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E-Companion to Model-Free Assortment Pricing with
Transaction Data
Ningyuan Chen, Andre A. Cire, Ming Hu, Saman Lagzi

EC.1. Additional Tables and Figures

Table EC.1 shows the percentage performance ratio of the conservative, LP relaxation, and cut-off
pricing as explained in Section 7.1. All the instances were solved to optimality using Gurobi 9.0.0
in Python with a desktop computer (Intel Core i7-8700, 3.2 GHz). Similarly, Table EC.2 portrays

the average performance guarantee of conservative and cut-off pricing approximation algorithms.

Table EC.1  The relative performance of the approximation

strategies. Standard errors are reported in parentheses.

Performance relative to the optimal solution

LP Relaxation Cut-off

Conservative

97.6% (0.1%

12.5% (0.6%)
10.8% (0.4%)
9.1% (0.4%)
9.1% (0.5%)
7.4% (0.3%)
5.3% (0.2%)

(0.2%)

4.4% (0.2%

79.8% (0.6%)
73.3% (0.6%)
70.4% (0.5%)
72.1% (0.5%)
82.4% (0.4%)
85.0% (0.3%)

(0.3%)

85.4% (0.3%

)
97.0% (0.1%)
96.5% (0.1%)
96.0% (0.1%)
99.0% (0.1%)
99.3% (0.1%)
99.6% (0.1%)

Table EC.2

The performance guarantee of

approximation strategies. Standard errors are

reported in parentheses.

Theoretical performance guarantee

Conservative

Cut-off

2.2% (0.2%
1.9% (0.1%

50.1% (3.8%
49.5% (3.8%

)

) )
) )
) L.7% (0.1%)
) 1.9% (0.2%)
) )
) )
) )

E 49.7% (4.0%
(
1.0% (0.1%
(
(

)
(3.8%)
(4.0%)

50.4% (3.7%)

49.7% (2.9%)

50.1% (2.5%)

49.9% (2.1%)

0.6% (0.0%
0.5% (0.0%

Table EC.3 contains the calculated performance bound of cut-off pricing using the 31 product
categories in the IRI academic data set. We consider the ratios of median purchase price to mean
purchase price and P/P after proper data cleaning. We note that P/P could be very small in

many categories, but this is primarily due to data entry errors. For example, some products are
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Figure EC.1  The sensitivity of the performance of the data-driven optimal pricing (OP-MIP) and cut-off
pricing relative to the optimal MNL prices estimated from the data with 100 historical customers. The difference

in the revenues is converted to percentage by dividing it by the optimal revenue of the model and then averaged.
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Figure EC.2  The sensitivity of the performance of the data-driven optimal pricing (OP-MIP) and cut-off
pricing relative to the optimal MNL prices estimated from the data with 50 historical customers. The data is

generated from a mixed logit model.
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Table EC.3  The implied performance guarantee for cut-off pricing using the IRI data.

Ratios
Category Median/Mean P/P Implied performance guarantee
Beer 0.91 0.025 45.7%
Blades 0.772 0.02 38.6%
Carbonated beverages 0.811 0.026 40.6%
Cigarettes 0.466 0.028 23.3%
Coffee 0.98 0.033 49.0%
Cold cereals 0.986 0.069 49.3%
Deodorants 0.97 0.072 48.5%
Dippers 0.769 0.07 38.5%
Facial tissue 0.812 0.04 40.6%
Frozen dinners/entrees 0.842 0.023 42.1%
Frozen pizzas 0.919 0.053 46.0%
Household cleaner 0.964 0.033 48.2%
Hotdogs 0.989 0.037 49.5%
Laundry detergent 0.914 0.031 45.7%
Margarine/spreads/butter blends 0.924 0.07 46.2%
Mayonnaise 0.951 0.09 47.5%
Milk 1.01 0.05 50.5%
Mustard & ketchup 0.953 0.063 47.7%
Paper towels 0.831 0.03 41.5%
Peanut butter 0.861 0.046 43.1%
Razors 1.02 0.145 51.1%
Photography supplies 0.92 0.057 46.0%
Salty snacks 0.982 0.023 49.0%
Shampoo 0.891 0.023 44.5%
Soup 0.942 0.021 47.1%
Spaghetti/Ttalian sauce 0.887 0.072 44.4%
Sugar substitutes 0.91 0.058 45.5%
Toilet tissue 0.935 0.032 46.8%
Toothbrush 0.733 0.01 36.7%
Toothpaste 0.831 0.013 41.6%
Yogurt 0.711 0.037 35.5%

purchased at $0.01. We remove the top and bottom 0.001 price quantiles and present the ratio in
Table EC.3. The implied performance guarantee column in Table EC.3 contains the implied theo-
retical performance guarantee by these ratios for each category, obtained through Proposition 10.

We also study the sensitivity of the performance of our data-driven model-free optimal and cut-
off pricing algorithms with respect to the dispersion of prices in the data. To that avail, we first
revisit the low-utility and high-utility experiments with a limited number of customers, explored in
Sections 7.2. For the high-utility experiments, in each of the 200 instances, {«; }}0:1 are independent
and drawn uniformly at random from the interval [1,3], while historical prices P;; are drawn
uniformly at random from the interval 7 + \/ga, where o is the standard deviation of historical
prices. In the low-utility experiment, in each of the 200 instances, {aj}}ozl are independent and
drawn uniformly at random from the interval [—2,0] and historical prices are drawn uniformly at

random from the interval 3.5+ v/30.
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Figure EC.3 The sensitivity of the performance of the data-driven cut-off pricing relative to the optimal MNL
prices estimated from censored data with 360 historical customers. The difference in the revenues is converted to

percentage by dividing it by the optimal revenue of the model and then averaged.
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Figure EC.1 portrays our results for both experiments when the number of historical customers
is fixed at 100. We observe that in both experiments, the performance of the model-free method-
ologies compared to the estimated MNL optimal prices deteriorate with the increase of ¢. This
is intuitive because given that the average historical prices are kept fixed, with the increase of
o (while customers make decisions based on the MNL model), more purchases happen at lower
prices, making the model-free approaches more conservative. In the meantime, due to a higher
price dispersion in the historical data, the MNL estimation which is correctly specified improves,
leading to better performing prices.

We further study the situation where the MNL model is misspecified and revisit the low-utility
and high-utility experiments in Section 7.3. Here, like before, we set 5, = 0.5 and 8, = 2, while
in each of the 200 instances, we randomly draw (a;j,as;) independently from [1,3] (for high-
utility) and [—2,0] (for low-utility). In the high-utility experiments, historical prices P;; are drawn
uniformly at random from the interval 7+ /3¢, while in the low-utility experiment, they are drawn
uniformly at random from the interval 3.5 4 v/30.

Figure EC.2 displays our results for both experiments when the number of historical customers is
fixed at 50 and the customers in the historical data made decisions based on the mixed logit model
described in Section 7.3. We observe that like before, with the increase of o the performances of the
model-free approach slightly deteriorate, as there will be a larger portion of low price purchases in

the historical data which tend to be reflected in the model-free pricing. However, what is interesting
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is that the performance of the estimated MNL optimal prices does not improve with the increase
of o, which can be attributed to the fact that the MNL model is misspecified here.

Finally, Figure EC.3 shows our results for the case when the data does not record all the non-
purchasing customers. In other words, the data is censored and we revisit the low-utility and
high-utility experiments with a limited number of customers, explored in Sections 7.2. As it was
mentioned in Remark 1, censoring does not affect the prices prescribed by our data-driven method-
ologies, however, it can significantly affect the estimated MNL optimal prices, even when the the
MNL choice model is correctly specified. The result in Figure EC.3 suggests that for a relatively
large number of historical customers, 360, in the high-utility experiment from Section 7.3, as long
as only 40% or less of the non-purchasing customers are recorded in the data, the data-driven prices
prescribed by cut-off pricing outperform estimated MNL optimal prices in terms of the expected
revenue. We note that in the low-utility experiment from Section 7.3, this threshold on the fraction

of recorded non-purchase customers becomes 60%.

EC.2. Proofs
Proof of Proposition 1. By Proposition 7, the optimal price output by our framework (OP-MIP)

2 I(Pi>p)
==

satisfies p* € arg maszopZ?; [(P; > p). Equivalently, we may write p* € argmax,-,p
By the Law of Large Numbers, we have lim,, W =P(Py>p) = fp+°°(1 — F(x))dG(x).

Therefore,

" 1Py > Hoeo
p* € argmax lim pZ:l:1 (P 2 p) :argmaxp/ g(x)(1— F(x))dx.
p

p>0 Moo m p>0

To prove the last part of Proposition 1, we replace g(z) in (3) with an appropriate scaling of
f(z)/(1—=F(x)) using A > 0. Hence, when g(p) o< f(p)/(1 — F(p)),
+oo

+oo
arg maxp/ g(x)(1— F(x))dx =argmax Ap f(p)dz = argmax R(p).
p

p=>0 p=>0 P p=>0

O

Proof of Theorem 1. The proof will proceed in several steps.
1. We will show that the solution to (4) on [0,a] with pfpa(l — F(z))dx > 0 is the unique maxi-
mizer of (3), p*.

2. We will show that we can assume without any loss of generality that a =1.

3. We will show that if p* < p then 1}2%(&*)) > % and for any e > 0 construct an example such that

R(P*) ~ 1
Rp =2 te

4. We will show that if p* > p then 1;(?;)) > p% and for any € > 0 construct an example such that
R(p") pe
R(p) — prl=e-
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Step 1. When g(p) =1/b, p* = arg maxpzopf:g(x)(l — F(z))dz = arg maxpzopf: $(1—F(z))da.
Thus
p*:argmaxp/ (1 - F(z))dz =argmaxpS(p). (EC.1)
p

p=20 p>0
Note that the function H(p) = pS(p) on the right hand side of (EC.1) is not zero everywhere and
is a continuous, bounded and differentiable function, defined over the compact region of [0,a]. On
the two ends, it is easy to see 05(0) = aS(a) = 0. Therefore, the maximizer of H(p) must be in the
interior of [0,a] and satisfy the first-order condition for (EC.1):

/ (- P(e))de — p*(1 - F(p')) = S(0) — R(p") = 0.

®

This proves that p* must satisfy (4).
Step 2. Assume a # 1. Then, we could define y = 2, y € [0,1] and define a new distribution
F(y) = F(ay). We have

a a y(l a

1 1 a a
_ _ 1 1 1
S(y) :/ (1— F(z))dz = a/ (1— F(az))dz = “/ “(1-F(2))dz = / (1—F(z))dz = =S(p).
Yy Yy a p a
Where the third equation comes from a change of variable in the integral as z = ax. Hence, if a # 1,
we can simply rescale the domain of customer valuations by a and define a new distribution over
the new domain. Thus, we can assume a = 1.

Step 3. Assume p* < p. Notice that

p(1=F)+ [ (1= F@)is (EC.2)

is decreasing in p since

(s0-Fo)+ [ G- F@)ae) =1 Fo) = pfp) - 1+ ) =-p ) <0.

Thus, by assumption of p* < p, we have
1

R(5) < p(1— F(5)) + / (1= F(a))dz <p*(1— F(p')) + / (1— F(x))de = 27 (1~ F(p°)) = 2R(p").

*

The first inequality comes from the fact that f;(l — F(x))dz > 0. The second inequality follows
since (EC.2) is decreasing in p and p* < p. The prior to the last equality comes from the fact that
p* must satisfy (4).
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To prove that this bound is tight, assume 0 < ¢; < € that is sufficiently small and consider the
following distribution F' such that:

Fp) = 0, if0<p<1—e,
PPZYip—(—a)), ifl-a<p<l.

€1
This leads to:

D, if0<p<1-—e, l—p—2, if0<p<1—e,
R(p)—{ X S(p)—{ ’ 1

— . —_ 2 .
p(leilp), ifl—e <p<lI. %, ifl—g<p<l.

To prove tightness, we need to show that I’ is a proper CDF that satisfies Assumptions 1, 2
and 3. It is easy to check that F'(p) is a proper CDF as it is nonnegative and increasing in p while
F(0)=0 and F(1) =1, and moreover, for any b> 1, Assumptions 1 and 2 will be satisfied.

Hence, it remains to show that the bound is tight for ' and that F' satisfies Assumption 3. Notice
that for all 0<p<1—¢;, R'(p)=(p) =1>0 and S’(p) = —1 < 0. Meanwhile, S(0) > R(0) =0 and

%25(1—61)<R(1—61)=1—61

when €; < 2/3. Hence, there is a single point on [0,1 — ¢;] that can satisfy (4). In fact, this point
can be calculated as S(3 — <) = R(3 — ). Furthermore, S(1) = R(1) =0 and for all 1 —¢; <p <1,
if €< 1/3,

/ 1 P 2p—1+ , —1+
R(p)=(p~ (0"~ (p—pa))) =1 - =+ <Sp) ="

€1 €1

—-1<0.

Hence S(p) and R(p) cannot cross at any interior point on [1 — €;,1] when ¢; < 1/3. Thus the only

candidate for p* if €, is sufficiently small is # — <% (and clearly (3 — %) fé_%) (1-F(z))dz>0)

and it is the unique maximizer ofpfpl(l — F(z))dz (we showed this in Step 1.).
Moreover, R(3— <) =3 —< whileife; < 3, p=1—¢ and R(p) = 1 —ey, resulting in R(p*) /R(p) =
1—eqp

has a unique maximizer p). Hence, we have shown the bound is tight for F' and that F' satisfies

< 1+ € for ¢ sufficiently small, thus proving the bound is tight (while R(p) is unimodal and

Assumption 3.
Step 4. Assume p* > p. Notice that by assumption, p* is the first and only point on [0, 1] that
satisfies (4) with p* fpl*(l — F(x))dx > 0. Moreover since p* > p,

/ﬁl(l —F(z))dz > /,,j(l — F(2))dz,

while p > 0. Hence pf;(l — F(z))dx >0 and by assumption we have R(p) # S(p). Therefore, since

/01(1 — F(2))dz > 0(1 — F(0)),
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then we have that

1 L1 v pl .
R)< [ G- PEpaz= 0= Pyt < [ 0= FPeps=Ere).
P PJp D Jp P
where the last inequality follows from Assumption 3 and that p* is the unique maximizer of (3)
and the last equality comes from the fact that p* must satisfy (4). Thus,
R(p*) _ p
R(p) ~ p*

It remains to be shown that the bound is tight when p* > p. Consider any 0 < x; < x5 < 1/e.

Notice that by Assumption 3, R(p) is unimodal on [0, 1]. Moreover, by assumption we have p* > p,
hence, for all z > p*, z(1—F(x)) <p*(1— F(p*)). Therefore, for all z > p*, 1— F(z) < %p*). Thus,

we claim p* < é This is because,

Rt = [ 1-FEas< [ Fa: = reros

. o E)’

where the first equality comes from the fact that p* must satisfy (4) while the strict inequality
follows form the fact that F' is assumed to be continuous and F(1) =0, proving that p* < i.
Let T = exy, we know T < 1. Assume 0 < €3 < € is sufficiently small and consider the following

distribution F' such that:

( 1— 25
115762 .
11— 512 b, 1f0§p§627
%627 if e <p<uy,
Ty
- F(p) = pz%, if z; <p <o,
=y -, if 2, <p<7,
pzy
S5 5311762 — . — —
e iQ (p—z), fZ<p<T+e,
2
O) 1f§3+62§p§1

The intuition behind the construction of F' is as follows. We want to ensure that p = x; while p*
can be arbitrarily close to z,. If F' is such that at these points R(-) is proportional to p, we would
be very close to our goal. It would remain to ensure p* happens at the unique point at which R(-)
and S(-) cross each other. Thus, F' must be such that from p to xz,, the difference between R(-)
and S(-) shrinks and reaches zero at a point slightly larger than z,.

To formally prove tightness, we need to show that F' is a proper CDF that satisfies Assump-
tions 1, 2 and 3. It is easy to check that F(p) is nonnegative and increasing in p while F'(0) =0
and F(1)=1. Moreover, for any b>1, Assumptions 1 and 2 are satisfied.

Hence, it remains to show that téhe bound is tight for F' and igt satisfies Assumption 3. Notice that
1- 2—¢g 1- 2—eg

forall 0<p<ey, R(p)=p— —2—p? and R'(p)=1—-2—2L—p>0if § > %m?”. Moreover, for

€2 €2
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all e <p<x; we have R'(p) = 2562 > 0 while S(p) is decreasing for all 0 < p < z;. Furthermore,

1

) ) T 0
S(xQ) >/ 1—eo dp: 1—eo lOg <> = Teg = R(:’UQ)?

o DTy Ty T2 T

notice that

while

=g 5 1 ! 5
S(xl):/ dp+ S(z2) > (= ) +

2-e2 (1—e) T T Ty
) 1 €50 1 )
= —_—— — > = R(x),

(I-e)ax;™? (l-e)z, ?  z
thus S(p) and R(p) do not cross on 0 < p < z;. This is because R(p) is strictly increasing and S(p)
is decreasing in this region while S(0) > R(0) and S(z1) > R(z1).

Moreover, if z; <p < xy, R(p) = 1,1%62 and
’ 0 0 '
R(p)=—(1-e) >— =5"(p),

p2—52 p2—62

while S(z5) > R(zs) = -2 thus S(p) and R(p) do not cross on z; < p < z, either. This is because
]

if they cross at any point in this regions, since R'(p) > S’(p) in this region, it must be that S(z,) <

R(z3) which is a contradiction since we showed earlier that S(x2) > R(z2).

When z, <p <z, R'(p) =0 while S’(p) <0, thus S(p) and R(p) can cross at most once in this

region, as S(z») > <2 = R(z,) while S(z) < R(Z) = -2 for €, sufficiently small.
Tq ~ T
Finally, if z<p<Z+e€ and €, < 3,

1—eg

, 5 ia:l_62 _ ! (5 iwl_q _ ’ (5 Tx _
R(p)=< 11,62— : (pZ—pw)>= 5 2p-r)<SPp)=——FF +——(—2),

T, €2 TTy €2 TTqy €2

while S(Z +¢€2) = R(Z+€3) = 0. Therefore, S(p) and R(p) do not cross on [Z,Z + €;) since otherwise,
because S’(p) > R'(p) in this region when e, < £, it would imply 0= S(Z +€;) > R(Z + €;) which is
a contradiction.

Thus, S(p) and R(p) will cross once and that will happen on [x2,Z]|. This crossing point p* will
satisfy 0 < p* — x5 < € for some €, sufficiently small. This is because R(xy) = 961%62 while S(x) will

2
get arbitrarily close to %62 for a sufficiently small €5, and S’(p) < —— in this region while
T (13(132

—
2
R(p) is constant (while clearly we have p* fpl*(l — F(z))dz >0).
Therefore we can conclude that the unique maximizer of max,>op fpl(l — F(z))dz, p* satisfies
0 < p* — x5 < € for some €, sufficiently small. Moreover, it is easy to see that R(p) is unimodal and
has a unique maximizer at p =x;. We have
* _0 ~l—e nl—e
R(p*) 1=  p'2 _ p'

o= P P
R(p) 5= pTe T pre

Hence, we have shown the bound is tight for F' and it satisfies Assumption 3. Finally, since we
R(p™)

already showed p* < %, we can also see that R((ﬁ)

> ep.
O
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Proof of Lemma 1. First we will prove that (3) has a maximizer that is the unique solution to
(4) on [0,a). Since p fpa(l — F(z))dx is a continuous, bounded and differentiable function, not zero

everywhere and defined on a compact set, while

0/0a(1 — F(z))dz = a/:u — F(z))dz =0,

it must have a maximizer in the interior of [0,a] and this maximizer must satisfy the first-order

condition for (3). Hence, we must have

/

<p /a(l - F(az))dx) = /a(l — F(z))de —p(1 — F(p)) =0. (EC.3)
Notice that
/ (1— F(z))dz — 0(1 — F(0)) >0,

while if p >

/a(l — F(z))dz —p(1-F(p)) < (1—-F(p))(a—p) —p(1—F(p)) < (1-F(p))(a—2p) <0.

Thus (EC.3) must have at least one root in (0, §]. We will show that it cannot have more than one

root in [0,a). Notice that
/ (1— F(z))dz — a(1 — F(a)) =0

while /

( / a(l—F(x))dw—p(l—F(p») 2R (p)— 24 pf ().

pf(p)
> 1-F(p)

pf(p)
> 1-F(p)

is strictly increasing, thus = 2 can only have at most one root.

pf(p)
1-F(p)

increasing for all p > 2 and 0 < & < a (otherwise we will have [*(1— F(z))dz —a(l — F(a)) <0
which is a contradiction). Then by noticing that [;'(1— F(z))dz —0(1 — F(0)) >0 while [(1—
F(z))dz —a(l — F(a)) =0, it turns out that (EC.3) must have exactly one root in [0,a). Hence,

By assumption

Let & be the single root of = 2. Then, (EC.3) is strictly decreasing for all p < & and strictly

pfpa(l — F(z))dz has a unique point on [0,a) that satisfies (4) and is its maximizer. If we denote
this point with p*, it is clear that p* fpa* (1 - F(x))dz > 0.

Now we prove R(p) is unimodal in [0,a] and has a unique maximizer. R(p) is a continuous,
bounded and differentiable function defined on a compact set and not zero everywhere while R(0) =
R(a) =0. Thus, R(p) must have a maximizer in the interior of [0,a] and it must satisfy the first-

order condition for R(p). Thus at optimality we must have

<p<1 - F(p») 1 F(p) - pf () =0,
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pf(p)
1-F(p)

pf (p)

and since T

is assumed to be strictly increasing, =1 (equivalent to the first-order
condition) can have at most one root. Thus there is a unique point on [0,a] that satisfies the
first-order condition for R(p) and is its unique maximizer, proving that R(p) is unimodal as well.
O
Proof of Lemma 2. First, notice that R(p) is a continuous, bounded and differentiable function
defined on a compact set and not zero everywhere while R(0) = R(a) =0. Thus, R(p) must have
a maximizer in the interior of [0,a] and it must satisfy the first-order condition for R(p). Thus by
the definition of p, it must be that R'(p) =1— F(p) —pf(p) =0, suggesting that =7 f;fa()p)
Now, for the sake of contradiction, let us assume that p < p*. Notice that by assumption, p*

is the first and only point on [0, a] that satisfies (4) with p* f;(l — F(z))dz > 0. Moreover since
p*>p, . .
/ (1—F(z))dz2/ (1— F(2))dz,
P p*
while ]5 > 0. Hence ﬁffl(l — F(x))dx > 0 and by assumption we have R(p) # S(p), and since
J; (1= F(2))dz>0(1 - F(0)), then we have that

RE5) =901 F5) < [ (1= F())a

suggesting that
1__f)
p 1-F(p)

A

[i(1=F(2))dz

However, this is a contradiction since by assumption we have ; hg’()p) > = ! g’) for all p € [0, a], which

suggests: o)
1-F(p) _Ja “Fepes _ b)) f()
“1_F i -F@)dz 1 —H(p) ~— 1—F(p)
Ji(1=F(z))dz b (») ()
Finally, given that we have p > p*, it follows directly from Theorem 1 that ];((pp)) >3 L O
Proof of Proposition 2. Let R pf g(z F(z))dx and let R, (p) :pw = (1 —
Fm(p)) where F,,(p) = W is the empmcal CDF corresponding to f (p fo

F(z))dx. We note that this is rigorous as P;; for all i € € is generated mdependently from the
distribution P(P;; > p) = f+°°(1 — F(2))dG(x).
By applying Hoeflding’s inequality and noticing that for all ¢ € ¢ and p* we have 0 < M <

i, we can write:
m

2m

P(|1Ro(p*) — R(p*)| > 1) <2e 2 ¥ 1> 0. (EC.4)

Define the event E = {\Rm(p*) — ]A%(p*)] < t}. By assumption, for all p € [0,b], we have:

p [ s@1-Fe)de<y [ g1 Fa)ds-ap-p)*
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Therefore, for any p such that [p —p*| > ¢, we have:
R(p) < R(p") — ae®.
Consider any ¢ € [0, e?]. On event E, if |p5, — p*| > ¢, then R(p?,) < R(p*) — ae® and we have
Ron(p;) > Ron(p%) > R(p") —t > R(p},) + € — 1.

Where the first inequality follows from the definition of p;, while the second inequality happens
due to event E. Therefore, |R,,(p%,) — R(p%,)| > R (p%,) — R(pE,) > ae® —t.
In other words, we know that EN{|p:, —p*| > €} C EN{|Rm(p:,) — R(p%,)| > ae® —t}.
Moreover, since |R,,(p%,) — R(p%,)| > ae® —t implies that max,so(| R, (p) — R(p)|) > e — t, we

have

P(EN{|p;, —p*|>€}) < P(Eﬂ{rggg(lﬁm(p) —R(p)|) > ac’—t}) < P(I}}gg(\ém(p) —R(p)]) > e’ —t).

(EC.5)
Next, we provide an upper bound for P(maxpzo(\f%m(p) - ]:Z(p)\) > e’ —t). This can be achieved
by applying DvoretzkyKieferWolfowitz inequality (Van der Vaart 2000, page 268): since [ ,,(p) is
the empirical CDF of F (p) for p € [0,b], we have:

P2 ()~ R > 0~ <P (0| = Faya - paas] ae o)
—2(ac2—1)2m >
ST (EC.6)

Thus we have:

P(lp;, —p*| =€) =P(En{|p;, —p*| > €}) + P(E° N {|p;, —p*| > €})

<PEN{lp, —p'| 2 €}) + P(E)

72(a627t)2m —2t2m

<2e b2 + 2e 2

where the last inequality follows from (EC.4), (EC.5), and (EC.6).
To finalize the proof, we need to choose 0 <t < ae? such that the quasi-convex function (when
m is large enough)
—2t2m —2(ac’—)%m

2e 2 4 2e b2

is minimized, which is achieved, when ¢t = 2. Therefore, we have:
’ ) 2 )

a€4m
P(lp;, —p"| >¢€) <de 27 .

Hence, if we want |p¥ — p*| > e with probability at most J, we need up to m = ((%)log(%ﬂ

historical customers, suggesting a sample complexity of O((Of;;)log(%)).
O
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Proof of Proposition 3. The linear program that results from removing the disjunctive con-

straint (2) from (DP), i.e.,

min{r: r >0,v; € %},

has the trivial finite optimum r = 0. Thus, the model (DP-LP) is obtained by applying directly
Corollary 2.1.2 by Balas (1998). O

Proof of Lemma 3. 'We begin with statement (a). If p., > P, then the valuation v; defined
by v = Pi, and v; =0 for all j € &\ {c;} belongs to #;°(p). Conversely, if vi’ € #,°(p), the
inequalities v;; <p; and v;; > P, from (1) together imply p., > P, .

For statement (b), the valuation v;* defined by v;;. = max{P,,,p,} and v;; =0 for all j € 22\ {c;}
belongs to #,“(p).

Finally, for statement (c), consider the set of constraints that are satisfied by points in %/ (p)

after re-arranging the constant terms to the right-hand side of the inequalities:

vl > pj, (EC.7)
vl = vl 29—y, vj'e 2, (EC.8)
Ve > Pie,, (EC.9)
vle, =V} 2 Pic, = Py, vi'e 2\ {e}. (EC.10)

If p; —p., < P, — Pi,;, we construct a valuation v] € #/(p) where vfj = max{P;;,p;}, U{Ci =
max{ P, P;., — P;; +p;}, and vfj, =0 for all 5/ € #\{¢;,j}. In particular, (EC.7) and (EC.9) are
satisfied by construction. Assume now p; > P;;. For (EC.8) and (EC.10) with j' =¢;, we have

—vl, =p;j— Pie, + Py —pj = Pij — Pic, > p; — pe,

iJ icq

where the last inequality follows from the statement hypothesis. For j' # ¢;, note that vfj —pj is
zero while vfj, —p;s is non-positive in (EC.8), and analogously vfcl, — P, is positive while vfj, — Py =
note that vfj = P,; and vfcz_ = P,.,, and the same derivations above

— P, is non-positive. If p; < P;,

apply.
Finally, the sufficient conditions of (c) follow directly from (EC.8) and (EC.10) with j'=¢; in
(EC.8) and j' =7 in (EC.10). O

Proof of Proposition 4. Let j € 22 and denote by G the set of feasible solutions to (DP-LP).
The projection of G onto variable z; is
Proj, G ={z; €[0,1]: 3 (Vi s VIVD), (T1y e ooy Ty e oo Ty 1)) € G}
={z,€[0,1]: Av] e #/(p)=x; =0}
={z;€(0,1]: (p; —pe; > Pij — Pi,) = x; =0}
={z; €[0,1]: z; <U(p; — pe, < Pij — Pic;) },
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where the second-to-last equality follows from Lemma 3. The same arguments follow for z,. Since
the objective is defined only in terms of x, we can replace the inequalities of G by the projections

depicted above, which results in the equivalent formulation

filp)=min  »  pjz; (EC.11)
- jeZ

st Y @itas=1, (EC.12)
jeP

Ty < ]I(pcz‘ > Pici)v (ECl3)

Finally, note from (EC.12) and (EC.13) that
jez
must hold at any feasible solution, and particularly tight at optimality since it is the only constraint

that bounds x from below besides the non-negativity conditions. O

Proof of Proposition 5. Statement (a) follows from the fact that product ¢; is always feasible
(Lemma 3-(b)) and that the inequality (13) for j = ¢; holds with uj, =0 at optimality, while from
inequality (11), we have that if p., > P,.., f;(p) =0. For statement (b), if f;(p) =0, the condition
trivially holds. Assume fi(p) > 0. Let P’ = maxX(jc 5., <pmax) p;. It can be easily shown that P’
always exists. Moreover, let j' € & be a product such that p;; > P™**. If j' =¢;, then fi(p) =0
which is a contradiction. Thus, p,, < P™*. If j' # ¢;, fi(p) < pj; because of (a) and p., < p;.
Reducing the price of j' to P’ therefore does not change the optimal value of (DP-C-Dual), and

the same argument can be repeated for other products. O

Proof of Proposition 6. It suffices to show that both optimal solution values match when con-
ditioned to a fixed p > 0. First, by Proposition 5-(b), we can restrict our analysis to p; < P™** for
all j € & without loss of generality.

Consider any customer ¢ € €. If p., > P,.., then we must have y;., =0 in (OP-B); otherwise, we
can assume ¥;., = 1 since that can only be benefitial to the objective. Thus, the objective functions
of both models match.

Suppose now that p; —p., < P; — P, for j # ¢;, i.e., product j is feasible to purchase by customer
i. We necessarily must have y;; =1 because of (18) and, thus, (15) and (16) match. If otherwise
p; — pe; > Pij — P, then we may have either y;; =0 or y;; = 1. Since the objective of (OP-B)
maximizes 7;, we can assume y;; = 0, which can only relax the bound on 7; in (16). Thus, (15) and
(16) also match in this case, i.e., at optimality, the values of 7; (and hence the optimal values of

both models) are the same. O
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Proof of Theorem 2. We first show (a). First, (OP-¢) with e =0 is always feasible. That is, for
any p >0 and customer i € €, we set y;., =1 if and only if p., < P, for all j € 2\ {¢;}, y;; =0
if and only if p; — p., > P;; — P;;, and 7, appropriately to satisfy (20). Thus, it remains to show
that g(0) is bounded from above. This follows from noting that, for all i € ¢, p., is bounded by
P,., + P™ in inequality (21) and that 7; is bounded by p,, in inequality (20) with j=c¢;.

For (b), let (p°,7° y°) be an optimal solution tuple and consider any j' € & such that p), = 0.
We show an alternative feasible solution with the same (optimal) value after increasing p), as in
the statement. If 37, =0 for some customer i, then increasing p%, does not affect 7; nor the final
solution value, given that y?j is adjusted appropriately for j # ¢; to ensure feasibility. If otherwise
Yy, = 1 for some customer i, we have two cases:

1. Case 1, 77 = 0. In such a scenario, we can equivalently set y?Ci =0 and apply the same adjust-

ments to y?; for all j # ¢; as above, preserving the solution value.

2. Case 2, 7 > 0. Due to inequality (20), we must have j' # ¢; and y;, = 0. Thus, p), —p. >

P,y — Py, from inequality (22). Increasing pg, thefore just increases the left-hand side of such

inequality, and hence does not impact feasibility nor the solution value.

We now show (c). Since the feasible set of (OP-¢) relaxes and restricts that of (OP-B) for e=0

and € > 0, respectively, the inequality
0<g(0) —mr* < g(0)— Y £i(p')
follows directly. We will now show that

9(0) =Y fi(p') <" <.
i€
Consider the ordered vector of prices p® > 0 in the statement and the associated tuple (p°, 7°,y°).
Let i € ¢ be a customer such that y7, 77 > 0. The inequality (20) is tight for some j' <¢;, i.e., we
can have y); = 0 for all j < j". This implies that p§ —p?. > P;; — P, for those indices due to (22).

Next, for ease of notation, let o =¢§'/(mn) so that p’ = (p! — o, p3 — 20,...,p° —no). For j < j',
Py —p. =p)—pd + (ci— j)o > Py — Py,

since j < ¢;. Thus, when evaluating f;(p’), the constraints (14) in (DP-D) for j < j’ remains non-

binding, i.e.,

T; Sp; —|—I[(p;. _p’ci >Pij _PiCi)Pmax :p; 4 pmax
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for j < j'. Thus, since the price of any product j > j’ is decreased by jo < no, evaluating the new

price vector p’ in (DP-D) yields: for all : € %,
fi0) 2 1(p,, < Pic,) (7] —no) =1(pL, — cio < Pic, ) (1] —no) 2 yi,, 7/ —no,

where the last inequality follows from the fact that inequality (21) implies pgi < P,,, which implies
p(c)z_ — ¢;0 < P;,. Finally, summing the above inequality over all 7, we have:

D fi0) =) (W, —no)=g(0) -4,

=3 =
concluding the proof. O

Proof of Proposition 7. We first show by contradiction that all prices are the same at optimality.
To this end, note from inequality (22) with e = 0 that, for any i € €, if a product j # ¢; is not eligible
for purchase (i.e., y;; =0) then p; > p.., since all historical prices for i are the same. Consider now
an optimal solution (p*,7*,y*) and let p™* = min c» p; be the minimum optimal price. Suppose
there exists some customer i € ¢ who selects a product j such that 7;° = p; > p™i, But this implies
that p™i» < p; < pz. (since ¢; is always feasible), i.e., we must have y;; = 1 which by inequality (20)
implies that 77 < p™", a contradiction.

Finally, let p* be the optimal (scalar) price of all products, and suppose i’ € € is the smallest
customer index such that p* < Py. It follows that any customer i < i’ does not purchase any product
(since p* = p;. > P;), while all customers i > i’ yield a revenue of p* (since p* = p: < P;). Thus, we
must have p* = Py at optimality, and the total revenue is (m — i’ 4+ 1)Py. The element i* in the

proposition statement is the index that maximizes this revenue. O

Proof of Proposition 8. The solution value of the proposed solution (i.e., a lower bound to the
problem) is } . .. P.,, since all customers would purchase their choice ¢;. Due to inequality (20),

this is also an upper bound, and hence is optimal. O

Proof of Proposition 9. By definition (28), the total revenue is at least mP. Conversely, by
inequalities (20) and (21), the total revenue is at most Y, ., Pi; < mP. The ratio hence follows
from dividing the lower bound by the upper bound.

We now construct an instance where this ratio is asymptotically tight. Consider n =1 product,
m > 1 customers, and fix any P;, P, such that P, < P,. Customer 1 purchases the product at price
Py, while the remaining customers 2, ..., m purchase it at P,. The conservative pricing (28) will set
the product’s price at Py, yielding a total revenue of mP;. For any sufficiently large m, the optimal
pricing strategy sets P, as the optimal price, yielding a total revenue of (m — 1) P, (since customer
1 will not purchase any product). The performance ratio is therefore mP; /(m — 1) P,. Taking the

limit m — 400 with respect to this ratio completes the proof. O
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Proof of Proposition 10. Without loss of generality, suppose the customer index set € is ordered
according to historical purchase prices, i.e., 0 < P = Py, < Py, <+ < P, = P. Let 7°°T and
7 be the optimal solution value of (OP-MIP) and the total revenue obtained by the cut-off price
(30), respectively. It follows from (20) for j = ¢; that 797" <}~ P,... Furthermore, given the price
ordering, notice that (29) evaluates to max;e4(m —i+ 1) P,. By the cut-off pricing definition (30),
we therefore have 77 > max;c (m — i+ 1) P,.,. This is because due to the incentive-compatibility
constraint (22) some customers might not purchase the products priced at the cut-off price p* and

opt for a product that is priced higher than p*. Thus,

7P maxee(m—i+1)P,
OPT = ,
T Zie% P,

Next, if we divide both the numerator and denominator of the right-hand side ratio above by the

(EC.15)

number of customers m > 1, we obtain

max;eq (m —i+1)P,,
max;eq(m—i+1)P, m ~ maxeq|l — Fiy(Pi,)] P,
Zie% Picz‘ Zie‘ﬁ Picz' E[X] ’
m

(EC.16)

where X is a non-negative discrete random variable uniformily distributed on the set
{Pic)s---sPuc,, }» and Fx(-) and E[X] denote the left continuous c.d.f. (i.e.,Fy(z) = P(X <z)) and
the expectation of X', respectively. This problem now bears resemblance to the personalized pricing
problem studied in Elmachtoub et al. (2020).

Let R=max;cy[l — Fx(P,)]Pi, be the numerator of the ratio above. We have P < R < P; in
particular, the left-hand side inequality holds since [1 — Fx(P)]P = P. We can hence rewrite the
expectation term as

1 1 [ [
E[X]:Zmp"cizzm_/o 1dx]

i€E 1€C

1 i Pici “+o0
= E — / 1dx—i—/ Odz
m\Jo P,

i€EEC ic;

- L [Tiesrad

i€E

— /O+°° Z [;H(m < P,-Ci)] dx

i€EE

—+o0

[l — Fy(x)]dx

v/l

P

[1— Fx(x)] da:—f—/R [l — Fy(x)]dx

R

|
| =P
|
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SR%—/RP[l — Fy(z)]dx

P
§R+/ de
R :C
P
=R+ RI1 —
+ og<R>

P
<R+ Rlog <P) ,

where the previous-to-the-last inequality follows because 1 — Fy(x) < R/x for any x € [P, P] by
definition. From the inequality above, we obtain
Higg]ﬁl—l—log(i)@ TOCPPTZ R . 1 '
L T E[X] 1+10g( )

Finally, from (EC.15) and (EC.16) we have that

T > max;es (1 — Fi (Pic,)] P, > (1= Fx(Prcy,)) Pre, > Pe,, > med(P)

7OPT = E[X] = E[X] = 9E[X] © 2E[X]
where med(P) denotes the median of X, while Py., = min;cx{P;, : P;., > med(P)}. The prior
to the last inequality follows from the fact that 1 — Fx(Py.,) > % (as Fy(-) is defined to be left

— 2

faellaef

continuous), while the last inequality follows from P, > med(P), proving the performance bound.

It remains to show that the ratio is asymptotically tight. Consider an instance with any number
m > 0 of customers and m — k + 1 products, where k& € N is any positive integer such that & <m.
The historical observed prices P; by customer ¢, in turn, are defined by the following vectors, where

J is any scalar such that 0 <d <1/(m—1):

T Amm—1m=-2"""k+1 k)
m m m m m
Py,=(—+9 —
2 <m+ "m—1"m-2 ’k—l—l’k)’
m m m m m
P;s=|—+9¢ 1) —
’ <m+ ey e % ’k—{—l’/’c)7
m m m m m
P, .=|—+9, J, Oy 7 | »
g <m+ m—1+ m—2+ kE+1 k)
m m m m m
Pm— =\ = 67 67 67 v 7. 1 577 )
ft <m+ m—1+ m—2+ k:+1+ k>
m m m m m
P, ro=—+96 1) ) — 40, —
m—k+2 <m+am_1+7m_2+a ak+1+7k>7
m m m m m
Pm: _ 67 67 57 v 7. 1 677
<m+ m—1+ m—2+ k+1+ /<:>
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For the historical purchase choices, each customer i € {1,...,m — k} purchased product ¢; =1,
while all remaining customers i’ € {m —k+1,...,m} pick the same product c; =m —k+ 1.

An upper bound on the optimal revenue 7°F7 for this instance is:

m—k+1 m—k m m—1 m m—k m ]{7 1
OPT —
T < E Picl_ 5 Pu+ E Pz(m k+1) -+ § o = -+m .
; —~ m—1 k —~ m —1 k
1€EE i=m—k+2 =0 i=m—k+1 =0

We now define prices whose resulting total revenue is arbitrarily close to 7°FT. Specifically, consider

the price vector

m m m m
p:(m -4, m_2—2(5,...,k—(m—k)5>.

From the definition above, since p., < P, for all i € ¢, by inequality (21) every customer purchases
a product. We next show that customer ¢ purchases product c;. For any j < ¢;,

B m m
T m—j4+1 m-—c+1

pj_pci _]6+Cz5>P Rca

i.e., such products j violates incentive-compatibility constraints (inequality (22) with e =0) and
will not be purchasable by customer i. Moreover, from our choice of § < 1/(m —1), it can be easily
verified that p; <py, <--- < py—k41 and therefore p; > p.. for all ¢ and j > ¢;. Product p,, must
be necessarily chosen by customer ¢ under her worst-case valuation (v;., = P;., and v;;, =0 for all

ke 2\ {c;}) and the revenue from this pricing is hence

m—k+1 m—k m k1

I€EE =0

thus, as § — 0, the total revenue obtained from p approximates that of 7977,

We now show that the revenue obtained from the cut-off pricing (30) is m. Suppose that the
customer index that solves (29) is 4', and hence p* = Py.,. If i <m —k+1, then the cut-off prices

are p§¥ =% for all j <cy, p§* = y<j<m-—k+1andpi”, , == However, if
¢ =m —k+1, the cut-off prices are p{'” =% for all j € &. Suppose that ¢y <m —k+ 1. By the

construction of historical prices,
m

Py =——"—7,
¢ m—cy+1

and therefore m — ¢y 4 1 customers would purchase a product since P, > P, for all 7 >14'. Anal-

ogously, since by construction for all customers ¢ <i', P, < Py, none of the worst-case historical

customers ¢ < ¢’ would purchase any product. Moreover, for any of the worst-case customer i > 7/,

the cut-off price (30) of its chosen product ¢; is

cP _
P T a1
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This implies that, for any ¢ >,

cP_ CP m m mn =
—pCP — _ < 0 ——— =P, — Py,
Pe,, = Pe; m—cy+1 m—c+1 (m_ci’+1+ > m—c;+1 ' Z

L.e., product ¢ is incentive-compatible with all customers ¢ > i’. Because pS" is the lowest price
across all the products, the total revenue of the cut-off solution

m

_— = m
m—cy+1

TCP = (m — Cy/ + l)Pi’ci/ = (m -Gy + 1)

If ¢, =m — k+1, as mentioned before the cut-off prices are ijP =7 for all j € & and it can also

be easily confirmed that 7¢F = m as only the k historical customers who historically purchased

m

., in the worst-case.

product m — k41 will make a purchase, under price

Finally, as 6 — 0,

CpP

T N m . m
TOPT ) k—1 n 1 k—1
Zi:@ m +m 2 m<211=0 m—i k)

B 1
1 N +1 1+k
m' 'k k k
B 1
I
Zi:k-ﬁ-lg_'_%

For a sufficiently large m and k (e.g., by multiplying both by the same constant), the ratio above

can be made sufficiently close to notespar,

1 1

] gkt - L1 e (™) Loty
ogm — 10g +%_E+ og ? +%—ﬁ+

where the last equality follows from the fact that for large enough n, > % =log(n) +v+ ﬁ
where v is the EulerMascheroni constant. The ratio above can approximate 1/(1 + log(P/P)) at
any desired precision since m/k can be made sufficiently close to P/P, while both numbers are

also sufficiently large. Thus, the ratio is asymptotically tight for the constructed instance. O

EC.3. Extending External Validity to the MINL Model

When there are multiple products, the external validity analysis of our approach becomes signifi-
cantly more complicated, primarily because both the model-free and model-based optimal prices
are not tractable. Given such hurdles, we focus on a simple yet relevant special case, where for
some 3 > 0, the probability of customer ¢ choosing product j from the assortment is given by

exp(a — BP;)
14 ZZ=1 exp(a— Py,)’

(EC.17)
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That is, we limit our scope to the situation where customers make decisions based on the MNL
choice model and the average attractiveness of the products is symmetric (the products are hor-
izontally differentiated). Moreover, we assume the historical prices satisfy P;; = P; for all i € €.
Such a uniform price is common in some settings, e.g., as noted by Draganska and Jain (2006), it
is a well established policy to offer all flavors in a product line of yogurt at the same price. In this
case, implied by Proposition 7, model-free optimal prices are the same for all the products and can
be expressed in a closed form for uniformly distributed historical prices. We denote the model-free
optimal price of all the products as p*. Moreover, given that customers make decisions based on
the MNL choice model, the model-based optimal prices are equal for all the products, denoted by
p. We also define the expected revenue of the firm when all the products are priced at p under the
MNL model (EC.17) as T(p). It turns out the insights developed for a single product in Theorem 1

can be extended to this special case with multiple products.

ProposITION EC.1. Suppose the firm sets prices P; from a distribution with PDF g(p) =1/b

for p€10,b], where b>p. We have j;((’g)) > % Moreover, the bound is asymptotically tight: for any
€ > 0 that is sufficiently small, a case can be constructed in which there exists & such that when

a>a, we have Y(p*)/T(p) < 5 +e.

We note that the bound is asymptotically tight since the worst-case holds when a — co.

Proof of Proposition EC.1. First, we will show that p* must be unique. By Proposition 7, the
optimal price output by our framework OP-MIP satisfies p* € argmax,»,p> ;- I( P, > p). Divid-
ing the latter part of this quantity by the number of historical customers m does not affect the

value of p*. In other words, p* € arg maxpzopw‘

By the Law of Large Numbers we have
. > (P, >p) /b 1 1
1 =1 : =P(P.,>p) =] -(1-———)dx.
o m (Pie, 2 p) » b( nea*ﬁ“"+1) o
Therefore
™ I(P,. > b 1
p* € argmaxp lim 2z [(Fie; 2 1) :argmaxp/ (1—-——)dz
p>0 m—00 m 0<p<b » nex—Br 41

Now, notice that since

b 1 b 1
0 l1—-—)dx=b 1——— )dx=0
/0 ( ne“—5f+1) v /b ( nea—ﬁf—i—l) =0

and

b
1
p
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is a continuous and differentiable function, not zero everywhere in [0, ] and defined on the compact
region of [0,b], it has a maximizer and its maximizer must be in the interior of [0,b], and must
satisfy the first-order condition for (EC.18).

Now we will show there is a unique p* € [0,b] that satisfies the first-order condition for (EC.18),

and then we will show that p* <p.
To that avail, notice that the first-order condition for (EC.18) with respect to p is equivalent to:

PR N (Y LS SR log(2mE) L1 0
P[0 i) = [0 e ) = pl-— ) =0
To show that p* must be unique, we need to show
ne® PP
alp) = M —p(l— 1 )=0
B ne*=fr +1
has only one root in [0,b]. Notice that
a—pfb
IOg(nea_ing) 1
b) = ——ne®" P+ py <0.
() - (- — )
Moreover,
log(25—5+L) 1
ne*—Po+1
= —0(1—- >0,
q( ) ,8 ( nea_ﬂo + 1)
thus there must be at least one root.
Now notice that
log(25=5) L\ L nBe((Bp—2)e?” — 2ne”)
¢(p) = (T (- R
B ne®Ffr +1 (PP + nev)? ’
which is <0 if p < %W and is >0 if p > wO(Z"e;_Q)“. If wO(Z"e;_Q)H > b, then ¢(p) is

strictly decreasing in [0, ] and has exactly one root in [0,b]. If %Wzm < b, then since ¢(b) <0

wo (2ne®

B
Now, we show that p* < p. Assume otherwise, that for some «, b, n and 5 > 0, p* > p. It is trivial

and ¢(p) is strictly increasing on ( 72)+2,b], q(p) can have only one root, p*, on [0,b].

to see that if
log(ne®=#? +1 1
( ) —p(l— —
B ne~—Ar 41

has a root, its root must be larger than or equal to p*. To show that (EC.19) also has a unique

)=0 (EC.19)

root it suffices to notice that

log(ne®=#° 4+ 1) 1
01— ———)>0,
6] ( ne®—A0 4 1)
and
. log(ne*=Pr 4+ 1) 1
1 (- ———— ) =0
Jim (= P 1) =0
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while

log(ne®=P7 +1) 1 r npe*((Bp—2)e’? — 2ne)
( B —p(l- ne®—Bp 4 1)) N (efP + nex)?

wo (2nea72

B
Now let p be the single root of (EC.19). We know p > p* > p. Notice that the derivative of

(EC.19) with respect to « is

)

w (27160‘72 )+2
-5

which is < 0 if p < )*2 and is >0 if p >

net (ne® + (1.— fp)e®?)
Bl e
which is < 0 if p > %ﬁl)ﬂ = p. Thus, (EC.19) is strictly decreasing in a at p. Moreover,

wo(ne® 1)+1
B

is increasing in «, hence

) log(ne®=P? +1)  _ 1
QLH,HOO( 3 —p(1- nea—ﬁﬁ+1)) >0,
however this is a contradiction since
log(ne®="7 +1) 1
—p(l————) <0
B M nex—hr 4 1) -

1 a=PBpyqy . .
w is decreasing

>0 if p>0. As a result, by contradiction

for all p >0 when o« — —oo. The latter claim follows from the fact that

log(ne®+1)
B

in p and =0 as a — —oo while p(1 — ——5-)

we can conclude that p < p which implies p* < p since we know p* < p.

Now we show the revenue from p* is at least % times the revenue from p. We have p* <p <b.

Notice that

a—pBp
log (e L 1 ! Bp+o
oelerrmriy) bpl— Ly} oo e (EC.20)
6] ne®=Ar 41 (PP + nex)?
for all p > 0. Moreover, for all 0 <p <b,
ne®—Bp
log( nea—ﬁbﬁ) >0
B — )
thus
a—Bp a—pBp*
N 1 log(2SG=mit) 1 log(“aemit) 1 o
@) =p(1— g 7)< 3 +P(l— ) S 5 (= ) = 200,

Where he second inequality follows from (EC.20) and the fact that 0 < p* < p. The last equality
follows from the fact that p* must satisfy the first-order condition for (EC.18). Thus, we have
shown that Y(p*) > 27 (p).

It remains to show the bound is tight. Consider a case where n =2, =1, and b> «. Let

0 < €; < e. For any o > 0, there exists & such that if « > &, for any 0 < p < (1 —¢;)a, | log(g‘ZZ:iﬁ )—

log(2e*?)| < o, and |p(1 — 552577) — p| < o. Thus, for any o > 0, there exists & such that if a > @,
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a+log(2

then |p* — = ) | <o (i.e., p* can be arbitrarily close to the root of & —p+1log(2) —p=0). Hence,

a+log(2) |
2

for any o > 0, there exists & such that if a > &, |Y(p*) — < 0. Now, we notice that for any

o >0, there exists & such that if & > @, then |Y((1 —€;)a) — (1 —€;)a| < o. Finally,

. T(p*) ) a+log(2) 1 1
1 <1 2 = <=
() ek (I—e)a 2(1—e) "2 ©

proving the bound is asymptotically tight. O

EC.4. The Effect of Data Censoring on Pricing

In this section we study the effect of data censoring on pricing. First, we characterize how censoring
distorts the estimated customer demand model from the data, in the case of single product pricing.
Next, we study a simple, yet illuminating case of demand and we provide a sufficient condition
under which the asymptotic model-free optimal price outperforms the asymptotic optimal price
estimated from the censored data. Finally, we extend the insights derived for the problem of single
product pricing to that of multiple products pricing, when customers are making decisions based

on the symmetric MNL choice model.

EC.4.1. Single Product
LEmMMA EC.1. Suppose Assumption 1 holds. Then, if at each historical price only a fraction
z of non-purchasing customers are observed, the asymptotic estimated purchase probability of a

customer at price p would be F(-) = %.

Proof of Lemma EC.1. Let B(p) be the number of customers that purchase the product at
price p in the data, and let N(p) indicate the number of non-purchasing customers at price p. By
assumption, only zN(p) of these non-purchasing customers are recorded in the data. By definition,

at any price p, we have 1 — F(p) = %, while 1 — F(p) = %. Therefore,

B(p) = (1-F(p))(B(p)+2N(p)) = (1 - F(p))(B(p) + N(p))-

Thus we have

B(p)+N(p)
: B(p) + N(p) B(p)+N(p) 1-F(p)
1-F(p)=(1—-F(p) =1 —F(p)) = -
S PR Bpexbl =T F(p) 2P ()
Where the last equality follows from the fact that
B(p) +zN(p) B(p) zN(p)

Bp)+N(p) B +N(p) B +Np) =1-F(p)+zF(p).



e-companion to Chen et al.: Model-free Assortment Pricing ec2

ProprosITION EC.2. Suppose Assumptions 1 and 2 hold. Moreover, assume F(p) = 2. We have:

R(p*)
R(p)

Proof of Proposition EC.2. From Proposition 1, we have

>

©| oo

+oco p a ZCQ a a2 p2
p” Eargmaxp/ g(w)(l—F(x))dx:argmax—/ (a —z)dz =argmaxp(ax — —)| =argmaxp(— —ap+ —).
p>0 » p>0 abJ, p>0 270p p>0 2 2

By taking the first-order condition with respect to p we obtain

a? 3p?
Z_9 o
5 ap + 5 0,

Thus, p* = ¢, which results in a revenue of %‘l, while the optimal revenue is ¢, proving the claimed
ratio. We note that p =a is also a root of “2—2 —2ap + % = 0. However, afabg(:r)(l — F(x))dz =0,

and hence

a# argmaxp/ g(x)(1— F(x))dz.

p=>0

O

CoroLLARY EC.1. Suppose Assumptions 1 and 2 hold. Moreover, let F(p) = 2. Then as long
as at each historical price, only a fraction z < 0.25 of non-purchasing customers are recorded in
the data, the asymptotic optimal model-free price p* generates a higher revenue than that of the

model-based optimal price, estimated from the censored data.

Proof of Corollary EC.1. By Lemma EC.1, the estimated asymptotic purchase probability at

price p would be —~2— and the model-based optimal price will be the optimizer of p(—"-£-).

p+zp a—p+zp
By taking the first order condition, we note that the optimal model-based price would be “(11%‘2/27)

leading to a revenue of % To conclude the proof, we note that from Proposition EC.2,

the revenue from p* would be 2¢ and it is easy to verify that %

9
U

< % as long as z < 0.25.

EC.4.2. Multiple Products

We note that with a slight abuse of notation, we can extend the insight from Corollary EC.1 to the
setting with multiple products explored in Section EC.3. We assume the historical prices satisfy
P,; = P, for all i € €. Moreover, we assume that customers make decisions based on the MNL
choice model specified in Equation (EC.17). Then, the following corollary specifies the estimated
MNL optimal price from censored data in terms of wq(-), where wy(-) indicates the positive part

of the lambert function and is defined as wq(z)e®0® =z, x> 0.
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CoOROLLARY EC.2. Suppose the firm samples the price vector seen by each past customer i, P;,
from a distribution with PDF g(p) =1/b for p € [0,b], where b>p = %ﬁl)ﬂ If at each historical

price vector, only a fraction z of non-purchasing customers are recorded in the data, the asymptotic

-1
wo (R )+1
B

that as long as 0 < z < Z the asymptotic optimal model-free price p* generates a higher revenue

estimated MNL optimal price can be expressed as p= . Moreover, there exists Z >0 such

than p, the model-based optimal price, estimated from the censored data. O

Proof of Corollary EC.2. With a slight abuse of notation we can notice that Lemma EC.1 is
applicable here. Thus, at each given price p, the asymptotic estimated probability of purchase can

be expressed as:

- ne®=Pp
F —_ e———
(v) nex—hr 4 z
and hence p will be the optimizer of:
pne®=Pp
nex—Pr 4z
nea71
By taking the first order condition, it can be easily verified that p= w We note that
a—1
when there is no censoring in the data, the MNL optimal price is p = w. It follows from

Proposition EC.1 that the model-free optimal price p* will always guarantee at least 50% of the
revenue from p and is not affected by censoring as mentioned in Remark 1. However, we note that
since 0 < z <1, we have p > p > p* for all z, while Y(p) is strictly decreasing in p for all p > p
(which follows from the fact that p is the unique point satisfying the first order condition for the
pseudo-concave function Y (p) while Y(0) = Y(oco) =0). Moreover, as the positive part of wg(-) is
known to be a strictly increasing function, p is strictly decreasing in z. Therefore, T(p) is strictly
increasing in z, becoming zero when z — 0, as lim, .o p = 00, leading to lim, o Y (p) = 0. Therefore,

there must exist 2 € (0, 1] such that for all 0 <z < 2, T(p) < Y(p*). O

EC.5. Supplementary Results and Discussions
ProprosITION EC.3. If prices are set to their average historical values, the worst-case fraction
between the revenue obtained with this approach and the optimal value w.r.t. (OP-MIP) is asymp-

totically zero as the number of historical customers grow.

Proof of Proposition EC.3. Assume we have n =1 product and m > 1 historical customers

where the purchase price of customers 1,---,(m —1), was 1, and the purchase price of customer m
was 2. Then, the average historic price of the product is mT“ At this price, customers 1,--- , (m—1)

will not make a purchase under their worst-case valuations while customer m will purchase the
product at price mT“ However, setting the price of the product at 1 results in a revenue of m,
since all customers will purchase the product. Thus, the ratio of the revenue from the average price
to the optimal value of (OP-MIP) could be less than or equal to mm—tl Taking the limit m — +o00

with respect to this ratio completes the proof. O
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ProprosiTiON EC.4. If prices are set uniformly at random based on the empirical distribution
defined by historical prices, the worst-case fraction between the revenue obtained with this approach
and the optimal value w.r.t. (OP-MIP) is asymptotically zero as the number of historical customers

grow.

Proof of Proposition EC.4. Assume we have n products and n historical customers. The his-

torical prices P; observed by customer i, are defined by the following vectors:

P, =(1,2,2,...,2),
P,=(2,1,2,...,2),
P;=(2,2,1,2,...,2),

For the historical purchase choices, each customer i € {1,...,n} purchased product i.

Assume the vector of prices p is equal to one of Py,..., P, at random (with equal probability).
If p="P,, then for ¢ =1, we have P;,, <p., and hence the revenue from customer 1 is 1. For any
customer ¢ > 1, we have P, < p.,, hence the revenue form any customer ¢ > 1 is zero. Similarly we
can show that if p =P, for any ¢ > 1, the total revenue will be 1, under the worst-case customer
valuations.

However, for p=(1,1,...,1), the revenue will be n as every customer will make a purchase at
price 1. Therefore, the ratio of the expected revenue from the price observed by a random historical
customer to the optimal value of (OP-MIP) could be less than or equal to *. Taking the limit
n — +oo with respect to this ratio completes the proof. ]
In the following example we show that the prices obtained through the LP relaxation of the program

(OP-MIP), have a worse worst-case performance than the conservative pricing approach.

ExamMprLE EC.1. Consider an instance with m = 3 customers and n = 2 products. The historical

prices P;; and the customer choices (in bold) are listed in the table below:

Price ‘ Product 1 Product 2

Customer 1 1 2
Customer 2 2 3
Customer 3 1 3

It can be shown that the LP relaxation yields the price vector p™ = (1.2,2.3) and an upper
bound of 4.8 to the optimal value of (OP-MIP). However, when evaluating (OP-MIP) with variables
p fixed to p*t, both customers 1 and 3 do not purchase any products, while customer 2 purchases

product 1 in the worst-case. The following set of valuations, v;;, that are drawn from the IC
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polyhedra of customers 1, 2 and 3 conform to these customer choices that lead to a worst-case
revenue for the firm.

Valuation ‘ Product 1 Product 2

Customer 1 1 0
Customer 2 2 3
Customer 3 1 0

Thus, the total revenue generated from p™ is $1.2. The optimal solution of this instance is $4.0
certified by prices p* = (1.0,2.0), which leads to an LP solution ratio of 30%, worse than the
conservative price ratio of P/P =1/3 ~ 33%.

The optimal LP solution associated with variables y provides insights into the poor performance

of the heuristic. In particular, consider inequality (20) for customer 2 (i =2) and product 1 (j=1):

To <1+ Pos(1 —yo1).

At the LP optimality, y2; = 0.4 and the above right-hand side is equal to 3. The inequality is also
tight, leading to a (relaxed) revenue of 7, = 3.0. However, with integrality constraints, yo; = 1.0
and the constraint is again tight with m, < p; = 1.2, which is a significant decrease in revenue. The
same issue is identified for the other customers.

More generally, the big-M structure of inequalities (20) tends to result in the optimal LP solution
pricing p; slightly higher than the historical prices for most of the customer ¢ with ¢; = j, in spite
of the fact that the indicator I(p; > Pi.;) has been encoded in (OP-MIP) to represent the no-
purchase option. More precisely, y;; can be set to 1 — € for any sufficiently small € to overcome that
condition, and the objective value of the LP is not impacted significantly since the customer is still
assumed to purchase the product. However, when the integrality constraint is imposed, either the
inequality becomes binding with respect to some price or the no-purchase option is chosen, leading

to a smaller expected revenue. ]
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