p’) is supermodular. For p; > p, >0 and p} > pl, >0, we consider

min (0, f(p1,py)) +min(0, f(p2, py)) — min(0, f(p1,py)) — min(0, f(p2,py)).  (0.5)

We consider several cases:

o If f(p1,p)) <0 and f(ps,p)) <0, then since f is increasing in p’, we have f(p,p,) <0
and f(ps,ph) <0, therefore (0.5) is nonnegative due to the supermodularity of f.

o If f(p1,p)) <0 and f(p2,p)) >0, then again since f is increasing in p’, we must have
f(p1,p5) <0.If f(pe,p,) <0, then the nonnegativity of (0.5) follows from the supermodu-
larity of f and the fact that the last term is truncated at 0. And if f(pq,ph) >0, then the

nonnegativity of (0.5) follows from the monotonicity of f in p'.



e If f(p1,p)) > 0. then by the form of f, we must have f(ps,p}) > 0. Therefore, (0.5)
reduces to min(0, f(pa,py)) — min(0, f(p1,p5)). If f(p1,p5y) > 0, then by the form of f,
we must have f(pq,p)) >0, therefore (0.5) is nonnegative; if f(p;,p5) <0, we must have
f(pa,ph) > f(p1,15)-

Therefore (0.5) is also nonnegative and the claim is proved. [

Proof of Proposition 3. First, by using the same argument as in the proof of Proposition

1, we can safely remove the ()T operator in our discussions. Next we show that p} €

argmax, 5(r (p1,p¥ (p1)) + = (p1,p¥(p1))) when x> h(y)c+ 2t. We first note that pj is a

local maximizer. This is because when p; = p%, and z > ;¢ + 2t, we have pZ (p}) = chvaIth’
pE(p}) = 5= and @ > ¢ — pi +pl (p}) +t > ¢ — pi + Pk (p}) — t. Therefore, locally, the

ctyp

objective value function is p(c —p+~v“5%) and pj is exactly its maximizer.

Now we want to show that it is also a global optimum. First we note that for all p such

that

ct+yp+t c+yp—t
pg(p):T7 pé(p) :Tv (0-6)

the objective is smaller than that achieved by pj. This is because that when the above

equations hold, the objective function can be written as

c+yp+t

. c+ —1
2L mingec - 40 L),

p(min(ﬂc,c—erv 5

which is concave. And as we have argued, p} is a local maximizer of the concave function
thus achieves a greater value than all other p’s.

Next we consider p that doesn’t satisfy (0.6). We first consider the case when

pi(p)=c+p+t—z,  py(p)=c+yp—t—u. (0.7)

Note that in this case, p > p}. Since ¢ — p+pi(p) and ¢ —p+ vp%(p) are both decreasing

in p, we must still have x > ¢ —p+~p& (p) +t > c— p+vpL(p) — t. Therefore, the objective

function in this case is p(c — p+ (¢ +vp — x)), which achieves maximum at p = %

with an objective value of %. When x > ¢, we can verify that % <

(g(;z)jf; . Thus, when x > ~,¢, there is no p satisfying (0.7) that achieves a higher objective
value than pj.

Last, we consider p such that

_c+fyp—t

: (0.8)

p(p)=c+yp+t—z,  p5(p)
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Note that if pff (p) = <2+ then we must have pk (p) = “F2=L. Therefore, (0.8) is the only
remaining case to be discussed. Now we consider the objective in this case. By the same
argument, we still have = > ¢ —p+yp¥ (p) +t > c—p+ypL(p) —t for all p in this range.
Therefore, the objective function is p(c—p+2(c+yp+t—x+3(c+yp—t))), which achieves
its maximum at p = (1;(—1%1% However, when x > v3c+ 2t, p < % This means that
p does not satisfy (0.8). Therefore, when x > ~3¢ + 2t, there is no local maximum in the
range of (0.8). The maximum values obtained in this range is no higher than the maximum
values in (0.6) and (0.7). Therefore, we proved that pj is indeed the optimal solution,
and pi”, pL” follow as maximizers as well. And note that essentially the above argument
showed that pi is the unique maximizer to (3), and it is a sequential game, therefore, the
equilibrium is also unique. [
Proof of Proposition 4. To show this, we need to show that

1
2
when z < ;ﬁ(c —t). Note that when p; = p} and =z < ;:—1(0 —t), p(p}) =c+yp; +t—

p} = argmax, —(r (p1,p¥ (p1)) + " (p1,p% (p1))) (0.9)

,p5 (pi) = c+7pi —t —x and v = c—pj +ypy (p) —t < ¢ — pi + P4’ (p}) +t. For all p < pj,
the objective value is still px < pjx. Therefore, pj achieves higher revenue than all p < pj.
Now we consider p > p}. Note that for all p > p?, we still have pl(p) = c+yp+t—z,pl(p) =
c¢+~yp—t—z. Therefore the objective is p- (min(x,c—p+~y(c+yp+t—x)+1t) +min(z,c—
p+vy(c+yp—t—x)—1t)). Note that this is a concave function. And the right gradient at pj
is (1+7)(c—t)+(1—=y)z—2(1=7")pi = (3+7)z — (1+7)(c—1) <O when z < 7 (c —1).
Therefore, p; must be the maximizer of (0.9) and p& " pé* follows as optimal point as well.
Again, by the above argument, p} is the unique maximizer to (3), and it is a sequential
game, therefore, the equilibrium is also unique. [

Proof of Proposition 5. Note v > ﬁ Therefore when x > h(vy)c+ 2t, by Propositions

1, 2 and 3, we have

c? 4t
(2_7)27 ‘/1(070)_‘/2(070)_ (2_7)27

Vi(S,5) =V,(S,5) =
and

2—|— 2 4+2 A2 2 t2
(S0 =T(C8) = E T ) =vs.0) = () e

By simple algebra, we have V5(S,C) > V5(S,S) for all v > 0, or equivalently Vi(C,S) >
Vi(S,.5). We also have

e CE R i




. . 2 .
Therefore, V1 (S,C) > V1(C,C) if and only if t < 2\/;’_—2720. Equivalently, V5(C,S) < V,(C,C)
. . 42 . i ey
if and only if ¢t > /R \/mc . Therefore, the claims on the pure-strategy equilibria hold.

Moreover, suppose firm 2 assigns probability weight ¢ to S and probability weight (1 — q)

to C'. If a mixed strategy is a best response then each of the pure strategies involved in the
mix must itself be a best response. In particular, each must yield the same expected payoff.
Hence, in equilibrium, for firm 1, the payoffs of firm 1 against firm 2’s mixed strategy must

be the same regardless which strategy firm 1 plays, i.e.,
qV1(S,8)+ (1 —q)Vi(S,C)=¢V1(C,S)+ (1 —¢q)V4(C,C). (0.10)

If Vi(S,C) > V4(C,C), then by Vi(C,S) > Vi(S,S), the weight ¢ = 1/(1 + (V1(C,S) —
Vi(S,8))/(Vi(S,C) — Vi(C,(C))) indeed belongs to the range [0,1]. Similarly, we can solve
the weight in firm 1’s mixed strategy in equilibrium. Since the weights are unique in
each firm’s strategy in equilibrium, there exists a unique mixed strategy equilibrium. If
Vi(S,C) < Vi(C,C), the weight satisfying (0.10) falls outside of [0, 1] and hence there exists
no mixed strategy equilibrium. [

Proof of Propositions 7 and 8. We first define x; as in Proposition 7: If 3_%/ > ﬁ >

=y 1
35 35 then
—2v244~y—1 1— —
L IfL> %, then x; = ﬁc—l— ;’_—375.
—29%44y—1  t ~ (1= (=7*+2v+1) _ P =2y+2 7’ —67+6
2. It =550 > 0 2 Somanyqar then & = s+ e st
t - A=) (=7 +27+1) : SN
3. If = < g R | then x; is the larger root to the equation:

(292 =9y +9)z? — (29* — 67 +6)cx + (1 —7)* —2(1 —v)ct — 2(1 — )zt + (1 —7)t* = 0.
(0.11)

t 1- 1
Ifz<gm,then
t ¥ _ 1—y 3—v
1 Ifzzm, then a:l—ﬂc—i—ﬂt
. (1-2
2. If L < min{3=3", 7%=}, then ;= et

3. If % <i< 7 »then z is the larger root to (0.11).
We note that the equilibrium revenues shown in Table 3 and Table 2 have different break-

points. We first establish the following lemma that orders these breakpoints.

LEMMA 1. For all input c, t and x, we have £ < &+t and == < &=L, Furthermore,
Y Y Y Y
t 1 c—t c+t c
o When {2575, 55 <55 S35 Tt

1 t~ 1= 1 c—t c ctt
o When 3-2y > P > 3=y 3-2y’ 2— < 3—2y +t< 2—v°
C

t 1—v 1 c—t c+t
o When ;< e o T <a <o
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We prove each case in Lemma 1 and then summarize the results in the end. We have the

following claims.

CLAamM 1. Ift> L then VO >V¥,
Y

° If , then Vc > V )
2E—42(1—)

° If < ﬁ, then VS > VS when * < x < £ -I-t-l—w and VS <V otherwise.

Here x* is defined as follows:

1 Ift >’2L471 then x* = ; 10—1—3 21,
—27 +4v 1 A= (=7?+279+1) _ Y—2y42 72 —6v+6
2. If > CZ B9 223177 then x* = 751 5C T Rz a5t

3. Ift < W—gﬁ, then x* is the larger root to (0.11).

1—y
CLAIM 2. If3 5 > 2 “3om 2 , then

CLAIM 3. Ifi <321 then
Y

° If > 5= then VC > VS,
\/T .
° If <1, then VS >VC whenao* <z << stHi+ VECAPA) g VS <V otherwise.

et 23-7)
Here x* is defined as follows:
L Ift> 7 , then x* _Vc—i— ?’_—Vt
2. ]f—<m1n{:1,) 3’;,4 =}, then z* :C+t
3. Ifé gz <l<g 1 sthen ™ is the larger root to (0.11).

Proof of Claim 1. We consider different cases for x.

2+7t)2 > = 'Y)2 =V*. And when high demand realizes,

VY is always hlgher than VS . When low demand realizes, V¢ > V¥ if and only if t > vc.

5 _ c_(c+t—x)(w—t)_ S+t (@—t—5)* P41
Vs 17y R S W TG Qg [y 2 (012)

Note that if v2c2 < 4t2(1 — v), then V¥ < V¢ Now we consider the case when ~%c? >
4t?(1 — ). First we claim that v > 1/2 in this case. Otherwise, v2c* < 4?(3 — 2v)%t? =
(3y — 29%)%t* < t* when 0 <~ <1/2, but 4(1 —v)t* > 2t?, which contradicts with the case

assumption y2c? > 4t?(1 — 7). Therefore

maximum value of (0.12) . We plug in
T=35 (0.12) and get:
ys_po_ @—t=5)" P-d(l-y) 1 (47—272—1 2_t2)<0_
1—v 41—=7)2=7)32 (2-7)2\ (B—2y)? B
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The last inequality is because ¢ < (3 —2v)t and 4y —2y% — 1 < 1. Therefore, in this interval,
V¢ is always greater than V°. To decompose it into each sub-case, when the demand is

high, we have

i oo (ctt—z)z  (c+t)  —(z—-F) 7 (e+1)
e e R A ey ez b

And when the demand is low, we have

(cHt—a)(@=20) (c—t) (e8P  2c—¢)

RL _ pL — — =— + . (0.14)
s e 1—7 (2—7)? l—y  4(1-9)(2-7)?
It can be shown that (0.14) is positive when z € [<£3 — 27((26:,?) b3t 4 7(6 o) ] If t > e, then
RE is always higher, however, if y¢ > ¢, then R% is greater for x € [max{ 32 ,27104—
37
2,_’yt}7 2— ]
3 CH <z . We have
—t 2 2 t2
ys_ye (o tray o (0.15)

22-72  (2-7
Note that (0.15) is a convex function. And by the continuity of the revenue function in
Table 3 and 2, we know that at # = 3= +1, (0.15) is smaller than 0. And at z =0, (0.15)
is also less than 0, therefore, by convexity, (0.15) is less than 0 for any z in this case. To

decompose it into each sub-case, when the demand is high, we have

—t t)? —5)? —1)? t)?
R?_RH:(C +CC),'I:_ (C+ )2:(93 2) o (C ) _ (C“[‘ )27 (0-16)
2—v (2-7) 2—v  42-7) (2-9)
which is a convex function and the minimizer is &t < c“ , therefore it is maximized at
, (0.16) is negatlve at T =35 o 18
always greater.
When the demand is low, we have
—t+x)(c—t—(1—7)x) (c—1t)? x
RL—RL:(C — = —(1=v)x+~v(c—1)[0.17
: 27 @~ @qp (el olD
Therefore, (0.17) is positive when z < Vg%_wt) And it can be shown that Wic__vt) <
the range we are considering. Therefore, R% is larger if z € [§+§, 7§C vt)]
. %<m<g. We have:
VS _1C (c—t+:c2)2 - (c—t)22 (et+t—z) —x{( 1 - 1 )x— c+t N 2c— 2t
2(2=7)*  2(2-7) 1—7y (2-7) 1-v 1—y (2-9)

)
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c+t
2—

at x = %, VS < Ve, Therefore, we have V° < V¢ for any « in this case. To decompose it

This is maximized at x = . However, by the results in the previous part, we know that

into each sub-case, when the demand is high, we have

c—t+z)z (c+t—a:)a:: (B3=27)x —c— (3—=2v)t)x
2—v 1—vy (1=7)2=7)

Therefore when high demand realizes, V¢ is always higher. When low demand realizes,

Ctta)e—t-(-y)a) (c—t
RL—RL:(C - = —(I—=vy)x+~vy(c—1t)).
’ (2—7) =P @—yp et
Therefore, R% is hlgher when z € [7=%, min(5=, Wgc;:))]

¢ 35, <

VS _vC = (;(_21:‘”;3 . (Cl__xv)x. (0.18)

Note that (0.18) i

previous part). We can also verify that it is negative at ;= Therefore VS < VY for x in

L ~ (by the argument in the

this range. To decompose it into each sub-case, when the demand is high, we have

—t4+x)r (c+t—ax)x (B—=2y)xr—c—(3—27)t
RH—RHZ (C — = , 0.19
PR Ty = 2707 (019
which is always negative. Therefore, RY is always less than REZ. When low demand realizes,
we have
RL_ RL — (c—t+z)(c—t—(1-7)z) (c—t—2n)z
1
= 3—2y)z—(c—1))(x—(1—7)(x—1)). 0.20
TEo (B e 0)e—(1-n@=0). (020

When v > 1/2, RL is always greater than RL in this range. When v < 1/2, RL is greater
than RE if z € [(1 —7)(0— t)

e T

)

(C_lw__vt)x < (cl—_ac’za: =VY RE is always

greater than RS, and RE is always the same as RE.
To summarize the results, when ¢ < (3 —2v)t, V¢ is always greater than V*°. And when
high demand realizes, V¢ is always higher. When low demand realizes, V* is sometimes
higher depending on the relationship between ¢, t and v. U

Proof of Claim 2. We consider different cases for x.
o 7)2 < oy +t)2 = VY. And when high demand realizes,
VY is always hlgher, when low demand realizes, V¢ is higher if and only if ¢ > ~ye.
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o ;o <wz<
ys_ypo_lett—a)@—t) A+ :_(x—t—§>2+72c2—4t2(1—v). (0.21)

17y (2—19) 1—vy 4(1=7)(2—7)?
Only if v2¢? > 4(1 — )t can this be positive. Assume %c? > 4(1 —~)t?, it is easy to see that

~ve > 2(1 —~)t, which implies % > £ +t. Thus (0.21) is maximized at x = % Plugging

2
it in, we have

(z—t=5)" P —4P(1—q) qet— (29t

1—7 A1-7)2-7)?2  (2-9)
which is positive only if y¢ > (2 — )t (which implies y?c? > 4(1 — ~)t?). Therefore we can
conclude that in this case, when ¢ > (2 — )t and % <z <t+s+ —W, then
VS >V, Otherwise, VC > V*. To decompose it into each sub-case, when the demand is

VSVl =—

high, we have

R RY — (ctt—z)z  (ct+t)®  —(z—) V(c+t)?

1—v (2-17)? 1—7 A(1=7)(2=7)*

which is always negative in this range. When the demand is low, we have

RL— RE— (c+t—z)(z—2t) (c—1) _ (- etity? N Y2 (c—t)?

1—v (2-1)2 l—y 41 =7)(2-7)*

which is positive when z € <5 — ((Cffy)), etdt 4 7( ] And this implies that R% is higher

C 1 —
when z € [max{5*, 2—304— sth 5% + 1.

¢ << L Tn this case, we have
3—2y 2—7 ’

VS_VC:(c+t—x)(x—t)_(c+t—x)w_ (c—1t)? _ (c—t)%y? _(x—%gtf
1—vy 22-7)  22-v)2 8(1-ME2-7)?* 201-9v)
which is positive when z is between <t 2((20 f/) and <3 4 ;’((QC t)) Note that the positive
root is always greater than CH However the negative root = 7c—i— 3= 7t is less than C+t only
1 c
if y¢ > (2 — 7)t. Therefore, When ~ve > (2 — )t and max {2_—7/0—}— 5t 375 } <z < +t

then V° > V¢, otherwise V¥ < V. To decompose it into each sub-case, it is easy to see

that when high demand realizes, RY = RZ. When low demand realizes,

o g et tom@=2) (et (- ey
e 1—~ (2—7)? 1=y 41=7)2-7)*
which is posmve when z € [¢£3 — 2le=t) fetat 4 Ales t)] Therefore, R% is higher when z €

2(2—7)? 2(2—
3— c+t
’ 2 ::C—i— ’yt}72,'y]'

[max{ 35
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(c—t+x)2_ (c=t)? (ctt—z)x
22-7)*  22-7)? 2(1-9)

- 2(2—7)2(1—7) {(72—5’Y+5)x— (v* =2y +2)c— (72—67+6)t}.

Therefore V> V¢ if and only if

VS—VC:

2 —2’y+2 72 —6’y+6
~?2 —57+5 ~?2 —574—5

>z =

(0.22)

Now we want to consider several cases. First we compare the right hand side of (0.22) to
- if (=292 +4y—1)c> (3 - 27)75. This is

con81stent with the previous result, i.e., it is also if and only if 3 - 7c+ 3= 7t <35 Therefore

the range for V5 > V¢ will be (max{z*

]. To decompose it into eaoh sub-case
72 ’y ’3*2’7 )

when the demand is high, we have

(c—t+z)z (c+t—z)r (3-2y)r—c—(3—27))x

R _ RH — — = <0.
° 2—7 1—7 1=7(2=")
When low demand realizes, we have
—t+z)(c—t—(1—=7)z) (c—1t)* x
RL—RL:(C — = —(1=v)x+~y(c—1)).
: 27 @p G-y UMt
Therefore, R% is hlgher when z € [§=, min(3-5; +1, 5 7))].

VS _yC (c=t+a)* (c—o)x
2(2—7)? 1—v
(272 =9y+9)2? — (292 — 67+ 6)ca + (1 — ) (c® — 2ct — 2wt +17)

22—=7)2(1—7)

Note (0.23) is a convex function and it is less than 0 at z =

. (0.23)

= (because the Contlnulty of

the revenue function and the result in next part). And it is posmve at =

V34972234417 V4972237417 et
¢> 755t Therefore, if ¢ > (1 7oyt there is a unique root r* €[5 27 5]

of (0.23). And V* >V if z € (z*, ] And if ¢ < %t, then V° < V¢ in this
range.

To decompose it into each sub-case, when the demand is high, we have

(c—t+z)r (c+t—z)r (B3-27)r—c—(3-2y)t)z

RY — RE = — = :
§o0e 2—7 1—~ 2-7)(1-7)
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which is always negative in this range. When the low demand realizes, we have

fis ~fie = (2-7)? -y (1=7)(2—7)?

When v > 1/2, RL is always greater than RL in this range. When v < 1/2, RE is greater
than RE if z € [(1—7)(c—1t), c—z] (could be empty set depending on the value of 7).

C

o r < . It is easy to see that V° < V¢ in this range. And for this case, it is easy to
see that Rg is always greater than RY, and R% is always the same as R, [

Proof of Claim 3. We consider different cases for x.

realizes, V¢ is always higher' when low demand realizes, V¢ is higher if and only if ¢ > vc.
c+t

s C_(c+t—x)(a;—t)_ c? +t? :_(m—t—g)Q Y2c? — 4t2 (1 — )
L e A SR T¢ ) 1 S ER

Similar to the proof of Claim 2, we must ensure that v2c? > 4t2(1—+) in order for V5 > V¢,
which also guarantees that $=* > £ +¢. When $** > £ +¢, the maximum of (0.24) in this
range is obtained at x = c+t We plug in = C_fy and find out that V¥ > V¢ if and only

if ye> (2 —~)t (which 1mp11es v2c? > 4(1 — 7)t). Therefore, we can conclude that in this

case, when

c+t V22— 482 (1 — )
2—9)t d —— <t
ye>(2—7)t an 2_7<x +2+ 32— ;

VS > VC Otherwise, V¢ > V7. To decompose it into each sub-case, when the demand is

high, we have

g _pu_lett—mz  (c+t) (-5 e+t)’
i l—y  (2-7) -y 4l-7)E-7)?
which is always negative in this range. When the demand is low, we have
RL_ RL_ (c+t—x)(x—2t) (c—t)* (x—%g’t)a_ Y (c—t)?
e 1—~ (2=7)? 1=y 41 =7)(2-7)*

c+3t y(e=t) 43t + Y(e=t)

- 5= 2 ] Therefore, RY is higher when

which is positive when z € [<5

x € [max{gﬁy,z_z c+ 32 soth 5+t

<zx< gi In this case, we have

c—t
2—y

ctt—a)(x—1t) (c—t)? (ett—z)z (c—t)%*y? _(:/L‘—%?”t)2
1—v 22=7)*  201-v) 81-7(2-7)? 201-v)°

(c—tta)lc—t—(1-7)z) (c—t-z)z (B-27)z—(c-t))(z-(1-7)(z~1)
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which is positive when z is between <53 — % and <23 4 % Note that the positive
ett

7= And the negative root is less than CT“ if yve > (2 —9)t.

root is always greater than 3

c—t
2—y

~ve > (4 — v)t, the negative root is less than c:t Therefore, when ¢ > 4;775 VS > VY for

and when

Moreover, when ~yc < (4 — v)t, we have the negative root is greater than

any capacity level z. When 2= 7 <ec< 71& V5> V¢ if and only if 3 = 70+ 5 V15 <z < §+fy

And when ¢ < 715 Ve > VS for all z in this range. To decompose it into each sub-case,

it is easy to see that when high demand realizes, RY = RZ. When low demand realizes, we

have

RL_RL_(c+t—x)(x—2t)_ (c—t)? __(:c—%?’t)2 Y (c—1t)?

e 1—7 (2-7)? 1=y 41 =9)(2-7)*
which is posmve when z € [“£3 — 7((26:?), etdt 7(( ] Therefore, R% is higher when z €
[max{ 5 V5o ZC—I—?’ A’t} C+t]
° 3727 —l—t <z
R (ctt—a)(@—t) (c—z)z _ 2tx —t* —ct _ ot (2 —1—0)
1—7 1—7 1—7x 1—7~

which is positive if z > <. One can show that <* %’5 if and only if (4 —v)t <~yc. And
ot (1—2v)e>(3— 27)t. Therefore, if (1 —2v)c < (3 —27)t, then
V5 >VC for all x in this range, and if (1 —2y)c> (3 —2v)t, then V5 >V when z > H¢

and V° <V otherwise.

To decompose it into each sub-case, it is easy to see that when high demand realizes,
RY = RE. When low demand realizes,
c+t—x)(x—2t) (c—t—z)z 2t(2x—c—1t)

RL_RL:( o _
o 11— 1—7 11—~

Therefore, R is higher if x> <t

VS _yC (c=t+a)® (c—o)x
2(2—7)? 1—v
(292 =9y+9)2? — (29— 67— 6)cax + (1 —7)(c® — 2ct — 2wt +17)

22—=7)2(1—7)

, (0.25)

which is convex and less than 0 at x =

3
(1 —2v)c < (3 —27v)t. Denote the larger root of (0.25) by z*. Therefore, when (1 —27v)c>
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(3 —2%)t, V¢ > V¥ for all x in this range and when (1 — 2v)c < (3 —2¥)t, Vo> VY if
T € (2%, 75

- g (c—t+z)r (ct+t—z)r [(B-27)r—c—(3—29)t
B T T B B

which is always negative in this range. When low demand realizes,

I ; (c=t+z)(c—t—(1-v)z) (c—t—2)x
e = CE T
1
= (1_7)<2_7)2((3—27)$—(C—t))(l‘—(l—’y)(l’—t))

When v > 1/2, R% is always greater than RE in this range. When v < 1/2, RL is greater
than RG if x € [(1—~)(c—t), 55 % +T] (could be empty set depending on the value of 7).

C

o r < . It is easy to see that V° < V¢ in this range. And for this case, it is easy to
see that RH is always greater than RY, and RL is always the same as R. [
Proof of Proposition 9. Part (i): The proof of this part is similar to the proof of Propo-

sition 5. We first show the following lemma:

LEMMA 2. Assume the capacities for the firms are x1 and x5, and the demand functions

are
D1 (p1,p2) = (c—ap1 +ayps)™ and Ds(p1,p2) = (¢ — aps +ayp:) ™.

Then in a one-period game, the unique Nash equilibrium pricing and equilibrium revenue
are as follows:
e Case 1: If x1 > ﬁ and xo > =

2—y 7’ 2-7)
the equilibrium revenue s ﬁ for both firms. In this case, both firms use the revenue-

and

then the equilibrium prices are p} = p5 =

Mmaximizing price.

o Case 2: If 11 < 3% and x5 > cﬂ(% then the equilibrium prices are p; = %
* _ ctyle—z — (eyf2(e—zi))z _ (ety(e=21))?
and ph = (2_—7)1 The equilibrium revenues are vi = (Q—V)ll and vy = W In

this case, the first firm uses the capacity-depleting price and the second firm uses revenue-

MaTIMizing price.

o Case 3: If x1 > w and xo < 5, then the equilibrium prices are p} = —C“L(;(_C_;SQ)
_ ey H2e—x _ (ctyle—2x2))? (cy+2(c—x
and p = W The equilibrium revenues are vy = W and vy = (2—7)2 In

this case, the second firm uses the capacity-depleting price and the first firm uses revenue-
MazTimizing price.

o Case 4: Lastly, if yx1+ (2 —v*)z2 < (1 +7)c and yxg + (2 — )z < (1 + )¢, then

_ v(c—z2)+ec—x1

the equilibrium prices are p; = T=125== and p; = ve—zi)te-ap

(1-2)
. In this case, both firms are using the

The equilibrium revenues

(y(e=z1)+c—z2)T2
(1-+2)

are v} = (y(e= x2)+0)x1)x1

1
capacity-depleting policy.

and vy =
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The proof of Lemma 2 is very similar to that of Proposition 1 and is omitted for the sake
of space.
Therefore, we know that when z; > x5 > L + t, the equilibrium revenue for both firms

are —< e when both of them choose contlngent pricing. And furthermore, by Proposition

2
3, W(hen x1 > 3 > h(y)c+ 2t, and one firm chooses committed pricing and the other one
chooses contingent pricing, we must have that the capacity is not binding under either
demand realizations, and thus the equilibrium is as stated in Proposition 3. Therefore, by
Proposition 5, we have the first part of Proposition 5.

Part (ii): We first study the equilibrium revenues for both firms when both firms choose

contingent pricing strategy. By Lemma 2, we know that when
Y1+ (2= 773 < (L+7)(c—€) and a2 + (2 —7%)z1 < (1+7)(c—¢€),  (0.26)

the expected revenues are

— (El) +c— iL'Q)iL‘Q

‘/1(0,0) — (7(6_3&)_'—6_1'1)331 and ‘/2(070) _ (7(0 ! _72

1—~2

And if xy <2, < ;)f’ (c —€), we know that condition (0.26) holds. Thus the equilibrium

revenues are as specified.
Next, we study the equilibrium revenues for both firms when firm 1 chooses committed

pricing and firm 2 chooses contingent pricing. We show that when x, < x; < ;H (c—e),

the equilibrium revenues for firm 1 is Vi(S,C) = (W(Cfm)“l:?{(lﬂ)e)xl < Vi(C,0), and thus

(C,C) is the Nash equilibrium. To show this, we first show that at equilibrium, all firms

will use capacity-depleting price. We find that in order to show that the firms are using
capacity-depleting prices at equilibrium, it is equivalent as showing that at optimal prices

pi, pil and pL, we have

cCoetm

ct+ypy —¢
J— 2 .

and z; < 5

T
To find the optimal prices, we obtain the following conditions:

pr=c+py —e—z, and py=c+yp; — e — 72

1+y
3+

can verify that the optimality conditions of p; and p, indeed hold. Similarly, we can also

show that V3(C, S) = Q= “Hi — (W92 15 (C, C). Thus, under the conditions of part

2, (C,C) is the Nash equilibrium.

Solving the above conditions and combining with the condition that x;, 2, < (c—e), we




16

Part (iii): We study the subgame equilibrium when the stage 0 decision are (5,.5), (S,C),
(C,S) and (C,C), respectively. Note that since firms are asymmetric, the subgame equi-
librium of (S,C) and (C,S) will no longer be symmetric. For the sake of space, we only
present the main steps of the proof.

Case 1. Both firms make price commitment. In this case, when x; > ctyett—’t Te <

57
% the equilibrium prices are: py = (c+ ye—yt —yx2), P 172 (2;# ye—2t —
2x9) and the equilibrium revenues are: Rf = m(c +ye — Ayt — ’yxg) , RS = 2_172 (2¢ +
ye— 2t — 2x9) T

Case 2. Both firms use contingent pricing. In this case, when z; > 3 *7 < =L, the
equilibrium revenues are (based on Lemma 1): R{ = (CJE;:;Y;Z) + t(221+;)2 : RC " (26+
ye— 2t — 2x5)Ts.

Case 3. Firm 1 moves first, firm 2 follows. In this case, when z; > 2(1—077), Ty < %c,

The equilibrium prices are p; = u;r(wfc“’)“, pi =c+ps +t T2, py =c+yp1 —t — 2 and

_(9_~2
R, Ry = g,

Case 4. Firm 2 moves first, firm 1 follows. In this case, when x; > 1+720 Ty < 20 (c—1),

— 6—2v
2 £)—2
the equilibrium prices are p, = %, pil = bt pl —

(2+2yc—27z2—(2+7)71)? +ﬁ R2F — (2+7)(c=t) =2
4(2—~2)? 40 72 272

results in the four parts and performing simple algebraic comparisons, we have the desired

the equilibrium revenues are Ri¥ =

% and the equilib-

Zo. Summarizing the

rium revenues are R?I =

result. O

PROPOSITION 1 (TwO-PERIOD MODEL: €3 =0). The equilibrium prices and revenues
when both firms use committed pricing strategy or contingent pricing strateqy are given in

Tables 1 and 2.

Equilibrium Price | Equilibrium Revenue
2c c 2c2
2 N +i st oti—De—1
+ t < X < +t 2(1—7) W
Ze—the (2e—t+a)?
3— 3 2'y 2(2—7) 4(2=7)2
Ze—t—w Qe—z—t)z
3 27 2(1—y) 2(1—y)

Table 1 Equilibrium prices and revenues when both firms use committed pricing

Proof of Proposition 1. First, we consider the second period problem with general
capacity levels. Assume there are x; and x5 capacity left in the beginning of the second

period, then the unique Nash equilibrium are given as follows (an extension of Lemma 1):
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Equilibrium Price | Equilibrium Revenue
> _2c c 2c?
25+t (2-7) (2-7)?
2 1_¢ +1 12c—z+t |1 (203 + 2 (z—t)(2c—z+t)
2— 3(2-) '3 (1-) | 32(2- )222 w 2(1-7)
< p< 20 2c—x c—x)r—2t
dses, -2 2] 317)
Table 2 Equilibrium prices and revenues when both firms use contingent pricing

e Case 1: If 1 > 23/ and xy > ﬁ, then the equilibrium prices are pj = pj = ﬁ
and the equilibrium revenues are ﬁ for both firms. In this case, both firms use the

revenue-maximizing price.

o Case 2: If 1, < LV and x5 > C*g{% then the equilibrium prices are pj = —67?22,(;;6 L)
and p} = % The equilibrium revenues are v = % and v; = —(CJF(’QY(_C;%))Q

In this case, the first firm uses the capacity-depleting price and the second firm uses the

revenue-maximizing price.

e Case 3: If 21 > CJF;Y(% and z; < 7%, then the equilibrium prices are pj = %
— eyF2(c—x2) _ (cty(e=x9))? « _ (eyt2(c—zo))x
and pj = (2_—72)2 The equilibrium revenues are vy = W and vy = T)QQ

In this case, the second firm uses the capacity-depleting price and the first firm uses the

revenue-maximizing price.

e Case 4: Lastly, if yx; + (2 — vz < (1 +7)c and yxs + (2 — v}z < (1 + 7)e, then

the equilibrium prices are p} = % and p} = W The equilibrium revenues
are v} = Q= Ti”c)“)“ and v} = (y(e= ﬁ)_f;)“)“. In this case, both firms use the capacity-

depleting price.

Now we consider the first period problem. We denote Vi(x1,z5) and Vi(xy,25) as the
equilibrium revenues of the second stage for firms 1 and 2 respectively, if there are (xy, z5)
capacity left. The formulas of Vi(z1,25) and Va(x1,22) have been given above. Now we
want to study the equilibrium prices pj and pj in the first period for this two stage game.

For any Nash equilibrium, we must have:

p; =argmax F {p1 -min{z, D} +Vi((z — D)%, (z — D2)+)} ,
p1

Py = argn;axE {p2-min{z, Do} 4+ Va((z — Dy) ", (x — D2)™)}. (0.27)
2
Note that min{z, D} =x — (x — D)" and define
Ri=(x—Di)" =(@—ct+pi—p2—€)",
Ry=(x—Dy)"'=(x—c+ps—p1 —€)". (0.28)

We can transform (0.27) to

Py = argn;’ax{plx —piER + EVi(Ry,Ry)},
1
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p; = arg H;?X{pgx — pQERQ + E‘/Q(Rl, Rg)} (029)

Now we solve this problem. We focus on symmetric Nash equilibria. We will study several
cases based on the remaining capacity (at equilibrium) after the first period and solve for
(possible) equilibria that satisfy the remaining capacity constraint in each case. Then we
characterize the equilibrium prices and revenues (and the corresponding capacity condi-
tions).
e Case 1. We study the situation where
x—c+p" —p* —tZL (0.30)
2—n

This is the case where the remaining capacity after the first period is still sufficiently high
so that the optimal pricing in the second period is to use the revenue-maximizing pricing
(and note under condition (0.30), the remaining capacity must be strictly positive after

the first period). The equilibrium pricing should satisfy

Hprx —p1 ER, + EVi (R, Rs)}
Op1

(p1,p3) =0.

OEVi(R1,R2) __ OEVi(R1,R2)

And since Vo = 5 R2 =0, we have the equilibrium condition as: ¢ —2p* +~vyp* =

0, or equivalently, pj = p; = 5. And to make (0.30) hold, we need to have z > 52 a2

22_07 +1, the equilibrium price is pj = pj = 5%, and the ﬁrm will

To summarize, when x >

use the revenue-maximizing price throughout the horizon. And the equ111br1um revenue is

2c?
2-v)*"
e Case 2: Next we study the equilibrium when

X k
V) =Vy =

c
rT—c+p —p+t < ——,
2—7y
r—c+p"—ap —t > 0. (0.31)

The first condition says that even if the first period demand realizes to be low, the remaining
capacity is still not sufficiently high and a capacity depleting pricing is optimal for the
second stage. The second condition says that even if the first period demand realizes to be
high, we still have positive remaining capacities for the second stage. The second condition
removes the ()" in Ry and Ry and allows us to take a neat derivative for (0.29).

We consider the equilibrium equation (0.29), we consider the first-order optimality con-
dition. We have given (0.31), 8ER1 =1, and

)

op1 a OR, . op1 * OR; ' op1 1 —’72 1 —’72
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where the second equality is because of (0.31) and case 4 in the beginning of the proof.

Setting the derivative to zero and set p; = ps = p*, we have p* = Q%Tj,)- And to make (0.31)

to hold, we need to have 2t < x < 22_07 — 2t.
2c 2c—x
- 20"

we compute the equilibrium revenue. We just need to summarize the revenues under two

To summarize, when 2t < z < — 2t, the equilibrium pricing is p} = p} = Now

scenarios. Under the high-demand scenario, the revenue is

2c—x ,x x x _ 2c-x @ (c=5+1)(5—1)
m(_ﬂ)ﬁfl(?_t’__t)_—Q(l—v)(2HH ) :

2 2
And under the low-demand scenario, the revenue is

2c—x x 2c—x | x

x x
S (-t 4+Vi(e 4t o) =
2(1—7)(2 ARCCRLERL 2(1—7)(2 )+ (1—7)
Therefore the total expected revenue is
. . (2c—x)x—2t*
2(1=9)
e Case 3: Lastly, we consider the case when
* * T
rT—ctp = +t>—0,
2—9
x
— ept -t < —. 0.32
r—c+p —yp 2~ ( )

This is the case when the first period demand is high, the remaining capacity is relatively
low so that a capacity depleting pricing should be used, and when the first period demand
is low, the remaining capacity is relatively high so that a revenue-maximizing price should
be used. We again consider the first order optimality condition of the equilibrium condition
(0.29). In this case, the optimality condition is

1 (—2R{{+c—7(c—R§{) N Ry~? ) o,

where RIT =z —c+p; —yps —t and RY =z —c+py —vyp1 —t. Then by setting p; = p; = p*,
we have the equilibrium price in this case is:
_B=31) - (-1)(2=1)
3(1-=7)(2-7)
And in order to make (0.32) hold, we need to have:

2 gpep<2C Ly
— X o — .
2—7 2—7v
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This is actually exactly filling the gap of x ranges in the previous two cases. To summarize,

when
2c

2—7

2c
—U << ——— + 1,
2—7
the equilibrium price is
.53y~ (x—1)(2—7)
31=7)(2-7)
And it is easy to show that this price is strictly between the equilibrium price in case 1

and case 2, i.e.,
c 2c—x

* 2(1—7)

—_<pt<
(2—7)
And one can compute the equilibrium revenue in this case is

,U*:U*:g c +1(ac—t)(2c—:c—|—t):1 (2¢)? _l_g(a:—t)(Qc—x—i—t)
PP T3(2—9)2 3 (1—7) 322-7)2 3 2(1-9)

This is actually a very interesting results, it says that the equilibrium revenue in this setting

is a mix of the revenues of the maximizing pricing and the capacity depleting pricing, with
a weight of (1/3,2/3). O



